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SECTION I. 


The Manter of inveſtigating the Fl. vxioxs 
of Exponeytials, with Thoſe of the Sides 
and Angles of ſpherical Triangles. 


HE Method of detiving the Fluxion of 
any Power, 4, of a flowing Quantity; 
wen the Exponent (v) is given or in- 
invariable, has been already ſhewn: But; 
if the Exponent be variable, that Method fails; in which 
Caſe the Quantity x* is call'd an Exponential; whoſe 
Fluxion is thus determined. f Ew 
Put z, and let the hyperbolic Logarithm of & be 
denoted by y; then that of * 2 ) will, by the Nature 
of Logarithms, be =vy; and therefore its Fluxion = 
Sy+vy But the Fluxion of the Logatithm of z (=a"} 
1 9 


250. 


, _ ——— = _ — 
— — — 61 IT) apt 
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; . 2 f 
* Art, 126. is alſo expreſſed by 2 = 4; whence we have =o TV, 


and 3 y Sr Which Equation, by ſubſti- 


ZVx 
+Art. 126. tuting = — = for its Equal y +, becomes e — 


* 1 = * yo ue x 55 . Tag. v 
+ viz. 
The Jon otherwiſe, without introducing the Properties 
of Logarithms. 


251, Let 1+z=zx, and n+w=v, ſoppdling n con- 
n g 
ſtant _ W variable: Then K* = 1+z) =1+2 


X f — Nx Ls 1 + 


1 2 


1 


*— X XK Ee, s = FD * 
1+w10z + Euf*— X24 8W*—+w*+iwXz3+ c. 
whoſe F _ found the common Way, is xz X 


| W 
Art. 99. 0 


FA. 'X ++ {10 —Fu T XZ ＋L $10%—Z0* +320 
X23 Sc. + 1: T'I+ Nb L- LU -F. X= T 770 — 270 


X22 TT -F TIC ee Tee 32 
Sc. which, by ſubſtituting & and & for their Equals = 


u—1 — errno 
and , becomes nx X ITI X 1+wz+iw*—Zywy 


3 na o—_— — — — 
X 2 ＋ &c. + 1+z) X vz+wi+wo-ioXz* +6 

But, if w be, now, ſuppoſed to vaniſh, we ſhall have 
the true Value of the Fluxion when vn; which, ig 


that Circumſtance, appears to be = nxX TD. 


ad ww m „ tw tw AA. 


r 
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7 1 * SI DL igio—I2* Oc. 3 
Hb xX2— T Z- 2 Ge. O. E. I. 
3 It is plain, becauſe the Series, x — z + 5 2? &c. 
here brought out, is known to expreſs the Fluent of 


22 , or the hyperbolic Logarithm of 1+z , that the e art, 126. 


two Concluſions agree exactly with each other: From 
either of which the following Rale, for the Fluxions of 
Exponentials, is deduced. 


252. To the Fluxion found by the common Rule (Art. 14.) 
conſidering the Exponent as cenſtant, add the Quantity 
ariſing by multiplying the Fluxion of the Exponent, 7 

hyperbolic Logarithm of the Root, and the propoſed Duan- 

tity itſelf, continually, together: The Sum will be 25 

Fluxion when the Exponent is variable. 


| Ts, for Example, let the Quantity propoſed be 


+2, | then the Fluxion thereof will be z X 2zz X 


a +2: = """4-2XI IT X hyp. Log. a*+2z*. 

But, if the Root is conſtant, and only the Exponent 
variable, the Exponential will be more ſimple; and its 
Fluxjon will then be had by barely multiplying the Juan- 
tity "ſei by the Product under the Logarithm of the Root 
ard the Fluxion of the Exponent. | 


Thus, the Fluxion of «@* will be expreſſed by a* Xx 


* hyp. Log. 4; and that of 4 PD by f x ns 
X hyp. Log. a*+b*, Theſe Kind of Exponentials oftnes 


occur, in Practice, than any other; but, as it is very 
rare that we meet with any, I ſhall therefore proceed 
now to the other Conſideration propoſed in the Head of 
this Section; namely, the Method of d:termin'ng the 
Fluxions of the Sides and Angtes of fpherical T ciangles 
(a Thing very uſefut in practical Aſtronomy) which 
I ſhait deliver in the fo lo wing Propoſitions. 


6 PRO- 


/ a. be ok eB 
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PROPOSITION I. 


25 3. Todetermine the Ratia of the Fluxions of the ſeveral 

| arts of a right-angled ſpherical Triangle; ſuppoſing 

the Hypothenuſe, one Leg, or one Angle, to remain con- 
ftant, while the other Parts vary. 12 


Let A, F, and G be the 
Poles of the three Great- 
Circles DEFG, ABD, and 
ACE; whereof the Poſition 
of each is ſuppoſed to con- 
tinue invariable, while ano- 
ther Great- Circle HFCB is 
conceived to revolve about 
the Pole F: Whence, if GH 
be ſuppoſed perpendicular to 
FH, three variable right- 
angled Triangles, FOH, 
| FCE, and ABC, will be 
formed; in the firſt whereof, the Hypothenuſe FG will 


remain conſtant ; in the ſecond, the Leg EF; and in 
the third the Angle A. 


Let Bb (4) be the Fluxion (or indefinitely ſmall In- 
Art. 134+ crement “) of the Baſe AB, or the Angle F; and let 


Cd meet the Great-Circle bFh, at Right-angles, in 4; 
then it will be (per Spherics) as Sin. FB (Rad.) : Sin, 


£ „ Co- ſ. BC 
c 


1 CBC. \ C, BO 
And, Tang. C: Rad. ;; Cd (== * . Tang. C 
X q = the Fluxion of BC. 


Hs Co ſ. BC 
Moreover, Sin. C: Rad. :: Cd SLE X 7 : 
Co- ſ. BC 


r X q = the Fluxion of AC. 
. Laſtly, 


7% 
_ 
- O38 
E 


of Spherical Triangles. 
Laſtly, Sine of FB (Rad.) : Sin. FH (BC) :: Bb (): 


Sin. BC 


* (=Hm) = the Fluxion of GH, or its 


9 
— 
nw . 
2 ] 
4 Complement | 
x 
. 


Now, if the ſeveral Quantities, in theſe three Equa- 
tions for the Triangle ABC, be expounded by their re- 


ſpective Equals in the other two Triangles CEF and 


GH, we ſhall alſo have 


Sin, CF 
Tar. OX q = — Flux. CF, 
Sin, CF | 
CE ES PE 
Co- ſ. CF 
| And 

Cos. FH 
Co-ſ. FH | 
Cj GH * 4 = Flux. G. 
Sin, FH 
Na X = — Flux. GH. E. I. 


CoxorLARVY I. 


254. Hence, if, in any right angled Spherical- Tri- 
angle, the Hypothenuſe be denoted by h, the two Legs 
by L and , the Angles, reſpectively, adjacent to them 
by A and a, we ſhall, by ſubſtituting above, have three 
Equations for each of the three Caſes. From the Com- 
pes and Compoſition of which, the three following 

ables are deduced; exhibiiing all the different Varieties 
that can poſſibly happen, whether an Angle, a Leg, or 
the Hypothenuſe be ſuppoſed invariable. 


T4 TABLE 
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TABLE I. 


When one Angle A is invariable, 
1228 3 Sin. a x Res. : 
Co-f. C 8 


: Co-ſ.1 Co 74 a Co-tang. 1 . 
75 —Tang. a Tanga L= R b Tang. a 1 
; 00-1 


Co-tang. | . 
rea I Ne 


Sin. 3 Tang. a * Sin. a 3 
* Co- lang. 22 ang. ang? 


TABLE II. 
When one Leg L is invariable, 
1 == * Sex! U 
e ig 
Fete iH 
= my K Af a 


TABLE in. 


When the Hyp. is invariable, 
4 Co-tang. | _. Co-. 1 "3 R : 
1=— Gf. * 2 -N FL XI 

Ce-. L „ Cin. I.. Zang. “ 

Co. tang. Co-tang. 7 
Where, and alſo in the two preceding Tables, the Leg L 
is adjacent to the Angle 4, and the Leg / to the Angle 9. 


3 Co- 


Bs 


of Spherical Triangles. 


' CororLiary II. 


255. From the third original Equation, expreſſing 
the Fluxion of the Angle C (Vid. Art. 253.) it appears 
that the Superficies of any Spherical- Triangle ABC, is 
proportional to the Exceſs of its three Angles above 
two Right-Angles. For (BC4b) the Fluxion of the 
Triangle ABC, is = Sine BCXBb, by Art. 161.) which, 
being to, — X Bb, the Fluxion of the Angle C, 


above ſpecified, in the conſtant Ratio of Radius to 
Unity, the Fluents themſelves (properly corrected) muſt 
therefare be in that Ratio ; that is, the Superficies of 


the Triangle ABC will always be proportional to the 


Increaſe of the Angle C, from its coinciding with 4, 
or as the Exceſs of A and C above two Right-Angles. 


PROPOSITION IL 


256. To determine the Ratio of the Fluxions, or the in- 
definitely ſmall Increments, of the different Parts of 
an oblique Spherical-Triangle ABC; two Sides thereof 
AB, AC being invariable, in Length. 


Let Ce be an indefinitely 
{mall Part of the Parallel de- 
ſcribed by the Extreme C of 
the given Side AC, in its 
Motion about the given Point 
A ; moreover, let Cd be Part 
of another Parallel, whoſe 
Pole is the given Point B; let 
the Great-Circle Bc meet Cd 
in 4; and let the three Sides, 
AB, AC, and BC, of the 
Triangle be denoted by D, E, 
and F reſpeQively, 
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= S.DXS. B, and conſequently F, 8 
x 4. | 
Again, R: Co., dCc (ACB) 2 Cc c« (Æ x4) : 
S.E.X c,. S. F 


D for E, and C for B in the two laſt Equations) we 


1 
r 
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Then (fer Spherics p] we ſhall have 


R: S. E:: CAc (4): GER; * A; 


And, R: S. F. CBd (B): Cd ＋ x B. 


f 2 
Alſo, R: S. dCc (Ach) :: Cot Þ= A . 


But S. C: S. D:: S. B: S. E; therefore S. EX S. C 


Laſtly, Ce r. C (c): R Cd ( &) 
S. F 1 
Co. t. C * 8 


Whence, by the very ſame Argument (ſubſtituting, 


„ S. Dx Co-. B 
likewiſe have C = NN A, and F (= 


S. F S. F 

Co- t. ce * B) = Oe. 8 * C. 
Now, from the Equations thus found, it is manifeſt, 
1. A: Fi: R=: S. DXS. B (i: Co-ſeca. D: S. B) 
2. J: B Rx S. F: S. Ex C. C 

35. A:C: : RX8S.F::8,DXCe-/.B 

4*. B: F. Cr C. S. F 

55. C: Fu Cit. B: S. F 

6. F: C: Co. t. C: Cet. B (:: T. B: T.C) Q. E. L. 


of Spherical Triangles. 


257. Theſe Proportions, for the Fluxions of the Parts 
of a Spherical-Triangle, are very uſeful in various Caſes 
in Practical Aſtronomy ; whereof I ſhall here put down 
one or two Inſtances. 

The firſt is; To determine the annual Alteration of 
the Declination and Right-Aſcenſion of a fixt Star, 
through the Preceſſion of the Equinox. 

Here A muſt denote the Pole of the Ecliptic, B that 
of the Equinoctial, and C the Place of the Star; and 
then (by the firſt and fourth Proportions) we have 

Co-ſeca. D: Sin. B:: 4: J; and; 
S. F: Co- t. C:: F: ; „ 

That is, 1, As the Co- ſecant of the Obliquity of 
the Ecliptic is to the Sine of the Star's Right - Aſcenſion 
from the ſolſtitial Colure, fo is the Preceſſicn of the Equi- 
nox, or Alteration of Longitude, to the Alteration of 
Declination. | | | | 

2%. As the Co-ſine of the Star's Declination is to the 
Co-tangent of its Angle of Poſition, fo is the Alteration 
of Declination (found as above) to the Alteration of 
Right-Aſcenſion correſponding. . wa 5 

The ſecond Example is to find how much the Am- 
plitude, and the Time of the apparent Riſing and Setting 
of the Sun, or a Star, are affected by Refraction. 


In this Caſe 4 muſt de- 
note the Pole of the Equa- 
tor, and B the Zenith, and 
the Side BC muſt be an 
Arch of go Degrees, fo 
that the Star C may co- 
incide with the Horizon 
QC: Then, from the very 
ſame Proportion, we have, 


Sin. B: Co-ſeca. D:: F: A, 
And, R: Co-t. C:: F:B 


But, R: Co-t. C (T. 20A): Sin. B (C2) : Co-tang. D 


(Tang. NA) 
| Hence 
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Hence it appears, 

19. That, as the Co-ſine of the true Amplitude 
(conſidered independent of Refraction) is to the Tangent 
of the Pole's Elevation, ſo is the given horizontal Re- 
fraction to the Difference of Amplitudes thence ariſing. 

20. And, that, as the Co- ſine of the true Amplitude 
is to the Secant of the Pole's Elevation, ſo is the ſaid 
horizontal Refraction to the Effect thereof in the Time 
of Riſing, or Setting of the Sun, or Star. 

But this laſt Proportion may be otherwiſe expreſſed, 
without the Amplitude: Thus, 

S. AB XS. AC XS. A: R3 :: the horizontal Refraction, 
to the ſame Effect. : 


PROPOSITION III. 


258. To determine the ſame as in the preceding Problem; 


ſuppeſing one Side AB and one of its adjacent Angles, 
B, to continue invariable. 


D If from the End of the 
A given Side, oppoſite to the 
Q. — a given Angle, a Perpendicular 


AD be let fall, that Perpen- 
dicular, as well as the Seg- 
ment BD cut off thereby, 
will be a conftant Quantity, 
while the other Parts of the 
Triangle AaD vary, by the 
Motion of @ along the Arch 
aBD. Therefore the Problem is reſolved by Caſe 2. of 
right-angled Triangles. Vid. Art. 254. 

259. It may not be amiſs to give one Example of the 
Uſe of this laſt Propoſition : Which ſhall be, in finding 
the Parallax of a Planet in Longitude and Latitude ; that 
of Altitude being given. | 

Here A muſt ſtand for the Pole of the Ecliptic, B 
the Zenith, and à the Planet: Then, if the Hypo- 
thenuſe Aa be denoted by h, the Leg. Da by i, and the 


eiven Parallax, in Altitude, by 7, it will appear, from 


the 


of Spherical Triangles. 


che Place above quoted, that 4 (the Parallax in Long.) 
Sin. a2 „ Sin. BaA : : 
will be = g— X1 = mm XI, and þ (the 
Co-ſ. a Co-f. Bal , 
ee 
If the Planet be in (or very near) the Ecliptic, and 
al} be ſuppoſed a Portion of the Ecliptic, meeting AB, 


; _ 7; 
at Right-Angles, in Q, then (per Spherics) Jir. A 


Co-ſ. Ba N Tang. Qa Cox. BaA (=== 
Rad. 


Parallax in Lat.) = 


Radius } © Tang. BE Rad. 
Sin. B 
= Fe 3 whence, by ſubſtituting theſe Values 


.. Ta 
above, we ſhall, in this Caſe, have 4 = TEE X 


- 3 Sin. B - 
and b = 2 XII that is, in Words, 

As, the Tangent of the Planet's Zenith Diſtance, is 
to the Tangent of its Longitude from the nonagefimal 
Degree of the Ecliptic, ſo is the Parallax in Altitude to 
the Parallax in Longitude. 

And, as the Sine of the Zenith Diſtance to the Co- 
ſine of the Altitude {of the nonageſimal Degree, ſo is 
the Parallax in Altitude to the Parallax in Latitude. 

Becauſe the Parallax in Altitude, the horizontal Pa- 

Sin. B 
rallax () being given, is nearly = — x A, if 
this Value be ſubſtituted for , in the two laſt Equations, 
„ Sin, BB „ Tang, Qax Sin. Ba 
ve all get = Nad: lh and 4e Nd & Tang Bo 
Sin. AB X Sin. BAa 5h 
——— 


X M = XA. 


Whence, 


A 
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Whence; we have theſe two other Theorems, fot 

finding the required Parallaxes immediately from the ho- 
rizontal Parallax, without either the Altitude or its 
Parallax. | 

1. As Radius to the Co-ſine of the Altitude of the 
nonageſimal Degree of the Ecliptic, ſo is the horizontal 
Parallax to the Parallax in Latitude. 

2. And as the Square of Radius to the ReQangle un- 

der the Sines of the Altitude of the nonageſimal Dedree 
and the Planet's Longitude from thence, ſo is the hori- 
zontal Parallax to the Parallax in Longitude, 


PROPOSITION IV. 


260. Still, to determine the ſame Thing ; ſuppoſing, one 
=o A, and the Length of its oppoſite * BD (or 


80) to remain con/lant, 


of 

Let BD (equal to 
BD) interſect BD in an 
indefinitely ſmall Angle 
at P, and meet AB 


and AD in B and B; 
alſo in BD produced 
let there be taken PN 


1 =PD and PM =PB, 
and let N, 5, and 7, B be joined. 


|| Since, by Hypotheſis, DB=DB=MN, ir from the 
£11118 firſt and laſt of theſe equal Quantities DM, common, 
I be taken away, there will remain BM=DN. 


Moreover, fince the Triangles BMB and DND, in 
their ultimate State, may be confidered as n 
At. 134. and right-angled at M and N *, it will therefore be, as 


BM: . BB :: Co-. B: ' Radius 


4 
| And DN: DD :: Co-. D:: Radius, 
| . From 


- 


x ——— — IS 
— — — 
N 2 — 
— 


of Spherical Triangles. 
From whence, the Extremes in both Proportions be- 


ing the ſame, we have BB: DD :: Cf D: Ce: B. 
And therefore, if AB be denoted by I and AD by K, 


it appears that N: K :: Co- D: Co. ſ. B. N 
Again, per Spherics, Sin, A: Sin. BD (G) :: Sin. 

D: Sim. H :: Flux. Sin. D : Flux. Sin. H ; becauſe, 

the Sines themſelves being in a conſtant Ratio, their 


'Fluxions muſt be in the ſame Ratio: But the Fluxion + 


of the Sine of any Arc, or Angle, is to the Fluxion of 


the Arc or Angle itſelf, as the _— to Radius “: Art. 242. 


D 
Therefore the Flux, Sin. D being = Et X D, and 


H 
Flux. Sin. H = SLE X H, it follows that, Sin, A 
: Sin, G :: Co: ſ. Dx B: Co. ſ. HX H; or B: H. 
Sin. Ax Co- ſ. H: Sin. G x Co. ſ. D: And, by the very 
fame Argument, B: K :: Sin. AX Co. ſ. K : Sin. G X 


Co- ſ. B. Now, by compounding the former of theſe 
two Proportions with the firſt above given, we get, 


BD: K:: Sin. A X Ce-. H: Sin. CXC. B. And, by 


compounding this laſt with K: B:: Sin. & x Co. ſ. B: 
Sin. Ax Co. . K (that immediately preceding it) we alſo 


obtain B: B: Co- ſ. H: Co-/. K. 

Whence, by collecting theſe ſeveral Proportions to- 
gether, we have the following Table, for all the dif- 
terent Caſes. 


H: X:: Co- ſ. D: Co- ſ. B 

B: B; Cu. ſ. H: Co. ſ. K 

D: H:: Tang. D: Tang. H 

B: K:: Tang, B: Tang. K 

K: D Sin. G X C , B: Sin. AX Co. ſ. H 
K: B:: Sin. G X Co-ſ. D: Sin. AX Co. ſ. K 


It 
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The Reſolution 


It may be obſerved, that the fourth and the laſt a fe no 
new Caſes, but only. the third and fifth repeated : And 
that, though the former of the two, laſt named, differs 
from that found above; yet it is very eaſily deduced 


5 : „0 
from it: For, ſince it appears that D: H: GD | 
Sin. G. Be | 2 
E- and becauſe Sin: 4 : Sin. G:: Sin. D: Sin. 
; 3 Sin. D Sin. H 
H, it follows * 2 GD * 55 0 
Tang. D : Tang. H. WEE 

There is yet another Problem, when two Angles re- 
main conſtant ; but this, by taking the Triangle formed 
by the Poles of the three given Circles, is reduced to 
Problem 2. | 


tt 8 m—_ PER 


— 


EC. TI ON I. 

Of the Reſolution of fluxional Equations, or 
the Manner of” finding the Relation of the 
flowing Quantities from that of the Fluxions. 

261. W HEN an Equation, expreſſing the Re- 

lation of the Fluxions of the two va- 
riable Quantities, contains only one of thoſe Fluxions 


with its reſpective flowing Quantity in each Term, the 
Relation of the Quantities will be obtained by finding 
the Fluent of _ as has been already taught, 


ax3 ; 


1 ; 
Thus, if ax*z=y3, then will I = FY 
And, if . vr; by reducingit firſt to * 4 = 


5 (fo that it variable Quantities may be ſeparated) 


But, 
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But, if the given Equation has its indeterminate Quan- 
tities and their Fluxions ſo complicated together, that 
it cannot be brought under the Form there preſcribed, 
the Task will become much more difficult; nor is there 

any general Method to be given for ſuch Kinds of Equa- 
tions, whereof there are an infinite Variety, : 

The Method of Infinite Serieſes (in ſome meaſure ex- 
plained already, and more fully conſidered hereafter) is 
indeed very comprehenſive, and may be apply'd to goon 
Purpoſe in various Caſes; but, being tedious and at- 
WF tended with a Number of Inconveniencies, it is a Me- 
thod we ought never to have Recourſe to till we have 

try'd what may be, otherways, effected, by help of ſuch 
particular Rules and Obſervations as we have been able 
d ee | 8 

Accordingly, I ſhall, here, firſt point out ſome of 

the moſt proper Ways to be tried, in order, if poſſible, 

to bring out the Solution without an Infinite Series. 

| 262. The firſt Method is, by multiplying, or dividing; 

the given Equation into ſome Power or Product of the 

Duantities concerned; ſo as to bring it, if Pais under 
0 


Ro Re 


the Form of ſuch Fluxions, as, we know, do ariſe, if noi 
r from the fir/t, yet from the ſecond, or third, of the thres 
* general Rules in the direct Method; Br 5 
F, Thus, if the given Equation be + = 
2 then, the whole being multiply d by xy, ſo that the two 
1 firſt Terms, & ,, may become the (known) Fluxion of 
1 | | "EG 2 
e the Rectangle xy, there ariſes yz +xy= : _ : But A. 18. 
8 
tz. ſtill we are at a Loſs for the Fluent of the laſt Term; 

unleſs n be taken =1 (fo that y may vaniſh.) In that 

nta ä 
Caſe we have xy == — ; expreſſing the Relation 
2 Xa | 


of the Fluents when that of the Fluxions is S+T= 
af; | | 


ac Which appears to be the only Caſe, of the given 


Equation, where this Method is of Uſe: 


ty U Agaift 
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| V Y 
Again, let the Equation > + 7 == be proͤ- 
ay | 9 


poſed. 85 
Here, multiplying by of * (where the Exponents 4 
„ 1 
are the ſame as the Coefficients of = and 7 we get 


r p _ Fe? 
px K TAX 1 


z in which the 1 | ; 
former Part of the Equation is known to expreſs the : f 


® Art. 15. Fluxion of of 5 *. Therefore, when n=r, the Relation 
of the Fluents may be found, and will be expreſſed by 


** tpti 


«by == : Which, if no Correction by a 
Tf Nc 
conſtant Quantity be neceſſary, may be reduced to 
. 1 
Xx 


ee! mp+IXa 
F The ſame Method may alſo be extended to Fluxions | 
of the higher Orders: Let +—xz*=fz* (which Equa- 
tion occurs hereafter, in the Reſolution of a Problem 


* 


109 of ſome Difficulty.) Then, multiplying by 4, it be- 
| | comes ##—xxz*=fz*x ; where, = being conſtant, each 


Term admits, now, of a perfect Fluent, and we therefore 
* * R 7 22 
hav * 


2 e From whence, ſuppoſing no 


Log. fb-x+ Vr (by Art. 126.) 


263. 1t may happen that the Solution of an Equation | 


Correction neceſl: 2 — dz=byp, 
| orrectio 3 3 and z= hyp 3 
will become more eaſy by firſt taking the Fluxion thereof; 


when, by that means, ſome of the Terms deſtroy each other. 
The following is an Inſtance of it (which, alſo, occurs 


hereafter) Let y+7 — — yy Whoſe Flux- 
* 80 WA 


ion, 
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— 5 8 


| 2 » + 4 Xa — XxX — Xx y . 
don, making conſtant, is j +2 — 22 


* 


223. 
| Jy 


8 * 
one another, is reduced to! Xa—x => Therefore, 
Xx 


: Which, by reaſon of the Terms deſtroying 


/ 


by expunging 5, & . we get * =xX * 7 and 
b4 


| conſequently 251 — 2X 2 N +/ome conſtant Quan- 
the g tity, | 


tion | 264. Another Method, applicable io Equations, of the 
d by firſt Order of Fluxions, wherein only one of the two va- 
riable Quantities (x or y) enters, is, to ſubſittute for the 
y 2 Ratio of the two Fluxions (x and j): From whence the 
Value of that Quantity will be had, immediately, in Terms 
J to of the ſaid aſſumed Ratio : And then, by taking its Fluxion, 


that of the other Quantity (and from thence the _— 
ztſelf) will become known, 
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Thus, let axz*=yX Ly „ (being the ede of _ 


tions the Curve that generates the Solid of the eat Re- 
* ſeftance, when the Bulk and greateſt Diameter are given.) 
41 8 
* 
5 = Then, by putting 7 =v, and ſubſtituting above, we 
ea | 


get avy*=yX vV*y 1 F = y*X v*+1\*; and con- 
2 —3a n 5 


= —: Therefore y = TS” 


ſequently y = 


I 


v9 1 


Fluent may be found, from Arr. 84. or, otherwiſe, 


and conſequently x (= vy) = : Whole 


ation | thus: Put w*=0v*+1 ; then v*=w*—1, and (wiv = 
reof ; vv ;z by ſubſtituting which Values there ariſes & = 
ther. . W—] 
2 = = 4aww — ga 3; and 
oaks | w* | Va 
U 2 ; there 
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we on YI, = = 


c 
= L re eXguuD 5 dh — 3 
2Xvw +1" 2Xvy +1\* 
(by taking y, or v=0) becomes x = 23721 — =, ' 
2Xvwu+1I | 


From this Equation, by completing the Square, &s. 
v may be found in Terms of x ; whence the correſpond- 


. XI av 3 
ing Value of y (= ==) will alſo be known. 


265. The fourth Method, which chiefly obtains when 
one of the indeterminate Quantities and its Fluxion, 
ariſe but to a ſingle Dimenſion each, may be thus : 

Let the Value of that Quantity, which is leaft involved, 
be firſt ſought, from the fictitious Equation ariſing by neg- 
lefting all the Terms in the given Equation, where neither 
that Quantity, nor its Fluxion, are found: Then, to that 
Value, let ſome Power, or Powers, of the other Quan- 
tity, with unknown Coefficients, be added (according ta 
the Dimenſ;ons of the Terms neglected) and let the Sum 
be ſubſtituted in the given Equation, as the true Value of 
the firſt mentioned Quantity By which means a new 
Equation will reſult ; from whence the aſſumed Coefficients 
may, ſometimes, be determined. | 

Ex. Let the given Equation be cx aj. 
By neglecting cx, or feigning 3x = ay, we get 
* 


J | x | 
_ — 7 : and conſequently 7 =hyp. Log. y— hyp. 


* 


Log. d * = hyp. Log. T 3 d being any conſtant Quan- 
tity, which the Nature of the Problem may require. 


Hence 5 = the Number whoſe hyperbolical Logarithm 


4 


is — : Which Number, if A be put for (2, 1828 Sc.) 


3 the 


by of Fluxional Equations. 293 
the Number T_ hyp. Log. is Unity, will be ex- 
preſſed by M 7 [fince it is evident that the hyp. Log. 

Zac 8 2 
hereof is = X Log, M = Z) : Therefore = 


X* * 


M\* and y AN D Now, to the Value thus 
found, let there be added Ax ＋ BT ＋C, in order to = 


the true Value; and then, 5 being e © — 
* 


M., we ſhall, by ſubſtituting in the given Tai n 6 
tion, have cx*x TRE 6 = Aa 
+ Bas + a- „and conſequently c ;+ AX ** + 


B 2AaXx:+C—BaXi=0, Whence A =—c®,s Art. 81. 
B=— 2ac, C= — 2aac; and conſequently y= — ex 
x 


ZT T 244 + . By the very ſame Way, the 
Value of 5, in the Equation cx" *+y&=ay, will come 


out = - C X x e e e 1. 


1—2. a Oc. — * 
266. But, what is a little remarkable, in theſe Equa- 
5 | 
tions, is, that the Exponential dM*, tho” a variable 
Quantity, ſhould only ſerve, as it were, to correct the 
Fluent, or perform the Office of a conſtant Quantity. 
What I here mean will plainly appear, if it be con- 


ſidered, that the Equation y = — cX x* + 2ax +þ 2aa, 
where the ſaid Exponential is wanting, anſwers all the 
Conditions of the fluxional Equation firſt propoſed ; 
which, upon Trial, will be found; and muſt needs be 
U 3 the 


band 
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the Caſe, ſceing d may be, either, taken Nothing at 


all, or any Quantity at Pleaſure. | 


But the Equation y = — cXx* + 2ax + 24 (when 


Xx 


aM* is wanting) cannot be corrected, in the uſual Way, 


| ſo as to give y=9, when xo; ſince, if any other con- 


ſtant Quantity, beſides —2a*c be introduced, the firſt 
Conditions will not be anſwer'd : The Correction muſt, 


; x 
therefore, be by the Exponential dA“; and is thus. 
| x 
Since y = — c 2cax — 2c + “, if y be 


taken So and x o, then — 2cal Ao, or d= 
2ca* ; and ſo the Equation, truly corrected, is y, c X 
* | 


| x*+ 2ax+24* + 20*M* 5 


267. We come now to the laſt Method ; namely, 
that of Infinite Sericſes ; which, tho' leſs accurate, is 
vaſtly more comprehenſive, than any yet explained : 
The Manner of it is thus: | | 

For the Quantity whoſe Value you would find, let an 
Infinite Series, conſiſting of the Powers of the other Quan- 
tity with unknown Coefficients, be aſſumed ; which Series, 
together with its Fluxion, or Fluxions, muſt be ſubſti- 
tuted inflead of their Equals in the given Equation ; 
whence a new Equation will ariſe, from which, by com- 
paring the homologous Terms, the aſſumed Coefficients, and 
conſequently the Value ſought, will be determined, 


Thus, let the Equation . I „s (reducible to x— 


J—xy=0) be propoſed; to find x in Terms of y. 
Then, aſſuming x=Ay+By*+ Cy3+Dy*+Ey5 Sec. 
We have *=Ajz+2By+3Cy*>+4Dy%+5Ey%4+ &c. 
Which Values being ſubſtituted in +—y—xy=0, we get 
AyÞ2By+3Cy+4Dyy+ & = 
—j—Ay—By*; —Cyiy — c. S. 


_ There- 
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Therefore A—1=0, or AZI ; 2B—A=o, or B 


A I B I 
JET ig or S == 4D -C 
38 


wes na x (Ay+ By* + Cy* Cc.) = N 
1 ye 
15 g++ 


Ak let it be required to find the Value of y, in 
the Equation cx + ys = ay, or aj — yx — cx K . 
Here, aſſuming y = Ax+Bx*+ Cx*+Dx++Ex5+Fx* 
Sc. and proceeding as before, we ſhall have 
aA aB gaEx*z+ e. } 1 


o — Axx— Bx — Cxiz— Dxtz— &c. 
O Oo — cx 6 | 
Whence Ao; 2aB=A=0; 3aC=B+þc=c, or 


= Fade er E IT — Sc. and N * 
£x3 Cx5 
(Asz+Bx*+Cx3 + Sc.) wa 8 e, 3.4a* + 3˙4. 543 
cx 
+ FEET + &c, 


268. It appears from this Example, that the Quantity 
to be found, will not always require all the Terms of the 
Series Ax + Bx* + Cx Sc. And it may happen, in 
inumerable Caſes, that the Series to be aſſumed will de- 
mand a very different Law from that where the Exponents 
proceed according to the Terms of an arithmetical Pro- 
greſſion having Unity for the common Difference. And, 
indeed, the greateſt Difficulty we have here to en- 
counter, is, to know what Kind of Series, with regard 
to its Exponents, ought to be aſſumed, fo as to anſwer 
the Conditions of the Equation, without introducing 
more Terms than are actually neceſſary. 

U4 For 
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The following Rules will be found very uſeful upan 


this Occaſion : Which, though they may become im- 
practicable in certain particular Caſes, never take in any 


ſuperfluous Terms. 
10. Having (if neceſſary) freed your Equation from 
Fractions and Surds, let the Quantity, whoſe Value is 
ſought, be ſuppoſed equal to ſome Power of the other Quan- 
tity with an unknown Exponent (n) ; and let that Power, 
together with its Fluxion, or Fluxions, be ſubſtituted for 
their (ſuppoſed) Equals in the given Equation. : 

29. Let the leaſt Exponents of the variable, or inde- 
terminate, 3 in the new Equation, thence ariſing, 
be put equal to each other : Whence the Value of the un- 
known Exponent n will be found. | 

3. Subſtitute the Value of n, ſo found, in all the Ex- 

honents where n is concerned; and then take the Dif- 
ference between one of the equal ones, above mentzon'd, 
and every other Exponent, of the variable Quantity, in 
the whole Equation. . 
4. To theſe Differences, write down all the leaſi Num- 
bers that can be compoſed out of them, by continual Addi - 
tion, either to themſelves, or to one another; till you haue, 
by that means, got, in the whole, as many different Terms, 
as you would have the required Series continued to. 

5. Laſtly, let each of theſe Terms be increaſed by the 
Value of n (found by Rule 2.) and you will then have the 
Exponents of the Series to be aſſumed. 


EXAMPLE TI. 


269. Let the Value of x, in the Equation a*x* + * 
257. — 


- ' π ,, be required, 


Firſt, by writing 2“ for x, and 2 for 5, the 
Indices of z will be 2n—2, 2n, and o (which are deter- 
mined by Inſpection, without regarding the Coefficients) 
whereof the two leaſt (2»—2 and o) being put equal 
to each other, we here find : Therefore, the Ex- 
ponents being o, 2, o, the Differences (according to 
Rule 3.) are alſo o, 2; from whence, by adding 2 con- 
tinually, we get o, 2, 4, 6, 8 Cc. which (being each 

| In- 
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increaſed by the Value of ꝝ) give 1, 3, 5, 74 9 Cc. for 
the Exponents in this Caſe. | 
Let, therefore, x=Az+Bz3+Czi+Dz7 + Cc. 
Then, putting z==1, in order to facilitate the Operation, 
we ſhall have + = A + 3Bz* + 5Cz* + 7Dz* + &c. 
which two Values being ſquared, and ſubſtituted in the 
given Equation, it will become 
a* A*þ+ba*ABz* +1 0a*ACz2*þ+14a* ADz5 + &c. 
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+9a*B*z*þ 30a*BCz* + Ee. - 8 


* þA*z? +2ARz* +2ACz* + Cc. (o 

—_ B + &c, 

Whence, a*A*=a?, and therefore A=1 ; 6a*B =— 
I 

A, and therefore B = * = z . 10a? AC 

=— 9a B“ —2AB =—B X aB + 2A = —BX 

R I 

— z ＋ 22 — 2 2 2.3.2 and therefore C = 


1 ä 
eee ENT EX a 
I FE 1 1 1 
2X et — ö, ver ee er 
I I 
Iboas ? and therefore D.=— Fx. 
I | 23 
235.5745 and, conſequently, x = EI 4. 
2 27 


2.34.54 2.3. 4.5074 ane 


EXAMPLE I. 


270. Let the given Equation be a*xy — 24 + axx* 
＋ A J to find y. 
- 


Here, ſubſtituting x* for y, the Exponents will be 
1—1, n—1, 1, and uÞ1 ; Where, making n—1=1, 
| | | ws 
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we get n==2: Whence, the Differences being o, 2, the 
Series to be aſſumed for y will be Ax + BK + Cx 
Dx* + Ex*? + &c. From which, making x=1, we 
have y=2Ax +4Bx* TCC +8Dx” &c. and 

5 2A +12Bx*+ 30Cx*+56Dx5 
And, theſe Values being ſubſtituted, the Equation be- 


comes 


2A*Ax +124a*Bx*+30a*Cx5-þ56a*Dx7+ c. 
— 


—40 AX— 84 B —124a*Cxr5—16a*Dx7+ c. 
Tax TAX —+12Bx*3 +30Cy! + &c, 


I 2A "I 
n B = — DT 
12B I 30C I 
C 18a* — bas? _ 20a” Bar Ne. 
&* * * ĩ 5 x3 Xr 


and ſo y he. a a by" — Oe. 


N 
Conſequently y is alſo = 


Which Series is known to expreſs the Fluent of 


2 2 


or, Z a X hyp. Log. 


2 0 


Za X hyp. Log. 25 In this manner, it comes to 
paſs, that, though we are obliged, in very complicated 
Caſes, to have recourſe to Infinite Serieſes, we are 
ſometimes able, at laſt, to give the Solution in finite 
Terms, or, at leaft, by help of Logatithms, Sines and 
T angerits : Which will always happen when the Series 
can be ſummed, or is found to agree with that ariſing 
trom ſome known Quantity. 

271. Sometimes it happens, in Equations involving 
the higher Orders of Fluxions, that the Exponents, 
mention'd in Rule 2. whereof the leaſt ought to be 
made equal to each other, are fo expreſſed, as to render 
ſuch an Equality impoſſible . When this is the Caſe, 
the Value of u, and the firſt Term of the required Se- 
bl ries, can only be determined from the Nature of the 
| Problem to which the Equation belongs. We know, 
if ns 
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indeed, from the Equation itſelf, that n muſt be either 
equal to Nothing, or to ſome poſitive Integer, leſs than 
that expreſſing the Order of the higheſt Fluxion in the 
Equation : Becauſe the Term that has the leaſt Ex- 
ponent, and which therefore cannot be compared with 
any other (being always affected by two or more of the 
Factors u, u—1, n—2, c.) will then (one of thoſe 
Factors being So) vaniſh intirely out of the Equation ; 
which, thereby, is render'd poſſible. | 

When n and A are known, the reſt of the Ter: 
will be found in the common Way, as in 


EXAMPLE II. 


Where the Equation propoſed is yx* þ azy — a*%j = o; 
to find y, - 


By ſuppoſing =I, and writing x" for y, * for 
5, and F 4 X 21 e for 55 we get * Ta — | 


nn I Xa*x"*; But it is plain that no two of the 
Indices of x can, here, be equal: The Value of » muſt 
therefore be either So, or Unity (in both which Caſes 


the Term nn — 1Xa*x"* vaniſhes) but I ſhall 
take the latter Value, and ſuppoſe the firſt Term of the 
Series to be Ax; then, the Differences of the foreſaid 
Exponents being 1 and 2, the Law of the Series will be 
expreſſed by 1, 2, 3, 4 &c. Whence, aſſuming y = 
Ax+Bx*+C::3 -- Dx+ &c. and proceeding as in the 
former Examples, y will be found = A into x + 
x? x3 x+ x5 x® ; 

2 * 5 Bar T 2408 ＋ 5525 Bee or A into x ＋ 
x* 2 „ gt 8x5 | 
2a * 2. 3a * 2. 3· 4a + 2.3-4.5a* P 2.3-4+5.045 * 
Sc. where the Law of Continuation is manifeſt, the 


Coefficient of every Numerator being compoſed by the 
Addition of the two preceding ones. 
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272. It will be proper to obſerve here, that, in Equa- 
tions like the two laſt propoſed, where the higher Or- 
ders of Fluxions are concerned, the Series expreſſing 
the Relation of the two Quantities muſt always be found 
in Terms of the Quantity flowing uniformly. And, 
that, if the Number of Dimenſions of the Fluxion of 
the ſaid Quantity, after Subſtitution, be not the ſame in 
every Term, the Equation itſelf, put down to be re- 
folved, is abſurd and impoſſible, and ſuch as never can 
ariſe in the Solutiom of any Problem. In all proper 
Equations the Number of fluxional Points (ſuppoſing 
the Powers of the Fluxions to be wrote without Indices) 
will be the ſame in every Term. 


EXAMPLE IV. 
273. Where let the given Equation be a*y—ay*x+**yy 


=x3x; to find y. 


By proceeding as uſual the Indices will here be n—1, 
zu, 2n+1 and 3; whereof the leaſt (which can be no 
other than —1 and 3) being compared, u will be given 
=4: And the Differences will therefore be 0,5, 6; to 
which. the Double of the Second and the Sum of the 
ſecond and third, &c. being put down, and then every 
Term increaſed by 4, there ariſes 4, 9, 10, 14, 15, 16, 19 

Ec. for the Exponents of the Series to be aſſumed for y. 
Let therefore y A , BT FCK Dx“ Tc then, 
ms * =I, y is = 4Ax3* + BX IOC? 14 Dx 


c. F | 

And, by ſubſtituting theſe Values above, we have 
4a*Ax3+9a*Bx*+ Io Cx - 144 Dx ＋ c. 3 * 
—x -A] ＋AA LA —23A BX + Cc. 


2 I 1 
Whence A. = , B = —7 Tc: 


1 


yr If, for y, the Series Ax B +Cx%+Dz? Se. whoſe Ex- 
ponents are in arithmetical Progreſſion, had been aſſumed, ac- 
cording to the Method of ſome very good Authors, no leſs than 


ſeven ſuper fiusus Terms muſt have been introduced to obtain the 
four above given. | 


274. 
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274. Before I quit this Subject, it may not be amiſs 
to ſubjoin the following Remarks. | | 
10. If the indeterminate Quantities are great in re- 
to the given ones, a deſcending Series will, in moſt 
aſes (where it is practicable) converge better than an 
aſcending one. Io obtain fuch a Series, compare the 
«greateſt Exponents, mention'd in Rule 2. inſtead of the 
leaſt, and proceed according . to the third and fourth 
Rules ®, whence a Series of Numbers will be found; * Art. 262. 
which, being ſucceſſively ſubtracted from the Value of 
u, you will have the Exponents of a deſcending Series. 
Thus, let the common-algebraic Equation a%x-ax? 
—43y—y*=0 be propounded ; to find , when x is great 
in compariſon of a, | 
Then, proceeding as uſual, the Exponents of the 
four Terms of the Equation will be 1, 3, u, 42; whereof 
the two greateſt (47 and 3) being made equal, we get 
n; therefore the Differences are o, 2 and 243 and 
the Numbers to be ſubſtracted from u, are o, 2, f, 4, 
2, Cc. Conſequently the Series to be aſſumed for y is 
3 a 5 26 mk 3 
Ax* TB. *+ Cx *+Dx * + c. From whence 
9 » 0 


17 


x 3 F * >. F 
y will be found = a*x*+ —— 2 — 2 Ce. 


C 

2. But, if the Quantity (x) in whoſe Terms the 
other is to be expreſſed, be neither much greater nor 
much ſmaller than the given Quantity (2), it will be 
proper to ſubſtitute for the Exceſs, or Deſect, of the 
ſaid Quantity (x) above, or below, ſome given Quan- 
tity ; ſo that, having, by this means, exterminated x, 
the Series ariſing from the new Equation (wherein the 
ſaid Exceſs, or Defect, is the converging Quantity) 
will have a due Rate of Convergency. | 

The Uſe of this is ſo obvious that it needs no Example, 
or farther Explanation. | | 

3e. Laſtly, it will be proper to obſerve, that, if the 
Equation for the Value of A, ariſing from the firſt Co- 
lumn of homologous Terms, admits of two or more. 


equal 
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equal Roots (which is a Caſe that 7 perhaps, never 
happen in Practice) all the foregoing Precepts will be in- 
ſufficient; unleſs the Equation alſo admits of ſome other 
Root, beſides the equal ones, whereby A may be more 
commodiouſly expreſſed. To determine the — — 
in that particular Caſe, divide each of the Differences 
mention'd in Rule 3. by the Number of the equal 
Roots; and then proceed as uſual. The Reaſons of 
which, as well as of the Rules themſelves, I have long 
ago given elſewhere, and have not Room to repeat 
them here. / 


SCHOLIUM. 


275. Although the Buſineſs of reverting Serieſes is 
not a Branch of the Doctrine of Fluxions, but, more 
properly, belongs to common Algebra ; yet, as it is 
often uſeful where Fluxions are concerned, and falls 
under the general Rules illuſtrated in the foregoing 
2 I ſhall here add an Example or two on that 

ead. 

Let, then, ax+bx*þcx*+dx*+Þex5 &c, y; to re- 
vert the Series, or, to find x in an Infinite Series ex- 


preſſed in the Powers of y. 


Here, by writing )“ for x, the Indices of the Powers 
of y, in the Equation, will be n, zn, Zu, Cc. and 1; 
therefore . and the Differences are o, 1, 2, 3, 4, 5, 
&c. and ſo the Series to be aſſumed, in this Ge is 
Ay+By*+Cy3+Dy* &c. Which being involved and ſub- 
ſtituted for the reſpective Powers of x (neglecting, every 
where, all ſuch Powers of * and y as exceed the higheſt 
you would have the Series carry'd to) there ariſes 


aAy+aBy* +aCy* +aDy* c. 
* +bA*%*+2bABy3+2bACy* T&c. 
+ bB*y* , 
* * Te +3cA*By+ Cc. 
* * * -+dA%4* Ce. 


Whence, 
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F Whence, by comparing the homologous Terms, A = 
: | b 2bAB+cA3 — | 
r — B — CA — = )== | op 
Þ | | 
„ ACA BB. ae — | 
8 D (=— a 2 27 | 
l | 
y  2bb—ac = 
Sc, and conſequently x = —_ 2 GC FP | 
. eee abe ra | 
| 7 X * e&c. j 
| 


For an Inſtance of the Uſe of this Concluſion, let FI 
e | 
2 * &c, =y: Then, à being, in this 
Caſe, 1, OE I 23 "— 73 42 — 2, Se. we ſhall, 
2 3 
by ſubſtituting theſe Values, have x = y + — + + 


„ 


25 Sc. From whence, when y is given, x will alſo be 


given; provided the Value of y be ſufficiently ſmall *, At. 9% 
Example 2. Let there be given ax+by+cx*+dxy+ 

& + fx* +gx*%y + bxy* + 53*+ix*+lx3y Sc, So; to 

find y. 
By aſſuming y=Ax+Bx*+Cx3*+Dx+ Thi and pro- 


— — - —— — . 82 
I —_— 2x ͤ — .o- —— nn _— —— R — — —— 


Ls wo * 4 oy 
8 — 3 92 —— — 


ceeding as above, AA 7. B = — 


AA 5 Ae . 
. * 


=. ＋2&AC eB*+ — +37 A*B+b+-IA+ 
n | 


mA*+nA3+ pA. 


ER 


Example 
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1 
u is found ; and the Differences are 


The Neſolution 


Erample 3. Laſtly, let * + r + 1 + 
dx®+36 +&c. =. e 

Here, in order to determine the Form of the Series 
to be aſſumed, let 2 be wrote for x in the given Equa- 
tion, according to the uſual Method; and then the Ex- 
ponents, ſuppoſing z tranſpoſed, will be 1, nm, nm + 
np, nm4-2np, um- ＋ 3np, &c. reſpectively; whereof the 
two leaſt (1 and am) being made equal to each other, 
Sh 


5 „ * 
2 5 Oc. Whence the Series to be aſſumed for x is 


n 

2 By . op 

* TB + Cz" TDZ + Ec. (for it is evi- 
dent, by Inſpection, that the Coefficient (A) of the 
firſt Term muſt here be an Unit.) This Series being 
therefore raiſed to the ſeveral Powers of x, in the given 
Equation, by Art. 108. and the Coefficients of the ho- 
mologous Terms in the new Equation compared together; 


it will be found that, B=—=, C Ltr, 


| 2m* 
D= ETLRrIErpPtorIX 
222 ee 8 e 


1+mÞ+ 3p X be 2 
From the general Value of x, found above, innu- 


merable Theorems, for reverting particular Forms of 


Serieſes, may be deduced. 


Thus, if x + bx* ＋ ca +dx*, Cc. z; then (m 
being =1 and n=1) xis = z —b2*þabb—cXz3) — 
$b3i—5bc+4 X 2˙ He. | : 


And 


of Fluxional Equations. 
And, if x +bx* + cx* + dr &c. =z; (m being 


=2, and þ=2) x=2Z—bz3+ 3bb—cxz5—1 263-8b+d 
XZ“ Ce. 


2 3 | ; 
Alfo, if x +bx* Þ+ ex® + de® Se. =2; then 


(n being = 4 and p=r) x=2*—242*+7F—=2X2%— 
30bi—18bc+2d4X2* &c. &c. 


276. It may be obſerved that, in all theſe Forms of 
Serieſes, the firſt Term is without a Coefficient (which 
renders the Concluſion much more fimple.) There- 


fore, when the Series to be reverted has a Co- efficient 


in its firſt Term, the whole Equation muſt be firſt of 
all divided thereby: Thus, if the Equation was 3x— 
6x* + 8x3 — 13x+ Sc. ; by dividing the whole 
3 2 Sr 13 
by 3 it will become x—2x* + ©” e &c, y. 
Where, putting z y, we have, by Form. 1. x=z+ 
| 16 $4,207 ade > 
2 — 22 2 2 — —— 
22 + p * Cc 3 + 9 


SECTION III. 


Of the Compariſon of Fluents, or the Manner 
of finding one Fluent from another. 


277. WE have, already, pointed out the moſt 
| remarkable Forms of Fluxions whoſe 
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Fluents are explicable in finite Terms“; and alſo „ Att. 5, 
ſhewa the Uſe of Infinite Serieſes in approximating the 78. 83. 84. 
Values of ſuch Fluents as do not come under any of nd 85. 
thoſe Forms t: But this laſt Method (as is before 1 ar. 99. 


hinted) being troubleſome, and attended wich many 
Obſtacles; Mathematicians have therefore invented, 
and ſhewn, the Way of deriving one Fluent from 


another : Which is of good I 4 when the Fluent 


ſought 


/ 
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ſought can be referred to one, like thoſe in Art. 126. 
and 142. expreſſing the Logarithm of a Number, or the 
Arch of a Circle; ſince the Trouble of an infinite 
Series is, then, avoided, | | 
As the Subject here propoſed is of ſuch a Nature, 
that it would be very tedious and difficult, if not 
altogether impracticable, to lay down Rules and Pre- 
cepts for all the various Caſes ; I ſhall deliver, what I 
have to offer thereon, by way of Problems ; beginning 
with ſome very eaſy ones, for the Sake of the young 


Proficient, : : 
| P R O B. I. 
8288 
278. The Fluent of Ja! being given ( FI) 


tis propoſed to find, from thence, the Fluent of == 
4 | * 


Let both the Numerator and Denominator of 


— be multiply'd by x, ſo that the Quantity 


; a* + ** 
x3x 


without the Vinculum, in the Fluxion, AP pot jr . 
; a Xx 


thus transformed, may become ſome conſtant Part of the 


- Fluxion of the higheſt Term under the Vinculum : 


* Art. 77. 


now to deduct the Fluent of the Quantity V a7 


= = 9 that was added: Which Fluent, as 
g that 


W hich Part, in this Caſe, being 2, let + of the Fluxion 
of the firſt Term under the Vinculum (or + @*xx) be 
therefore added to the Numerator, in order to have the 


I bole 8 a complete Fluxion; and then the 
wa, Aar 3 

Fluent thereof, by the common Rule “, will be + 

VV a +x* —Þ ai But, from this, we are 


T 2225 
2 A XX 


** 


142 


— 


ax 
V a* +x 


be 


that of == is given = hyp. Log. x+ M = 1 * Art, 126, 


＋** 
will be = 14 X Hp. Log. x + Vi. +#* ; and con- 
ſequently the Fluent ſought = & x Var = a X 


hyp. Log. x + V. 2. E.. 


PRO B. Ii. 
279. Let it be propoſed . find the Fluent of = 


from oy of = 3 given by Art. 142. 
By proceeding as above, and adding — r a*xzx to 
T a*xx— x3x 
Ye pa 3 whereof 
the Fluent, by the common Rule, is — f Va — x* 


the Numerator, we have — 


(=—+ x V a*—x*) : From which deducting the 


. T a ; 
Vis — gm ene, baer, (given 
=- a* X Arc (4) whoſe Radius is Unity and Sine 


3 i 
= — * } there comes out 4 ＋ - K Vat—3x*.# art, 142. 


N E. I 


280. In the ſame Manner, if the Power without 
the Vinculum, in the Expreſſiom whoſe Fluent is ſought, 
exceeds that in the other Expreſſion given, by the Ex- 
ponent under the Vinculum, or by any Multiple of it, 
the required Fluent may be determined, by one, or by 


ſeveral Operations, according to the Value of the ſaid 
Multiple. | 


Fluent of — 


Yo 
Thus, if the Fluent of = was ſought ; then, 

becauſe the Index of x, without the Vinculum, exceeds 
| N X 2 that 
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that in —— by twice the Exponent under the 
Spots the required Fluent may be had from that of 
= == Xt two Operations; by the firft whereof, 


we have already found the Fluent of 


EEE 


— nm. 


- to be 


2 — * 
Z 1 Vi: Whence, putting this — 


B, and proceeding as before, we 0 cob a- * 
+ ja B=—74 x Va = — 5 — Va 1 
2. z — 2 —X«4“ͤ 


1 if 
j 1 
1 8 
j 1 
1 
ö 
1:8 
1 
1 
[ 
4 
| 
i" 
10 
1 
1 
'vi 
'N 
1 
i 


| 
| 
| 


—— GS Doe nee er” 
r ² — ̃ Ä— —— ——— — —̃ 


—— — — —— 


— — . — — — — . — 
— — — — — 


— — — nr 
= — 


— — ——— 


= = the true 
| Fluent of == 
L uent o We = = 

PEREOB, II. 


281 1. Suppoſing the Fluent of Tea * A to be 


given = A, to find the Fluent of he. "<a 


=B (where the Exponent of z, without the Vinculum 
is increaſed by the Exponent under the Vinculum.) 


Let the Part affected by the Vinculum be multiply'd 


by 2˙7, and the Part without be divided by the ſame 
Quantity ; then our Fluxion will be transformed to 


+ 
az! tbr Xð* Z F. Where let g be, now, 
ſo taken that the Exponent (ng) of the higheſt Power 


of z under the Vinculum may be equal to (pn+n—mg) 
that of the Power without the Vinculum ＋ 1; that 


is, let 7 111 Then (by Art, 77. if the firſt Term 


under 


* 


F Fluents. 


under the Vinculum was conſtant, the F went of the 


11 1. 
ſaid Expreſſion, or its Equal az? Los Is xz" E, 


2 ad + =" ab 3 
would be had —_ ** * e 


Fluxion hereof, ſuppoſing both Terms to be variable 
(as oF actually are) is az! ＋ oft?) Xt"; + 
== X az! T an XxX (by the common 


TN 


. 7 ol 
Rule) D EE Ln i x 
m 1Xn+9 Xe n Nc 


Flu. of vr; T2 r X 22 = B; that * 


— 
a cz r 
my+1X n+qXc n+q XX c 
271 T1 11, ; 
m+1 


abc" X "=; pa 
DTI X nc p Xc 
” as * = B: But the Hu. of abc" 2 is 


X Hu. a+" 


or, by ſubſtituting for g, 


— Ft. bas” 


m1 
n | Pn 
given = 4; therefore, laſtly, 2 e 
m TPI X nc 
pa A bY | 
„ 2K. 


282. If the Quantity under the Vinculum be à Mul- 
tinomial, a+ EP dz" + ez Oc. Then, ſince 
the Fluxion of ak” + 4 + ez T0 X zf" 


PCI xn * + 2nd * 15 þ 365 * &c. X 


vo 
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Ter NEST Fel * 27 =Y 2 Ter- ＋Aα D 
* pn 1. — 

* mop xn -n FE rxandetetuma; Oc. 
dee &c. 8 


m 
xa c ＋4 = & 2 » it is evident, that, if the 
Fluents of 27 , zprin—1z, E c. drawn 


— — 


— | n 
into the general Multiplicator ac +dz*" &c, , be 


denoted by 4, B, C, D, &c. the Fluent of the 
Whole-Qua ntity exhibited above ( which Fluent is 


r 


4 ＋ c + dx + 2 Der * 250 will alſo be ex- 
preſſed by by pna A ＋ p PT I Nn BTG TZMTZ NHC 
p+ 3m zn Pz XneD &c, Therefore, if there be given 


as many of the Fluents A, B, C, D Sc. as there are 


Terms in a+cz" + d ＋ ez * c. minus one, that 
other Fluent, be it which it will, will alſo be given from 


: hence. Thus, if o, 620 c. and the Value of 


—z__+1 
4 be given, we ſhall have Der X 2 ara 


PN 
5 PI XncB ; and conſequently B akon” * 
pn Inc 


„the very ſame as before. 


paA 
53 pT IX 


PRO B. Iv. 


a m 
283. The Fluent of a+") N & being given (as 
in the preceding Weng ) to determine, from thenge, 


the Fluent of 4 ＋ ca * 21 1 8 ; ap poſi ng v 1% 
denote a whole poſiti ue Number. 


Let 


I 0 WYW 


+ 


/ Fluents. 


WORE” pg | 
Let Te "be denoted by M; alſo put p+1= 
5, b+1 (6+2) =þ,9+1 (p+3) =} Ec. and let the 


Fluents of a Tc 7 21 Ft, c x at *, 


m ” — it 
a+" Xx 2 , ab) X2f—s , Ce. be re- 
preſented by 4, B, C, D, &c. reſpeRively. Then, ſince 
Met" © | 
—.— —.— = B (by the preceding 


ER_—_—— 
b X ne TPI Nc 
Prob. it . from the very ſame Argument, that 


Ai = paB 3 


mþ+p+1Xne Ax 
Mat" | 1 paC 


=D 


Di XN Mi N 


&c. c Sc . 
Hence, by writing the Value of B in the ſecond Equa- 


Met” 2 pa Mat” 


mb+p+1X n«. m txm+p+ 1xncc 
252.4 


2 TDI X | 
-by eng this Value for C in the 3d 3 we get 


Mat Mat 
— — be = ＋7 


mix nc m+p+iXxmbp TI Ne- 
X 4 


C. In the ſame Manner, 


37 


312 Of the Compariſon 
. 3 Rll. 
j m+p+ixm+p+HixXmFpF1Xneo 
Ul | : propa A 


„ 


— — D. 


TPI Nix IX 

Where the Law of Continuation is manifeſt; and from 
whence it appears that the Value of any of the Quan- 
tities B, C, D, E. &c. or the Fluent expreſſed in a ge- 


6 


A, 1 
neral Manner, will be Ms — 
3 mg Xnc 
X | — 7—2 
2 qXq—1 NK i 


m+q+ INN m + q + 1xm-þqxmb-q—1xne 
(v). = ‚ R XS 
mTÞp+1Xm+Þ+2Xm+p+3 (v x“ 


- m+1 * ; — 1 
a ca“ NXz * % * . - Ixauz 3 
STI X nc ga — 


. 
— 


ren: 
1 Nenn: 


3.—1.— 2 Nc 
* 1 
943 (v) X —. Where, 4 = Fluent of a+: 
t+3 * 


Xz NY, qzpÞu—1, == nm, t=p4-mb+1 ; and 
where the Sign of the laſt Term (in which A is 
found) muſt be taken + or — according as v is an 
even or odd Number: Note, alſo, that the Parentheſis 
(v) is put to expreſs the Number of Terms, or Factors, 
to which the Series, or Product, preceding it, is to be 
continued. The like Notation is to be underſtood in 
other Caſes of the ſame Kind, when they hereafter 


occur. 


The 
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284. Let 9 =p + v—1, and Jet — X 
Reb n Ox" +64, be 
aſſumed for the Fluent fought: Then, by taking the 
Fluxion thereof, you will have m+ 1xncz""z — 
* Ra + $29 Gs as 4, + py hone” * 
NT ede 
TN , which muſt be= Ce 


K 4 on— (or a＋ xa“ fomr,) the Fluxion 
propoſed: Whence, dividing the whole Equation by 
a Ta X 8 2, and tranſpoſing, there comes out 
I neX Raf" + S T + At” 
abc XR -S . nA o 
— * * 427 


Which, reduced, and the homologous Terms united, 
becomes - 


IX RI Je , mb+gxns 1 
m wi] XR + E — | Xa + 


| x22 Yours * 2 
+gn—n Xas + 


=0: Where, by making m+q+1XnR—1=0, 
| Ka We 2 8 

m Xnc$4-qnaR=0o, &c * . 091, 
3 T = — 2 


—; or (putting 
nN. m- IXc 5 
m 


— — ET 
— = \ TSS = 
— —— DI i = === — == . 2 
——— af — — — 
— — — = — — : 
— - — — — — . — 8 
* 


— — — — EI 
— — eg 


—̃ H— 


— —-— 
—— - 


— re — —— 


— 


— ——————ẽẽ 


1 
"BY 
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WM aR a 
=) R — l = — a 
my | 1) S$+1X 1c " Sc SIN , 


T = — — ꝶ6— en ms | Se. 

| ine AX —IXAT 7 7 
Where, becauſe the Exponent of the firſt Term of the 
Equation is 9 (pn+vn—n) and that of the laſt Term 
(in which & and g are concerned) Syn, it follows that 
the Number of Coctficients to be taken as above (where- 
of A is the laſt) is expreſſed by v; From which laſt, 


the Value of g is given = — pn. 


But, from the Law of the ſaid Coefficients, R, &, 
- . . A, it appears that the Value of A (whoſe Place 
from the Beginning is denoted by v) will be = & 
92—— INT  q—v+2 * 421 
TI 1 72 nc. 
„11 | ©* » » | * 
. ©. Dit X dale And therefore g 
SFI.S. 1. f+mds nc 
(= — pn) = + $414 — 2-00. þ +1-Þ _ 
| 5+ 1. 5. 1. pp mer 
x ©_= + EEx 
c. t. TI. T2. ＋3 ( c 
p+mS+1=k, as before.) Now, if the ſeveral Values of 
R, S. T......and g, thus found, be ſubſtituted in 
the aſſumed Expreſſion, you will have the very ſame 
Concluſion as in the preceding Article. 


— 
— — 


(putting 


CoRolLary I. 


R 
285. Since g is =þ+v—1, the Fluent a+cz" we. 
Ref” + Sz { + Az?" + A, given above, may 


be expreſſed by NX R * ＋. S2 — . 722 * 
| | — Fr - 
(v) +64; where N= arc x2", R= 


N And, where the Coefficient (#) of the 


m+p+u—2.c | 

given Fluent (A) will always be expreſſed by the laſt of 
the Quantities R, 8, T.. . A, multiply'd by — pe 
This is evident, becauſe it is found that G = —pnaA. 
And the ſame thing will alſo appear from the ſeveral par- 
ticular Caſes ſ in Art, 283.) for the Values of B, C and 
D-: In each of which the Coefficient of the laſt Term 
(where A is concern'd) is to that of the Term imme- 
diately preceding it, in the conſtant Ratio of pa to 


— or of pna to Unity. 


CokoxrLARV II. 


286. If the Value of c be negative, the general Fluent 
{in Art, 283.) when a+cz" So (provided m I, u, and 
p he poſitiye) will become barely = = = X 45 * 
pa & 4, 
t+2 i MT 


| — 2 41 ˖ 
the Terms multiply'd by a+c 2” intirely vaniſh. 
If, therefore, b be wrote for — e (to render the Ex- 


P Per 
1 


becauſe, in this Circumſtance, all 


preſſion more commodious) we ſhall have 


* r m 
X þ+2 (v) X 2. for the true Fluent of a—bz" NX 
t +2 7 | 


af no r—1; generated wh ile bz", from Nothing, be- 


— , .. 


comes S . Where A denotes the Fluent of a—bz"' 
NX, generated in the ſame time; and where 


Fn 


— - — 
— —— 
—— _ — 
— — 
— —— 


: — S232 «= 
— — - — - > — _ — — = 
— — > — > Sn - = 
— — — : — 2 
: — — - — 
—— = — — — — — ——— — on 
— ——— —. — — Py 8 2 — — ——— R ———— — 

_ — — = ECD ——_— — — — 
— . — — — — — 
— — 


> == — 


4 
i 7, 
TTY 
1 
i t 
i k 
1 
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SPT. Hence it follows that the Fluent of 


a—bz" x #4 xe+ fe + 22 + ha” Wc. | 


{where e, J gare any given Quantities) will be Ax 


pat PT i 
I W t.t+1. n wy" t. t -I. t+2.65 W 


3 Circumſtance. 


PRO B. V. 


287. The Fiuent (A) of rer * aun” being gi- 


wen, to find the Fluent of age ** 2 "z; ſup- 
poſing r to denote a whole poſitive Number. 


a m e te 2 
Since Tc = a+ N Face ag it is evident 
+1 
that pe Weg, 88 x2 r ann + 


Te cat e,. Whoſe Fluent (by Prob. 3.) 


e, aye 
is a4 + aca" Xu” £4 


IXa T 


242. N TI X42 
Pn EIN 2. m 1 ; 


this Fluent, of a+c" q 3 be denoted by 


B, that of ae x2 ⁊ by C, &c, it will ap- 
— pn — 
br u e e 
oath 252 pu 
m+ 
24 — X m+3 3XaC 


= fc, W 
= | 2 D, e hence, 


by ubſtiruing theſe Values, one by one, as in the pre- 
ceding 
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ceding Problem, and putting HS =a+cz", we get 
C= sf» | + TZ 2” 
Fu PFF. Fu Fr 
T2. CI X 4.4 83 
. _—_— } 
pT. NI 
INA 2 2. m42Xa* 297 ;, — 
pm p+m+2.n Ps p+m+2.p+m+1.n 
. Whence it is 
PA p+m+2. FromTh 
— mtr 
evident, by Inſpection, that the Fluent of a2 
xXxzT I, expreſſed in a 3 Manner, will be 
L 2 Ne 1 oe. tot Which, 
Fr 1 . — 1 
by putting m+r=f, p+m+r=g, and making C 
/ 21 a Le Multiplicator, will be reduced to * 
S — Ac 
e 877 17 1 1.2— ea 
I * m2 m3 5 
Par Taz (r) a A; where it 


(from the foregoing Values of B, C, and D) 
that the Coefficient of A is always equal to the laſt Term 


of the preceding Series, multiply'd by m+ 1 Xna (in- 
dead of C 2. 2 E. I 
CoroLLary. 


288. If c be negative, ſo that 9, or its Equal, 


a+cz", may become equal to Nothing, the Fluent will, 
2 + 


— - 2 — 
p — " — — —— 
. ² m ²˙•ed .. P. ²˙—Pè . we error wan AO <a ——ů— WIS — non ů —u— UD — 


- n 2 
— — IM — Pond too * X — 
9 <=» >" * * 3 > - — * 


1 
| 
| 
l 

i 
| 

f 


nin 


Of the Cumpariſin 
3 rr m2 
in that Circumſtance, be barely Tu It * N T5 
„ | 
X 5Fa+ 30") Xa'A; provided the Values of m+1; 


p, and n are poſitive: Or, if c, p and # be poſitive, and 
ur p negative, the ſame Expreſſion will exhibit the 
true Value of the whole Fluent, generated while z, 
ſrom Nothing, becomes infinite. | 


| PRO B. VI. | 
289. The ſame being given as in the preceding Problems; 
| | | m—_r 
"tis propoſed to find the Fluent of Ter 93 
* 


* 


If — r be wrote inſtead of r, in the laſt Article, 
we ſhall have m—r=f, p+m—r=g, and Sr 


gn 2. gt. n 5 PuTI * 
mb 1 
NT (r) x A, expreſſing the required Fluent in 


this Caſe. 
m- m2 : | 
But TIT * "ma Sc. continued to — r 


Factors, ſignifies the ſame thing as the Product con- 
tinued downwards, or the contrary way, to r Factors, 
according to the ſame Law: And therefore is = 


m mM —I nn —2 
* * . X — (r). Aſter the ſame 
— — N 6 —7—2 
Manner we have 6. 11 ( 
4. 131321 
1 
| i. na FIT a. na FTS, 


(r) 


— 1) = 


F Fluents. 
(r) and conſequenily the Fluent itſelf = . 2. 


Fi f FFT 


k g er. 


Condetae; 


290. It appears from hence that the Coefficient of A, 
the given Fluent, will -always be equal to that of the 


laſt Term of the preceding Series, multiply'd by p+mxn : 


For, ſeeing the Coefficient of the ſaid laſt Term (whoſe 
Diſtance from the firſt, incluſive, is denoted by r) muſt be 


. — x = (by the Law of 


fr fÞ+2f+3.... for 
the Series) where Hrn and 3 (as 
appears from above) it follows, by inverting the Order 


of both Progreflions, that ETD 1 2 2 


m. 1—1 —2 (7) 


* 7 will alſo * the ſame Coefficient: Which, 


multiply*'d by p+mXn, give E. p+m—2 p+m—2 ( r) 


MM—L M2 (r) 


„ the very Coefficient of A, above determined. The 


_ of this Concluſion will be ſeen in het follows. 


PRO- 
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PROB. VII. 
291. The ſame being, ſtill, given; to find the Fluent of 
1 | 
a+ 42 * 2 „, 
By proceeding as in the laſt Problem, the required 
Fluent of a+cz" x2 -n js derived from that of 


W-:. 
bz? * ——_— (given by Prob. 4.) and comes out 


=." ꝗ— 


= A + 


r + = xi x 

FI.. * POE pn Br 

x £2: Where, Sete, q=pu—r, u, 
y | 

t=þ-|m--1 : And where, the Coefficient of A is equal 

to that of the laſt of the preceding Terms, multiply'd 

by — m4-p X nc. If the Manner of deducing the re- 


quired Fluent, in this, and the laſt, Problem, ſhould not 
appear ſufficiently plain and ſatisfactory to the Beginner; 


the ſame Concluſions may be, otherwiſe, brought out; 


by finding A, in Terms of B, C, or D, from the ſe- 
veral particular Equations in Art. 283. or, by aſſuming 
a deſcending Series, inſtead of an aſcending one. Vid. 
Art. 284. | 


PROB. VIII. 
292. The ſame being, ſtill, given; to find the Fluent of 


mtr 
\ + a 
ae X eee 


. 


| | x | 
Let the Fluent of ar X 2f" mo ( given by 
Prob. 4.) be denoted by B, and that required by F. 
Then, 


of Fluents, 
Then, if 755 be put =, the Value of F (the Fluent 
of —_ X 2 'z) will be given from that of B 


321 


(che Fluent of aber X oft : z) by writing B for 


mfx 


A and 7 for p, in Art. Le e Whence we get F=2 


2415 . 2—1.2— A. u 


eee * — (r) Xa'B: Where 


aT FE s 


N, fn, g (=p+m+r) nv, and 


=ab+c2". 
Which Fluent, by ſubſtituting the Value of B (in 


Prob. 4) becomes F 9” 2 * „ Lo T — 


gn g.g—1.7 

mo — m1 

72 — . — (+ = x 
P pbmbr p4mb2 

1 

| Tr. nc TOO WERE 5.S—I.nc3 

(v) = 2 EH H Ex 


ATi 2 * 
(v)X —— = Where p u-, =mbqzm4 pwr, 


and 5 ; and where the Sign of the laſt Term 
is + or — according as v i; an even or odd Number. 


9.E.1 


b Co- 


. 
bo 
————jäͥ——r———ñů——— HL—E— ns 22 ——AB — —— — — 
— s ä m)ͤm “ ꝶõkxx — — — —— — — - * = 


| 
iy 
ll 
1 
| 
K 
|. 
if 


3 


: Art. 287. 


' Of the Compariſon 
292. If the laſt Term of the firſt Series, excluſive 


of the general Multiplicator Q. 25 270, be donoted by 
m I m- | 


* —(r)x', to 
Turi IuK 
the ſecond Series will be = m+1 X nag *; and there- 
fore the firſt Term of this Series, including its Mul- 
tiplicators, is = 2 | ap" ee : Which, if R 
5+ 1.c2* 

be put to denote the laſt Term pot Len of the 
firſt Series (with its Multiplicator) will be expounded by 
MCI. R 
I. cz 


— 
aa X . given above, will alſo be truly 


Ar 2 PN N vn 7 42H 7 ls 


8, the Multiplicator, 


Hence it follows, that the Fluent of 


expreſſed by = aq = = + para * 
al 72 a m4: oR 9 
T r 

48 q—1 a7 9—2 a 
„„ ĩ ð a ne 
TI. Ta. TLZ (r) Xp.p+1.p+2 95 arte 4 


1 7 — — ö 
pT. p 2 (r) Xt.t+1.t4+2 (v) © 
Where H, I. K, I. . . . X, 5, 7, , &c. repre- 
ſent the Terms immediately preceding thoſe where they 
ſtand, under their proper Signs: R being the laſt Term 
of the firſt Series; alſo f=m-r, g = m +r+p+0v, 


q=p+v—1, 5=mb+q, t=m+p+1, and Q ac 


Co- 


97 Huents. 


Cool LAR II. 
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293. Since the Diviſor, p+mb+1. p+m+2 (r) XN | 


t.t+1.t+2 (v), of the laſt Term of the Fluent (by 


ſubſtituting for t and p &c.) is = p+m+1.p+m+2 
(v) X ppv+m+ 1.pþv+m+2 (7) : Where, the laſt 
Factor (un-) of the firſt Progreſſion, is leſs by 
Unity than the firſt Factor of the Second; it is evident 
that the ſaid ſecond Progreſſion is only a Continuation 
of the firſt to r more Factors: And ſo, the laſt Term 
of the Fluent, where 4 is found, is truly expreſſed by + 


TI. T XT. TZ (1), a4 
TT. T pTa. GFZ (r) 
Hence it follows, that the Fluent of a+c:" ety 


7 Cap yl m+ 
X 2" 3 or that of 5 X 2 TRE 


a—bz 


(making c= — 56) will, when a—bz" becomes equal 
to Nothing, | be barely = 


b. EI. Ta (v) I 2. mÞ3 ( * 
m+p+1 .m+pÞ2. mb+þ+3 (v+r) 8 


A being the Fluent of 3 * 3 in that Cir- 


cumſtance, v and 1 whole poſitive Numbers, and þ 
and m+1 any poſitive Numbers, either whole or broken. 


SCHOLIUM. 
U 


— it. 
294. If the Fluent of a+:z" X ” ne ( given 


by Prob. 5.) be denoted by C; then (J) the Fluent of 
2s | 
| hay | g 8 
ac We (where mr) will be had, 
from C (by Prob. 4.) according to a new Form, dif- 
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Of the Compariſon 
ferent from thoſe already given. And, by following 


the ſame Method, the Fluents of propa” ond * 


—— me m_ 
gun * arc“ X 4, and abc" 

"7" may alſo be found, each, according to 
two different Forms, from a Combination of the cor- 
reſponding Caſes in the foregoing Problems. 

But, as it is extremely tireſome to repeat the ſame 
thing, again and again, where ſuch a Number of Sym- 
bols are neceſſarily concerned, I ſhall here put down 
one Solution to each Caſe (becauſe of their Uſe) leaving 
the Proceſs and the other Forms (which contain no new 
Difficulty) to Thoſe who will be at the Trouble to ſet 
about them, | 


tr  pnton—rs, , 
2 18 


10%. The Fluent of aa X 


K SE ee 
cx 4 "- 0 — cæ —2 cz 


| 3 . 
+Eix Do fe Fi F 


Where H, I, X. L.. . . X, 5, 7, &c. denote the 


Terms immediately preceding thoſe where they ſtand, 

under their proper Signs; R being the laſt Term of the 

firſt Series, alſo D=a+c2", m- r, g=p+mbu—r, 

=P, mp1, [=fp+m+1, and A 
3 | 

+2" Rz 


the given Fluent of 


25. The 


of Fluents. 


BY | 
2*% The F. 1 of Ter- Q * 2 * is = 


Ir A . lea 
7 CI. a e 


__ Rex? 2 27 f— . al 
DT AN yi © (r) 
FE x0 Lan of S+4 *. — N _— 

IEEE re: 2 


Where g=p—v—1, = m r, f=mtr, * 
Tr, and the reſt as in the preceding Caſe, 


N 


3e. The Fluent of c abc” * 1 . 


S. e- H 
e + x2 


1 t—1.t—2.t—;,t—4. one (-+e) 2 
m.m—1.m—2 (r) Xp—I p—2.p—3 (») og * 


In which f=m-r, g mD, n. 
7 and the reſt as before. 8 

205. From what has been delivered in this Section, 
the Fluents of various Forms of Fluxions may be ex- 
hibited, by means of circular Arcs and a ting 


Gow], 


For, they * the Fluents of abc" * Rs 4 


„ 2 2 —7 _— 
aa X , and aa") 8 (which 
I call W a are all of them fc by one, 
or the other, of theſe two Kinds of Quantities (as will 
— In +v4-1 
appear farther on) theſe of ate" * 2 "Ws 
m_ — Z + .- — — - ＋◻ . : 


ab N 2, and ac "40 


EX on wy 


2 'Z will alſo be given from thence, by the fore- 
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Of the Compariſon 


going Theorems. Whence the. moſt uſeful Forms of 
Fluents in Cotes's Harmonia Menſurarum will be ob- 
tained, beſides ſome others, more general than any, of 
the ſame Kind, put down by that ſagacious Author. 
Here follow a few Examples of ſome of the moft 


uſeſul Caſes. 
EXAMPLE: I. 


— — 


4 + 2* 


X 2**z) v being any whole poſitive Number, 


2V * | T 
296. Let the Fluxion given be = (or FTTAZ * 


2 


Then, the Fluent of TN „E, or 


being = hyp. Log. CE, or, equal to the 


d +2? 


® Art, 126. Arch whoſe Sine is - and Radius Unity“; according 


as the ſecond Term, in du, is poſitive or negative; 
let A be, therefore, taken to denote the ſaid Arch, or 


Logarithm; and let FEA *x z be compared with 
mM — 
a 2 * 2 2 (whoſe Fluent is, all along, ſup- 


poſed to be given = 4) and you will have a=d*, = 

i, n=2, M=—7z, 2þ—I=0, and therefore p=3 : 

Whence, by ſubſtituting thoſe Values in Art, 283. we 
2U—1 


likewiſe get g (pv—1) = =, 5 (m+g) =v 
—1, t (m+p+1) ; and, conſcquently, the Fluent 


| 4 — oo 3, Soy 
ſought = +22) X +.  20=—14"z"-- * 4 
2⁰ 2V.2U—2 
2V—1.20—3.d*%2** 5 20—1.2v—3.20—5,4*%2 7 
2. 2—2.2—4 2V,2V—2,2U—4.2v—0 


(v) 
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of 
- (v) + 2X AX EX (e) x4“: Ia which the 
O 
laſt Term is e e 1 the given Fluxion is 
ſt 
; . = and v, at the ſame time, an odd N umber; 
but in all other Caſes, affirmative. 
— EXA M P L E II. 
Ow Lat z Nd A (or 4 +2?) het X2**;) be 
propounded. * | 
wr Here, denoting the Fluent of FEA z by A (as 
47 
above) and comparing TEA x z, with 
mtr _ 
abi Ne- (Vid. Prob. 8.) we have t, 
Ig and the reſt as in the laſt Example: Whence alſo 
2 þ (Ov) =, f (mbr) t. cui, . 
| 2 / tz dR 
2 7 I, 0 
n z*, and the Fluent itſelf = _ * 2527 
3 1 
p- __ 20—1.08 _— n + RS 
= 2V—2,2* 2U—4.z* 
8 5 Fable R 5 „ 4 
* X ( X n (X, 8, 7, &c. being the pre- » Art. 292. 


ceding Terms with their Signs) = Dn 
v+2 


44 2 —1 2 3 4 2 —1. —3. 4% a 5 


W 


—ß—ß—ß—— 


2 2. 8-2 29. 2—2.2—4 


15 5 8 
r X * * — (v) x _ Where 


the Sign of the 13 Fg muſt be regulated as in the 
Y 4 pre- 


. of the Comporiſ 


3 
2 

preceding Lampe the Fluent of of 
8 d 

of iz V (in which the Exponent is ne- 


er be required; the Anſwer will be had in finite 
Terms, independent of A, by Art. 85. 


EXAMPLE m. 
— + 
290 Wherein the Mues propoſed i is 108 X 
22 1 fand v being any whole 5 Numbers. 
| Since the Fluent of T2 ** 2 (as will 


appear hereafter) is truly expreſſed Ca. - X Ach, whoſe 
„ | 
Sine is * and Radius Unity, let this Value be de- 
noted by A; and then, by writing 4” for a, —1 for c, 
— + for m, and £ for p, in Art. 292. we ſhall have f 
9 27—1 2 | | 
(r) = (mÞ+p rv) =r+0, O-) 


; | 
1449 


"= Js (mÞ9) u-, ' (p+m+1) =1, 2 


— 


: ; - = 3 = d'—z", and the Fluent, itſelf, equal to 
"44 L contin 2r—1 a"H Ls 

A ib . 2 + DL x 
= Ton 1141 14 2 

# a £2. 

i e 5 - — * 
1 9 s * e 
2.8. 203, 2% L585 oP 3-5-7 (v) 
i Ss. "— 9) F2. 4.6.8. 10.12 (+0). 
= 0 Art, 293, N tv: In abich 2, . K. . 8 Ve. 
= denote the POO Terms with their Signs ; 3 K * 
! 


ef Fluents, 
the laſt Term of the firſt Series. Hence, becauſe all the 
Terms, but the laſt, vaniſh, when 2=o, it follows that 


— — , 
the whole Fluent of 45 > * * 2, , generated 
while z, from Nothing, becomes equal to d, is truly 


1.3.5. (r) XI. 3.5. 7 (v) 

expreſſed by _ 168.10: IG bo} - *, or 
ere G. 
2.4-0.8.10.12 (r) po 


the ATE of the Circle whoſe Radius is Unity. 


EXAMPLE IV. 


299. Let it be reguired to find the whole Fluent of 


bz” As X 2 2 
— ED — — » generated while bz", from No- 


d+ hz? 
thing, becomes ; that of a— any” X 2" , being 


given (.) 
Here, by expanding FIT 


: ”_ 2 — 
2 = A „ into 4 1 1 — 
812 + 88+1.42*" __ 83+1 6+ 2.4229% 

8; 3 2.4* © * SIDES 


Which Series being compared with e + fz" + 22 Oe. 


2 
(Via. Art, 286.) we have e=1, Fc —D = 


f.8＋1. K 
T- Te and conſequently the Fluent e 


c. 


4 
(by ſubſtituting theſe Values) 1 to ge into 1 — 


CTC A 
FN XN r aka - 


E being | 


„ our given Fluxion 
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330 Of the Transformation 
E ptr pert 8. 8&1 6+2 7370p, 5 
Fe eee oo gg» 6.400 
being = p+m+1.) 139 
Here the Values of 9-1, # and p are ſuppoſed po- 
\ | | þ | 
® Art, 286, fitive *; and it is requiſite that + 75 ſhould alſo be 


politive ; otherwiſe the Fluent will fail. Although the 
Series brought out. above runs on to Infinity, yet it may 
be ſum'd, in many Caſes : Thus, if the given Fluxion 


GAIT" wn. ; 
be — LIEN W ; then, the foreſaid Series be- 
d+ hz" 


ak 5 
coming I—zX 55 ÞzX4X - — Oc, its Sum 


= - — 


1 
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8 —— = 8 Te TEES IE - 
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will be 1 + = 2 And conſequently od X 1+ = 
= the Fluent ſought : Where, 4 (the whole Fluent of 
vo - 5 X Semi- Peri- 
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ic 00:4 
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ETAL 
Ul! 
i Mr. 
WIN: 
N00 
HK 
j! 4 
v1 


"__— £ In—rx, - 
a—z NX c) being = = 
phggy of the Circle whoſe Radius is Unity, the Fluent 
1 | | 5 

given abeve will, therefore, be = n 

X by the ſame Semi-Periphery. If the Reader is de- 
ſirous to ſee a further Application of the Summation of 

Serieſes, to the finding of Fluents, I muſt refer him to 

my Diſſertations (where it is handled in a general Man- 
Wit ner) having neither Room nor Inclination to treat of 
10 it here. 
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SECTION VV. 
Of the Transformation of Fluxions. 


301. D the Transformation of Fluxions may be 
underſtood, the reducing any fluxional Quan- 
tity to a different, or more commodious, Form; ac- 
cording to which Senſe, a great Part of the ſecond 
Section would properly fall under this Head. But, what 
is here propoſed, and what is commonly meant by the 
Transformation of Fluxions, is, the Method of or- 
dering thoſe Kinds of Expreſſions which involve one va- 
riable Quantity only with its Fluxion ; which, yet, are 
ſo affected by radical Signs, that the Fluent, without 
an Infinite Series, would be impracticable, were it not 
for a new Subſtitution, or ſome other Kind of Tranſ- 
formation, whereby the given Fluxion is render'd more 
manageable. | | 
Something of this Sort has been already touch'd upon 
in Art. 83. And in what follows I ſhall farther point 
out and exemplify the principal Caſes wherein ſuch a 
Procedure will be of Service. | 
302. If the Number of Dimenſions of the variable Quan- 
tity, without the V inculum, increaſed by Unity, be ſome ali- 
quot Part, or Parts, of the Dimenſions. of the ſame Quan- 
tity, under the Vinculum, the Fluxion will be reduced to 
a better Form by ſubſtituting for that Power of the va- 
riable Quantity, which ariſes by dividing its Exponent, 


331 


under the Vinculum, by the Denominator of the Fraction 


expreſſing the ſaid aliquot Part, or Parts, 
Tu. 


Thus, if the Fluxion propounded be x : b 
| , propo „ ©. INE 7 


ſubſtituting x=z*", and taking the Fluxion of both Sides 


of the Equation, we have K = ,; and there- 


fore * "2 = 75 : Which Value, with that of z”, 
; 2 


being wrote for their Equals, in the given Fluxion, it 
| will 


preſſed by 


„ Of the J rangformation 


ill be transformed = : Which, - putti 
w ansform Ar ich,” putting 


ac " (to ego the Terms homologous), is alſo ex- 


: Whereof the Fluent will be 
En = a*+ 
given by Art. 126. or ne, 142. according as the Sigh 


of x* is poſitive or negative. 

375 If the Power of the variable Quantity under 
the Vinculum has a Coefficient, it will be beſt to bring 
that Coefficient-without the Vinculum. 


5 * 3 
Ex. 2. Where let the Fluxion given be : 


Var 


Which, by bringing c without che Vinculum, decomes 


1 2 


— aq 
c. e 


and proceeding as above, we get 


From whence, by putting x = A* 


e 
1 — —— 
nt r ow 


Whoſe Fluent, by Art. 126. is —; X hyp. Log. x + 


nc? 


| EG | 2 
f 7 - + *. Tha, by reſtoring pans has 


hyp. Log. 2 + of —+2* . Which, correQted) by 


* 


2 
ſuppoſing it So when z=0) gives, at length, — X 
nc 


5 8 — _——— — 
hyp. Log. 25 + 7 + 2" — hyp. Log. 7 = 
c | c 


2 —_ n 
—X byp, Log. + = = IF I + = for the true 
net a fo 


| Fluent of the Quantity propoſed. 


But, 


of Fluxions. 


But, when c is a negative Quantity, this Fluent fails, 
becauſe the ſquare * of c is to be extracted. In 
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this Caſe 7 " muſt. be transformed to 
+ | 


x 


— And then its Fluent (by 
1 * Fon ES) 


4 142.) will be had = In = 
Circle whole * Radius is Unity, and Right - wy = 


& 6 — 42 * 
— — — —— —-— 


a a 
— 


Ex. 3. Let the given Fluxion be == _ 
Which, by bringing c without the Vinculum, and put- 


; 1 ö * 
ting x=2* , is transformed to SW — 
X | 2c x / 5 + x* 
. N C S 


: 1 | 
Whereof the Fluent, ws 126. is = X hyp. Log. 


7 ＋ VE "I 


the Numerator will be negative; in which Caſe it will 


be over to change its Signs, and expreſs the Fluent by 


& hyp, Log. Vater wi Vo + That, ſuch 


IT 4 Water T Va 


an 


But here, when c is poſitive, | 


x the Arch of a 
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Of the Compariſon 


an Alteration of the Signs can make no Difference in 
the Fluxion, is evident from the Nature of Logarithms; 


* * 
becauſe the Flurion of the Log, of —x (= ==z) 


x 


zs the ſame with that of the hyp. Log. of x. It will be 


Radius is Unity, and Secant 


proper to obſerve farther, that, inſtead of the Logarithm 
above derived, any one of the following, equal, Quan- 
V a+c2t —Val 


ca 


(found by multiplying both the Numerator and Deno- 
minator of the foreſaid Logarithm by Va Tes N ) 


tities may be taken ; viz. hyp. Log. 


V abc! — a 
= — (by the Nature 
2 X byp. Log. eee g | y 
of 1 = 2 X byp. Log. —— = 
ca * 


(by multiplying, equally, by Var + VI ) 
But, take which of theſe Forms you will, the Fluent 
fails when @ is negative ; becauſe the general Multiplicator 


I 
— is then impoſſible. In this Caſe the Fluent of 


N a 


T — , or its Equal — 
uc Xx / E + a> rs „ will 
, 0 


be given by Art, 142. and is expounded by — 7 — en, 
ne / — 
2 


2 ; | 
KH ; where A denotes' the Arch whoſe 
2 = 


PP 
e 


* * 


in 


of FHluxiont. 


22 1 


In the ſame Manner the Fluent of T is found 


a Tc 


= = = Arch, whoſe Radius is Unity and Tan- 
n 


I | 


Water „ according as the Value of c is affir- 
99 | 


mative or negative; à being ſuppoſed affirmative. 


304." When the Power, or Powers, of the variable 
Quantity without the Vinculum, or radical Sign, fall, 
moſtly, in the Denominator, it may be of Uſe to ſub- 
ſtitute for the Reciprocal of the ſaid Quantity, or for 
the Quotient which ariſes by dividing ' ſome known Duan- 
tity, either, by it, or by ſome Compound of it in the De- 


nominator. 


| az | 

Ex. 1. Let the d Fluxion be — Rs 
x. I 75 e. propoſed Fluxion n 
then, putting x = D we have 2 = _ and z = — 


a's . a3z 2 — U 
een, , 
Whereof the Fluent is — V = . 
2 * 
a ® by | ZZ 
Ex. 2, Let ihe given Fluxion be = N 


: : a* aa—ax | 
Here, putting x = Ta: we have 2a - — 


1 — X a*x - ax XN 4 — 
& -, £ = = = ie == ee ao 
Xx | X3 


V a Ta FZ = * a*—ax+x* ; and therefore the 
| Quantity 


YH 
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; Per x —=axX 

tit ſed is tr 2 : 
Quantity propoſed is transformed to r 


Whoſe Fluent may be found from a Table of Loga- 
rithms; as will appear farther oon. * 
305. If the' Fluxien given is affected by two dif- 
erent Surds, and the rational Factor, or the Quantity 
without the Vinculum, be in a conſtant Ratio to the 
Fluxion of the Quantity under the Vinculum of either 
Surd, or be related to it as in Art, 83. the given Fluxion 
will be reduced to a more ſimple Form, by ſubſtituting for 


that Surd, . 
ee e be propounded. 


n 
Then, putting x = V/ „z', we have za = -“, 
zz =xx, and VOM- = TDi - 
| (by making a = Vc*+6*) Whence © X his Kok = 


- xx h | 1 
® Art. 279. — 9. | 
Or, if x be put V =- ( inſtead of V); 
then 2* c — *, 28 = - ,, WH +2z* = 
bir = Wa ; and conſequently 
. Whole Fluent is 
AY Cc—2Z 3 
given by Art. 297. or 131. 
Ex. 2. Let the given Fluxion be a+ c- "X e+fz"® f X 
* Art 33. 2 "= ; ſuppoſing p to denote any whole poſitive Number *. 
In this Caſe, let that of the two Quantities, a 


and ez", whoſe Index (m or r) is the moſt com- 
plex (which we will ſuppoſe the latter) be put =; 


82 * 


then we ſhall have 2 = 2 214 = = 


ce | | | Cx — 
— } and conſequently 4d + C X — 
n 7. 

= the Fluxion propoſed ; Where, p—1 being a whole 


7—1 | 
poſitive Number, the Value of x—:\ will therefore 


be expreſſed in finite Terms; whence, if m be alſo a 
whole poſitive Number, the Fluent itſelf will be had in 
finite Terms: But, if M and » be the Halves of odd 
Numbers, then the Fluent will be found (from Art. 
298 or 294.) by means of circular Arcs and Logarithms. 


306. If the given Expreſſion be affefed by two Surdg, 


wherein the Powers of the variable Quantity are the 
fame, and the rational Quantity, without the Vinculums, 
be. related to the Fluxion of either Surd, as in Art. 83. 
it may be of Uſe to ſubſtitute for the Dwatient,, or Ratio, 
7 the tus Quantities under the radical Signs; eſpecially, 

if the wa Fas ſaid radical Signs, or Exponents 


Caen ing both Surds * be reduced to the Denominator ) 


is a whole tc 
2 2 
1. Let the given Fluxion be © 85 T. 
TZ X == 
b3 4-23 cr 


Then, writing x = 3= _ 
Then, 8 35 we have 2 ix ? 


c — 


4 2 
3*² CR 3 63+2 N In ==+=\ 


bar - 6C3—23 
| | 2 
ee 


ow AA Io „4% 2 „ — a — 
— s Be ops toe we ents — — 2a 


= 
—— K in V ˙ K 
— E W 7 
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2 
| | 2 TY + 
and conſequently —— 2 "TR, 
| Ta X cigt Ny 
Sb = 
Whoſe Fluent is . X : 6 
Dae hippo 4 
WE tiene” 
Ex. 2. Let there be given — 2 e 
aT x e+fz 
x . 
Here, putting x = 3 you will have 2 = 
AX—Ce — af—ceX x 5 —1 | 
Fon" Len Lohr bb ==" 530 eg arab 
—1 
X2** x) _ — * 4 — ce X x ; Jar ary 
| 0 — c k c 
8 m * ti 
| Xe 4 2 (= ab * e 
| ae 2“ 
| mtr 
[ x x) = 7 — xXx" ; and conſequently the 
1 — & 
| FEE” =: = altar FO 
| Fluxion given = — ha 1 
| „N — —1 


CERN 


Where, if ue be a whole poſitive Number, greater 
than p (alſo a whole poſitive Number) the Fluent will 
be truly had in finite Terms; becauſe both the Serieſes 
| — — e — 

for the Values of ax —e and f—cx do 
®* Art, co, in that Caſe terminate “. But, if r and m-þr —p—1 
8 be the Halves of whole Numbers, poſitive or negative, 

then the Fluent will be given by the laſt Section. 


307. A Trinomial is reduced to a Binomial by taking 
away its middle Term; that is, by ſubſittuting for the 
Sum or Difference of the Power of the variable Quantity 


3 in 


— 


— — . POR A210 
CY 


CO” A TITEL AA" SM IO: . RITTER" TP A ITS" 4s 


, Huxiont. 
in that Term and half its Coefficient; according as the 


Signs of the two Terms, where the ſaid Quantity is found, 
are like, or unlike. N 


Ex. 1. Let the given Fluxion be 


| Z 
VVT 
then, putting * z ＋-Zc, or zx — fc, we have L=, 
and V/ b*+cz+27 (= Ferie -c) 
2. Te ; whence (making a r. -c) 


there reſults 


— : Whole 
V b*+cz+2* a*+x* 
Fluent is given, by Art. 126. 


fat=Iz 


Ex. 2. Let the Fluxion given be — 
; V a Cb +", 
Firfl, by bringing c without the Vinculum, according 


to Art. 303. we have 2b ez = Vc X 
ſ=+ +a; And, by putting x = z" + 
c 


1 


* 
1 
5 * z Fr, and 
>» 0rz = x — 7, we alſo get — | 


din Fete [EH 


c 2CC 


c 7 * Re 


— + 2 = 8 S+x*: Therefore the 


Fluxion, transformed, [ — 2 


Ve XN 1 NE — + x* 

c ger” 
Whoſe Fluent is given by Art. 126. when e is a poſitive 
Quantity: But, when c is negative, the Fluxion muſt be 


expreſſed thus, — —— WERE . 
| . c oF © + Xa 
: — 


Anſwering to Form 2. Art. 142. 
h 2 1 E. 
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Of the Transformation 
1 I Log 1 . 217211 
r EE * — - 
: | aÞ+bz" + a" 
be propoſed. 5 
Thon, following the Steps of the laſt Example, 


a+by + * (S X— + 725 ＋2* will 


| \ y wan 
be transformed to **? _ +) : More- 


over, 2 being = x * 27 2 * d (by putting 4d 2 


7 N = 
=) 1 = we alſo have &? & (= 


” 
” 


& X12 "2 = d =) = — _— 
: . ; 2 * 2ds5 12 
— * N 2) —— = * —== 1 . i . 


Se. Se. From whence, by ſubſtituting theſe ſe- 

veral Values in the given Fluxion, and putting 

'a bb | 

— — — = , there comes out 

c Acc 

fibÞgXxx—d: +bX **x — 2drz + &x + &c. 
nc X py eos ; 


Whoſe Fluent, when the Exponent m is the Half of 


any Integer, poſitive or negative, will be found, by 


means of circular Arcs and Logarithms, from Art. 


295. 
308. When the Denominator is a rational Trinomial, 

or Mullinomial (that is, when it is without a Vinculum) 
the beſt Way of proceeding, for the general Part, is, to 
reſolve the given Fraftion into binomial Ones. In ar- 
der to this, let its Denominator be feigned S o; by 
means 


* 


of Huxions. 

means of which Equation, whoſe Roots muſt be found, you 
will, by ſubſtracting each Root 2 the indeterminate 
Quantity (x), have the binomial Denominators of the re- 
quired Fractions into which the given One may be re- 
ſolved : Whoſe correſponding Numerators, let be denoted 
Ar, Bx, Cx &c. then, by putting the Sum of the Frac- 
tions, thus ariſing, equal to the given Fraftion, and re- 
duciug the whole Equation to the ſame Denominator, the 
aſſumed Quantities A, B, C &c. by comparing the ho- 
mologous Terms, will be determined. : 


Ex. 1. Let the given Fraction be N 3 then, 


feigning x*-ax+b=0, the two Roots of the Equation 
will be — Z a , and — 2 a+ Via : 
Which being denoted by p and 9, we have x—þ and 
x—q for the two binomial Factors whereby x*+ax+b 


may be reſolved, or by whoſe Multiplication (x 
X x—9) the ſaid Quantity is produced. | 


* ; Bi | 
Let therefore = + =I be now aſſumed (= 


1 Wall | 
=p) . then, by reducing the 


whole Equation to one Denomination &c. we get 


e : Whence 4 
1 
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is found —. B = 5 and, conſequently, | 


FY 
x "M 


* 
EN e e 


? 2x 
Ex. 2. Let the Quantity propoſed be Ter Af 9 195, 


Here, if the binomial Factors whereby x3ax*+bx 

+ c is produced be repreſented by x—p, x—gq, and 
ES . Cz 

r, and there be aſſumed — — . 


Z 3 


i 
| 
{1 
o 
+ 
| 
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Of the Transformation 
ax FS 


—— 


Ear) "SST, to. 


this Caſe, we ſhall have AXx#—qX3z—rÞ+BX x—þX 
r C N= o; that is, by Reduction, 


4. 774 

HX = ptrxB(Xaz+ prB fo. 
A C 770 

Whence A+B+C=1, AXg+r+BXp+r+CXpÞ+9 


- =0, and Aqgr+Bpr+Cpg=o. Now, from the firſt 


of theſe Equations, multiply'd by pr, ſubtract the 
ſecond, and you will have AXp—r+BX9—r=p+ : 
Alſo, from the firſt, multiply'd by pg, ſubtra the third; 


then A X pg—rg+BXpg—pr=pg: Laſtly, from the 
former of the two Equations thus ariſing, multiply*d by 


p: ſubtra& the latter, then AXpp—pr—paFogr=pp, 


309. After the ſame Manner you may proceed in other 


Caſes : But there is an Artifice, or Compendium, for 


more readily determining the aſſumed Quantities A, B, C 
&c. by which a great deal of Trouble is avoided : And 
that is, by conſidering the Equation in ſuch Circum- 
ſtances of the indeterminate Quantity x, when it be- 
comes moſt ſimple, orwhen moſt of its Terms vaniſh. 


Thus, in the preceding Example, becauſe AX —9 
Xx—r+ BXx—pXx—r+COXxz—pXx—q—x* is'= 0 
(in all Circumſtances of x whatever) let x be taken p; 


then, all the Terms vaniſhing, except the firſt and laſt, 
we 


of Fluxtons. 


have AX 27 Xp—r—p*=0; and conſequently A = 
* 


:; the very ſame as before. 
pa Xp 
More univerſally, let the given Fraction be 


2 
X * 


T= d 


1 


— org (where m and n may 
x—ÞXx—qXRa—1 Xax—s Oc. 

repreſent any whole poſitive Numbers whatever, pro- 
vided the latter be greater than the former.) Then, 


Az | C Dx 
aſuming —— —e © pop Fe 
— — &c, we ſhall have 4X 


4 T bb &c. 
N fr = Cc. + BX N M=, Ge. 


+ CX x—pXz—qXz—s c. Sc. —x" =0: From 
whence, by expounding by p, 9, 7 &c. ſucceſſively, 
| m 


we obtain 4 = — 2 —, B = 


CC —  ——— — 


5-9. Pr. p — Oc. 


* gow 


2 . PEE ines. We 
— ww — 7 F, .. 
4. r. &c. 1. r—q.r— &c. 
c. Whence the Fractions themſelves, whereof theſe 
Quantities are the Coefficient , or Numerators, will like- 
wiſe be given, 

But the Numerators thus found may, ſcmetimes, be 
more commodiouſly expreſſed by Help of the given 
Coefficients a, b, c, d &c. ſo as to involve only one of 
the Roots p, 4, r Sc. in each Fraction. For, fince 


x—ÞXx—qXa—r Ec. is ſuppoſed, univerſally, = x" 


+ ax" þ bx""* + c, if both Sides of the 
| . Equation 
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e 1 a5 ＋ 2-2 27 — Sc. 


Of the Transformation 
Equation be divided by x—p, we ſhall have x—q N 
* bart T- þ 3903 e. 
— — 
Which laſt Expreſſion, when x is = p, that is, when 
both the Numerator and the Denominator become equal 


r Xx — ec. = 


to Nothing, will, manifeſtly, be equal to 9 X pr 


| Xp—s5 c.) the Diviſor of 4. Therefore, if the 


Fluxion of the Numerator be taken and divided by that 
of the Denominator, and p be wrote inſtead of x (vid. 


Page 155.) we ſhall have np ＋ i x + 
1—2 * Y Sc, = 7 * Xp—s Se. and there- 


fore” # (erupt ) = 
P-. r. f — Cc. 


2 


By the 
very ſame Reaſoning B 


2 
ng ＋ I. 4 ＋ 2. % c: 


8 —_— aer es . 
ur TU — 1. a * + —2. %% 3 & 


Hence it appears, that, if the Numerator of the given 
Fraction be divided by the Fluxion of the Denominator 
(neglefing x) and the ſeveral Roots p, 9, r &c. (found 
by feigning the Denominator = o) be, ſucceſſively, ſubſti- 
tuled in the Quotient, inſicad of x; TI ſay, it is evident, 


that the Buanttites fo reſulting, divided by X -p, &õ—9, 


x—r Sc. will be the required, binomial, Frations into 


which'the propsſed multinamial One may be reſolved. 


310. If ſome of the Roots „ 4 e, are impoſ- 
ſible, which is often the Caſe, the Fractions thus 
found, where the impoſſible Roots are concerned, muſt 


of Fluxions. 
be united i in Pairs, and ſo reduced to trinomial Ones, in 


order to take away the imaginary Terms, 

Thus, let the Fraction propoſed be 5 x . 7 =_ 
and let two of the Roots, p and 9, hs: a; 
x3 ＋ ax* + bx Tc o be impoflible: Then, + 


Bx Ci xx 
* = being = —_ ar Free Ve tall by u- 
At Bxxi—AgÞ+Bpxs 


nitin the ima inary Terms, have 
p : ; TN 


þ = -» alſo, = > Io DT 22 where the impoſ- 


ſible yin deſtroy one another. But, to render 
this more obvious, let a be taken o, b=o, and c 


—1, ſo that the given Fraction may become 


3 


then the three * . 4, 7) of the 8 x3—T 


=0,will here 8 pred 3 2 — e 
4 

and 1; whereof Pp two AE are RY More- 

over, by dividing the Numerator (x) by the Fluxion of 


the Denominator (3x*) (according to the Preſcript) we 


| I " 
have Ix which, by writing p, 9, r ſucceſſively, in- 


ſtead of x, 8 _ wm — for the Values of A, 


3} 34 37 
B, and C, reſpecivey. Whence A+BXx— 4 —Bp 
| x an 
3 ——— 
De 
1— 1 1 

** TT + 73 But the ſame may be, other- 

| wiſe 
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wiſe, inveſtigated, in a more general Manner; by aſ- 
| Pr R x ET 
ſuming IST > = r: and proceeding at 


in the firſt and ſecond Examples; whence the very ſame 
Concluſion will be derived. 


If the Fraction propoſed be of this Form, viz. 


„ 

— e „the Method of Reſo- 
2 + ax? ＋. 328 69, | 

lution will, fill, be the ſame: Since, by putting x, 
the given Expreſſion is reduced to 


I 
—X*_ 8 


K bas bb &c. 6 | | 
It may alſo be proper to obſerve, that, in very 
complicated Caſes, the Application of two, or more, 
of the ſix foregoing Rules, may become neceſſary. 
Thus, for Example, if the Fluxion given be 
21 1 


— by reſolving 


1 
at” x + fo + go" . 


into two Binomial Fractions, 


A B i; 
on accordin 
h+2" Fizz Ts 
to Art. 308.) we ſhall have — — 


— das 
| ac“ X + fe" + g 
8 pr 
5 8 ST . — 1 Where, 
4 ez“ X h+z* a Ee NX ATA | 
if m be a whole poſitive Number, greater than p, the 
Fluent will be had in finite Terms (by Art. 306. Ex. 2.) 


SE C- 


SECTION v. 


We Inveſtigation of Fluents of rational 
Fractions, of ſeveral Dimenſions, according 
to the Forms in Cotes's HAR MoNIA 


M ENSURARUM, 


conſiderable Difficulty, and has exercis'd the 
Attention of ſome of the moſt celebrated Mathematie 
cians (who, yet, ſeem to have condeſcended very little 
to the Information of their leſs experienc'd Readers) I 
ſhall endeavour to ſet it in the cleareſt Light poſſible : 
In order to which, it will be requiſite to premiſe the 


following Lemmas. 
| Lemma I. 


Tf the Sine of the Mean of three equi-different Arcs, 
ſuppoſing Radius Unity, be multiply'd by the Double of 
the Co-fine of the common Difference, and from the Pro- 
duct, the Sine of the leſſer Extreme be ſubtrafted, the 
Remainder will be the Sine of the greater Extreme. 


311. A the Subject here propoſed is à Matter of 


2 «a> 8 n 
＋ 1 "IS. * 
Lo <P < ir oe "ns x W444 ren i , _ 
- — b " I 4 Y > 4 =: . 8 F 8 % 21 8 N 
— a — : 2 * ** 3 $2407 I tex aged apy — 
* of _ * « 1 * J * 2 at — — Fu! wy 
>< * — oe . : * ru . ND IS ITE <>... "=. - By * 2 p Y 2 8 
0 1 2 * $A ra \ vo OY "4 2 
5 * "a, — 
— — 


LEMMA II. | 


312. If G be taken to denote the greater, and L the 
leſſer, of tus unequal Arcs, and their Difference be ex- 
preſſed by D ; then will, 
Sin. G. Xx Co-. D — Sin. L. X Rad. | 
51 Sin. D ane 
Co- . LX Rad. — Co-. G X Co- ſ. D 
2. — — 2 = Lin. G 
Sin. D 
Sin. G. x Rad. — Sin. L x Co- ſ. B 
3+ Sin, D * = Co- ſ. 2. 


The 


348 


Of the Fluents of Rational Fractions, 


The former of theſe two Lemmas may be met with 
in moſt Authors upon Trigonometry ; and the latter is 
nothing more than a Corollary to the common Theorems 
for finding the Sine and Co-fine of the Sum and Dif- 
ference of two given Arcs ; for which Reaſons. I ſhall 
not ſtop here to give their Demonſtration, 


CorolLary. © 


313. If any Arch of the Circle, whoſe Radius is 
Unity, be denoted by 2, its Sine by s, and its Co-ſine 
by a; and there be taken A= 24, B=20A—1, C = 
2aB—A, D=2aC—B, E=2aD—C, F=2aE—D, 
Sc. it follows (from Lemma 1.) that, 1 
Sin, 22 (Sin, M24 Sin. 0) =254a—0==5A 
Sin. 39 (Sin. 2 & 24— Sin. ) SH == 
Sin. 49 (Sin, 3 N 24 — in. 22 =25Ba—sA=5C 
Sin. 52 (Sin. 42X2a—Sim. 22) S ca- B= 
Sin. 62 (Sin. 5YX2a—Sin. 42 ) =25Da—5C=5E 

Sc. Sc. 


a . 


* 


314. To reſolve the Trinomial * 2hr "x" + x*", where 
n is any whole Number, into ſimple trinomial Factors. 


Since the firſt Term of the given Quantity r"— 


2 r * + x is diviſible, only, by the Powers of , 
and the laſt, only, by thoſe-of x; and it appears that 


7 and x are concerned, exactly, alike ; let therefore 


r*—2arx+x* (where r and x are, alfs, alike concerned) 
be aſſumed for one of the required trinomial Factors, 


whereby r - +x*" may be reſolved: And let 
-r A* N s ＋? Arx TY Brex*-kCrix*Þ- Drex*+ | 


Crix*+Br*x*+ Ara (where r and x are, ful, af- 
feed alike) be aſſumed = r*?2—2briz5+x'* (the Va- 


lue of u, to render the Operation more perſpicuous, 
being firſt expreſſed by 5.) 


Then, 


S > 


7 — — 


7 2 ; 
Ke d. „ | . A ET WR IONS: YE PEAS OR 2 364, : L 
* 12 - - 4 — mw a +4. n Po * — E > ey ten any 2 
8 : - - SVs. 2 2 
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mple ones. 
Whence 


fi 
tiplication and Tranſpoſition, we ſhall 


0+ 42+ Brix* + Cri gs +Drix* TC +Brigs J- Arens . 


1 ara aa Arα -g Cre —24 rv - 22 Creα 24. Bra 2 Ar x*—2arx9 .. 


. 


* 
: | Jl 
* Tri Ten TR. +Orin Irene Ice. TB. J Ar- Lx © 


into more 


8 ; 
* 0 

=» WES Oe. err / / abs . 
=o 8 | | 

” 

S 2 

D 

S 

72 


— 
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Whence, A=2a, B=2Aa—1, C=2aB—A, D=2aC 
—B, and 2C— 2aD+k=o. But, if Q be taken to 
denote the Arch (EF) of a Circle EHK, whoſe Radius 
EO is Unity, and Co-ſine (Of) a; and s be put for 
(FF) the Sine of the ſame Arch; then (by Corel. to 
Lem. 1.) A = Vin. 29, B: Sin. 3 Q, C Sin. 4 


Sin. Sin. 
&c. and conſequently 4 = = y , — == 0 


Ti — 42, PE = 52 4 = 28 8 


over, becauſe, 2C—2aD-+2kt=0, or DXa—CX1=4, 
where (as appears from above) DXa—CXx1= 
Sin. 5 2X Co-ſ. 2 Sin. 4X Rad. | 

p Ce. . 52, (H 


Caſe 1. Lem. 2.) we therefore have Co- .. (n 
=. Whence this Conſtruction, 75 


Take R to denote 
the Arch (EM) whoſe 
Co- ſine (ON) is the 
given Co- efficient &, and 


let Q (EF) be taken 
to EM as 1 ton; then 


the Co-fine (Of) of 
this laſt Arch will be the 
true Value of a. But 
this is only one of the 
Values that à will admit 


| a of: For it is well known, 
that the Co- ſine of any Arch, is alſo the Co- ſine of the 


ſame Arch increaſed by any Number of Times the whole 
Periphery (P). Therefore, ſeeing the Co- ſine of n2, 


(= Co- ſine of R) is likewiſe Co- ſine P R=Co-\. 


1 25 + R = Col. 3P+R&c. it follows that © (whoſe 
| | Co- ſine is a) will be expreſſed by any one of the Arcs, 
I R PTR 2P+R 3P+R _ 

l * . * —.— Ee. (or by EG, EH, EI, 


Sc. 


by reſolving them into more fimple ones. 351 


Oc. ſuppoſing the whole Periphery to be divided into u 
equal Parts, from the Point F). Hence, if the Co- 
ſines of theſe ſeveral Arcs, expreſſing all the different 
Values of a, be repreſented by b, c and d, &c. reſpec- 
tively, we ſhall have r*—2brx+x*, r*—2crx+x*, ri— 
2drxJ-x*, &c. for the ſeveral required Factors, by which 


215 „ + of” may be reſolved : and. conſequently 
rar * Xr. N Xr*—2drx+s* (n) = 


r 217 x — x 9. F. 1. 


Note, If the Sign of the middle Term 2#r" * be po- 
ſitive, the Diſtance (or Co- ſine) ON muſt be taken on 
the contrary Side of the Center: But when E is greater 
than Unity, this Method of Solution fails ; ſince no Co- 
ſine can be greater than the Radius. 


CoRoLLARY I. | 


315. If Ki, the Arch R (whoſe Co-ſine is 4) be- 
ing o, the Values of ö, c, d, &c. will be expreſſed 


0 
by the Co- ſines of the Arcs „ Sc. re- 


ſpectively: And our general Equation will here become 
* — 27 C =r*—2brxa+x* X acræ + ** 


ri—adrx+x* (2). From whence, by extracting the 


Square-Root, on both Sides, we alſo have ax = 


x=x=7") * 2 (a). 
CoroLLary II. | 
316. But, if #=— (or the middle Term be 
+ za“) then the Arch R beg, the Values of 


b, c, 4, Cc. will, here, be defined by the Co-ſines 
| the 
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| P 35 5P 


the Arcs , Oc. and our Equation, by 


2n? 2n I 2n 


taking the Root, as above, will become “ T* = 
| 1 1 


—— 2 b” Us -_ 
ri—2bras*) X N crx (s). 


SCHOLIUM. 


317. From the two preceding Corollaries, the De- 
monitration of that remarkable Property of the Circle 
given, and apply'd to finding a vaſt Number of Fluents, 
in Cotes's Harmonia Menſurarum, is very eaſily, and 
naturally, deduced. | 


FTI For, let the 
S 8 ©yf Periphery of the 


5 * I Circle ABB c. 
CY : * of B whoſe Radius is 

= * expreſſed by r, 
HI be divided into 
- as many equal 
un Parts AB, BB, 


4 1 

BB, Cc. as 

IV. there are Units 
1 G in the given In- 

. | teger n; ſo that 


8 1 
AB, AB, AB, 
Sc. may reſpectively exhibit the Values of the foreſaid 


Arcs , , = &c, (vid, Corol. 1.) Moreover, let 


OQ be the Co-ſine of the firſt of them; and, in the 
Radius OA (produced if neceſſary) let there be taken 
OP=x ; and let OB, QB, PB, &c. Sc. be drawn: 


. P 

Then, the Co-ſine of the Angle AOB (= 70 ” 

| 3 | a 3 
F 


. 


by reſolving them into more fimple ones. 

the Radius 1, _—_ 7100 by e (vid. Coral. 1.) it 
will be 1: :: (OB): OQ = er: Whence PB* (= 
racy F0P*—a0QX0P) tu AE eee 


By the very ſame Argument PB is =7r*—2drx+x*, 
Se. Ce. Therefore, becauſe r wn x” = nary rare 
TH e | 
XY Acre) Xr*—2drx+x*) (a), by Corel, 5 
it follows that their Equals, AO" cn OP“ and PAxPBx 


PBX PB &c. muſt be equal likewiſe : hich is the 
firſt Part of the Theorem above hinted at. 


After the ſame Manner, if the Arcs AC, AG, AG, 
P 3Þ 5 
AC be taken reſpeQively equal t 275 =, Se. 


it will appear ( from Corol. 2.) that AO” + PO“ is 
=PCXPCXPC (n) Which i is the latter Part of the ſame 


Theorem. 


Hence (by the Bye) all the Roots of the Equa - 
tion K = r* are very readily found : For, fince 


AO“ PO” = PA Xx PB x PB &c. where the ſecond 
Factor and the laſt, the third and the laſt but one, Cc. 


are reſpectively equal to each other, it is evident that 
AO* PO x*) is allo=PAxPB*xPB*xPB* = 
ror X zer bi x = ze + i G.. 
Whence, » r being = ©, it follows that rx 
r—2crx+x* c. is=0: From which, by 


the Roots out of the Equations r tn x = 0, r*—2crx 
Ter * 2drx + x* = 0-&c. we get r, 1 


＋4Vαιe=·I wi, * Wm: 1, xXd+V& =, 
As | Se. 


me ene: — - 
— . * — — — — — — 
— — — — A — — — 


— . — 


E 


— e —— — a 
— .. — 
ET —— 


— —— ⁴ PU. „ 2 * 
— Ig 
— IITSIED 

4 


„„ 


: 7a ages 
- — ——— IE — 
= _—= — OVER RE on on nn _ 
=. - + Sou. — - —— 
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&c. for the ſeveral Roots of the Equation x "="; 


whereof the firſt, only, is poſſible. - 
By the ſame Way of proceeding all the Roots of the 


Equation, «„ r = o, will alſo be found : For, ſeeing 
* Tr is = hay OTIS) X xa e. 
—=PCXPCXPC Oc.) where the firſt Factor and the 


laſt, the ſecond and the laſt but one, c. are reſpec- 


tively equal to each other, it is e that x* +r* is 


likewiſe = Y — 2br& x* X = &c. and 


— 


conſequently x =r X b + Fi eee. Where 
the Roots are all impoſſible; except the laſt, when their 
Number (n) | is odd. 


Lemma IV. 
318. Suppeſing every thing to remain as in the pre- 
ceding Lemma, and that l, 4 % d &c, denote the 
Sines of the Arcs R, „ &. (whoſe 


non * 7 
Ca. fi ſnes are #, b, c, d, &c.) then, 1 19, the Fraftion 


0-8 


nkr * | * 
2 N. = 7+ equal to 2 T* + 


r — * * 


_ Arx 
. K — Se. ; 
ri——2orxbx 1 — 2draxb+x* | 
For, face rio -A t [4 (24. * +x*) 18 
=1*—2arx +x* X 13+ Ar x + Brex*+ Cri? ÞDroex+ 


| TCB. Arx Tr. (by the foreſaid Lemma) 


and it is alſo proved that 4 


Sin. — z — .. 


W 


1 RI 402 


by reſolving them Into more A ones. 


ee = 4 Arx L Bren- Ge.) is . 
Sin. Dn ED 
LD Sc. and confaquenty = - 2arx t 
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C8 . u. it Þ evident, therefore, that 


= Sin. QX r* þ Sin. 2.9Xr'x + Sin. 32X1*%#*+ Sim, 


42 X r5x* + Sin. S X r*x* + Sin. 4c Cc. In 
which Equation, for a and 3, let their ſeveral reſpec- 


tive Values ö, c, d, Cc. and b, 45 d, Sc. be, ſuccef- 
ſively, ſubſtituted 3 and i the correſponding Arcs 15 


then we = have 


1. b3' | 3 
— Six. . Sin. 2 Se. 


c * — — 
- 2cræx f 
Ec. Ee. 


Which Equations, added all together, give 


e e ee ee e e 
r T* + r. —abræ r Ae 


in . Wy 1 "FP 


P+R N , be repreſented by E. 9, , e. 


= bin, Vena. 2 Gere Sc. 
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3 56 


The 


t is well 


g; or all the negative ones 


g thoſe of 


an arithmetical Progreſſion (whoſe common Difference is 


P 


re, i 


Xr eco 


to Nothin 


But the Sines of the firſt Column, 
equal to all the poſitive 


) by which the whole Periphery is divided into » 


n 
(5) equal Parts, their Sum will therefo 


known, be 


/ 
ö 
by reſolving them into more imple ones. 
The lame is alſo true with regard to the Sines of the 


2K 2P+2R R 
bes Colanns whos Anat, E, 2 


c. (having _ for their common Difference) divide 


the Periphery (twice taken) into the ſame Number () 
of equal Parts. But the Sines of the middle Column 
(which is the laſt above exhibited) will not vaniſh, as 


all the reſt do: For, 1 being R, PAR, 10 
=2P-+R, Cc. the common Difference will here be 
equal to (P) the whole Periphery ; and therefore, every 
Arch terminating in the ſame Point with the firſt, the 
Circle will, in this Caſe, remain undivided, and the 


dine of each be equal to (4) the Sine of the firſt. 
Hence, our Equation is reduced to 7**—24r5x*+x**%X 


—— 


Me 3 
2 


25 = ghrtx*; which 


ö 2 
5 Arx 2 nkr x IVA 
7 2 K af N 0 2. E.D. 


The ſame otherwiſe. 
319. Since - -r T is = Fabra bt x 
Acre X N = CN (n) by Lemma 3. it is 


evident that, Log. 2 -* = Log, 


* 2brx+x*+ Log. r*—2crx+x*þ+Log.r*—2drx+x* 
(n). And, as this Equation holds univerſally, let I and 
x be what they will (which two Quantities may be ſup- 
poſed to flow independently of each other) let the 

| Aa 3 PFluxion 
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Fluxion of the whol en be taken, making d 


riable (and x conſtant) ; which gives — — . 
kr + * 
2 — E AL crx Ace 


. ee, eee, ie 

FArt. 126, (n) s. But, 4, b, c, d, Sc. are the Coſines of the Ares R, 
R R+P R+2P 
. 
Sines are 4, 44 c, c.) ade the Fluxion of the 
firſt of theſe Arcs being denoted by 5 the Fluxion of 


each of the reſt will be expreſſed by © = And fo (the 


Fluxion of the Co-ſine of an Arch — equal to the 
Fluxion of the Arch itſelf drawn into its Sine, apply d to 


Sc. (whereof the correſponding 


e 745: Rains e) it follows that I = Re, 6 = Exh = 


2 *, Cc. Which Values being fubſtituted 3 in the 
7 5 6 


foregoing Equmion, and the whole divided by ==, 


we have FL. ni & 3 er 1 
| | — * ＋ 4 EN r—2brab+x* 
dir 


| crx 3 Ne bo : 
Yin acræ + * + 1 —2dνν . at 009 
Lemma V. 


320. To determine the Series, ariſing from the Diviſion 
of Unity by a Trinmaal, x = 2arx+r*; and 10 exhibit 
a Remainder after any given Number (u) of Terms in 

the Quotient. | 


Let + Ari + Brig $4-Crt 54 Drag re 


preſent the required Quotient continued to 5 928 
| | | 10 Vs 


by refoluing them into more fimple ones. 3 59 
va; (v, to render the Proceſs the more obvious, being firſtt 
| expounded by that Number) and let Erix—5+ Fria—s 
I 
* be the Remainder. Then; becauſe - 5 ＋ 122 


a? + A. + B · + Cr. Dru + 


— Er 
- — » we ſhall, by reducing the whole 
g Equation to one Denomination, have 
in 1 „ 
N 
the 1 
of - ö 1 8 
+ [ + 
the * 8 
ſs l ; « | 
x 1 
= 81 
+ 1 
8 — O 
| 1 
f 38 
b Ei 
© 8 5 | 
114 
| T 
fron Y © WIN. 
ibit 1 i 
in GOP 
Whence Az, B==204—1, C= 1 
re- | —B, E=2aD—C, grep ns e D= 240 


ms a Aa 4 | There- 


5 Sx *+ Sx LI 3+ Srex ® 
. on * 5 
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Therefore, if 2 be now put for the Arch whoſe 
Radius is 1 and Co-fine @, and there be taken S$ = Sin. 
2. Sin. 2.9, S=Sin, 39, Cc. we ſhall, alſo, have 


8 $ $ 8 8 


= . F (=D) _— (% Geral. to 


Lem. 1.) And conſequently 


— — 2 
* — 2arx T 


3 


Sin. 6 Deren ir, g Qn 32 
Sx x 2arx +r* * 


1 | 
Mt. =o 


Sx"*+8rx? +8 t24$prgns Sc. (to v Terms) 4 


8 
Sin. I .bin. „ Ver- N 
S&x x - ½arx r 


laſt Equation (tho' obvious enough from the precedin 
one) may be inveſtigated in a general Manner (if — 
quired) by aſſuming x + Ars Br + o 
+ 3 e n + 


fx grits bet __ 1 
x- zar xe * - 24 r nme 

ing as above: By which Means you will find A=24, 
B=2a4—1, c. f= ade — 42 Sin. . and 
| Sin, v | 


Lemma 


by reſolving tbem into more ſimple ones, 361 
Lemma be made out, if any Objection, or Difficulty, 
ſhould ariſe about its being * 8 5 


CoROLLARY. 


321. If, in the given Trinomial x*—2arx+7r?, we 
ſuppoſe , inſtead of **, to be the leading Term 
whereby the Quotient is produced; then, fince r and 
æ are exactly alike z we ſhall, by writing r for 

I POD | 


x, and x for r, have Fant = 


Zak 2" 26k 40 


Sin. v+1 X AX r" — Sin. v — oY 
e 


322. To find the Fluent of eee, ber with 


, "7 
4 wy rr—2arx+ xx 


Let ABM c. be a Circle whoſe Radius OA (or 1 
OM) is 7, and let the Angle AOB be ſuch, that its 3 
Co- ſine, to the Radius I, | a "7 * 
may be equal to 4 or B 


ſo, that O 5 | 

BQ perpendicular to OA NI 

may be =ar : Moreover / 

let s denote the Sine of Q PO 

reſponding to the Co- ſine a, and let OP (conſidered 

as variable by the Motion of P along OA) expreſs the 

Value of x : Then, PR* (OB*+OP*—2OQXOP) 4 

=rri——2arx+xx : And the Fluxion of the Meaſure of | 5 

the Angle QBP (Radius being Unity) will be oo 1 5 
N 8 entec = 


M 
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®* Art, 126. the former Part is = = z byp. Log. 


the Arch, whoſe Sine is — and Radius 
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ſented by . 8 (vid! 4. 1420 er by 


11 * 


= Zara Lr and conſequently that of OBP, by 


refs Whence it ellen that the Fluent of 


Ry 
_—_— h (contemporneos with x) is Wits EX« 


preſſed by _ X OBP. 


xXx 
Again, ſince Dee may be erankforned to 


er N r 


eee fe n where the Fluent of 


PB* 
4h. Log- gs Hp. Lag. 8 


part = OBP; it appears that the Fluent of 


* 5 3 
Foie Fas ny expute by by. i b. 
= X OBP, | V Z. J. 


Conor LARY 
323. Since, PB : PO:: Sin, BOP (5) : Sin. OBP= 


$ 
= ==; it follows, if the byperbolical Lo- 


garithm of N. - —— „ be repreſented by 1 and 


Unity, 


L reſolving them into more we jp ones. 
Unity by V. that the Fluents of 
Ns . 
ICS 


ſpectively, 


and 


1— ae? 


| why PROB. U. 
. RAR m | 
324. To dutermine the Fluent of ——= =; fuppe- 
2ar x 

ing m any whole NV Number, _ a leſs than 

Unity. | 

Let every thing remain, as Che 5 8 if 
the Equation there brought out be multiply d by r, 
and v at the ſame time be expounded by m—1, — 


m. * + $5220# x 


& * 


get — = as _— 


zar Tr 


— 
(m—1) 4. Sin. mQ Der. 1 Sin. M—1X er“ 4 
SXxx—2ars+rr 


Whoſe Fluent will therefore be given by the preceding 
Propoſition: For, ſuppoſing the Values of M and N to 
be as there ſpecified, the Fluent of the laſt Term 


2 Si. i er — wid, it 


SXxx—2arz<err N 
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wil emu yank + Fe 


is manifeſt , be expreſſed by > into Sin, ma Xr "x Art. 323. 


EY 3 PER 
e we Sin. IX AN r * into 


Fin. —1 —＋ XN 


m2 XM4 LRN 


712 


S din. N. NA Co-ſ. m2 a (by Lem.2. 
Cal 


364 


Su. m=1X2X D NV. Which Flu- 
ent being multiply'd by r, and that of 


Sin. 22 X a— Sin & X Rad. 


Sin. 3 
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Caſer.) To which adding the Fluentofthe preceding Series, 


325. Hence, the Fluent of = a one RL 


CoROLLARY. 


Maw] - 


may 


ar rr 


will be ſound = X 


— 6. + ere 


(given above) by —a, we ſhall, when the homologous 


a e * 0 
Terms are united, have & 3 — 2 - % 


* 
xx Zaræ r rr 


* 


— — 


— 


rx 


M—2 


But (by Caſe 1. Lem. 2.) 


12x 3 


— 4 (1—1) 5 


Sin. mDXa—Sin. 1 5 4 — Cem X a = A po 


Ce-ſ. m—1 X © XN, for the true Fluent of the Quan- 
tity propounded. 


28—8 
8 


=) = Ge 22. Alfo 


Pham? 


(= 


by reſolving them into more ſimple ones, 365 
of—b 8 —— 2e 8 172 2 


2 And, by Caſe 2. a is Lan, 


Co-ſ. m—IX.2—CiſmPaXa _ g. m2: Wi | 


lar fag — Values, our TE is reduced to 
— Cof. WM — — - x —Ce-/.32X 


12 3 e eee 12 1 1 
= Cao-ſ. 4X —— 7 0 —— X 


PRO B. I. 


: 3 
326, To determine the Fluent of 52 3 under 


the Restrictions ſpecified in the preceding Problem. 


If the Equation in Art. 321. be multiply'd by 4 
and v at the ſame time be expounded by n, we 


ſhall have - —— = 


— 24r oh x* 
544. 93933. — — 
2 0 + 
ee Sin. 2 rx — Sin. my X xx 
S - 2arx＋ 


5 
Where, the Fluent of the laſt Term being * 


Sin. N — Fin, m2 X M+— N # an 


1 
Iz” into — Sin, m2, * AM + 


260 


O the Fluents of Rational Frattions,' 
— . XN= — * 


— Sin. m9, N C m2 XN (byCaſe3. Lem. 2.) 
it follows that the Fluent of the whole Expreffion, -or 
the Quantity ſought, will be truly expreſſed by 


1 8.7 8. an HIT ONT ER. 
7 * Sc. or i 
1 en + &c. or its Equal 
„ ( 


+ 


g m I. r“ 2. 1 m—3.rv 


. Co-Jm, m X N — Fin, XM. pads 


(m) + 


PRO B. IV. 
| ; | 3 
327. To find the Fluent = m and n being 
r * | 


any whale poſitive Numbers, wheresf the former dies 
not exceed the latter, 
Let ö, c, d, Cc. denote the Co- ſines of the Arcs 
360? 3X 360 5 X 360⁰ 1 ys 
zn 27 2 c. (Radius being Unity) 


Then (by Corol. 2. Lem. 3.) we ſhall have * * = 


x | 2 
rere . ror Fan? X -er 
(n). Whence Log. * + x* =Z Log, rr ire + 


2 Log. rr — 2crx Tax + 2 Log. rr — 2drx + xx (n) 
and, conſequently, by taking the Fluxion, on both 
232 xX—brx crx 
Sides, — — — — 
* ba Walrrtrr xa acræ rr 
xx—drx ; 3 
EIT (n); which laſt Equation, multiply d by 


5 nx xx—brx xx erx 
, gives = — 


* 1 ＋ * AT abr AT rr * 2cræ tre 


by reſolving them into more ſimple ones; 
xx dr xd 

＋ Quar- 7 (). Let each Side hereof be now - 

ſubtrated from # (or, which comes to the ſame thing, 


It = be taken from n, and each of the ( 
r + if | 
Terms on the other Side, from Unity) then we 


fall have . . ee f rr 


* _ $#—2bra+; rr IS 
 ndrxbrr 
da Fre (z) : Which multiply d by <= 


ma XxX — 2 24 4+ 
* + i 3 abr rr 


But now, to determine the Fluent hereof, let the 
2 X180? 5 X 180? 
ſeveral Arcs : —— * above 


ſpecified, be denoted by Q, 2, J, 2, Cc. reſpec- 
tively; alſo let N, N, N, Gr. expreſs the Meaſures of 


x X Sn. * 
h a 
the Angles whoſe Sines are N 2 


„Sin. S 3 edin. . Se. and M. I, 


V xx—2crx+rr V xxrm—2draforr 


| M, tc, the hyperbolic 3 of Vx — 


r 
VETS . * os —.— D . Then (ty 
Corol. to Prob. 2.) the Fluent of the firſt Term, 


— . MT 
SIG = (expounding a by 5) comes out 


368 Of the Nluentr of Rational Fracrions, 
c.. — 0. ,. 22 * — — 05 


TM — 2 
29 K — (mer) into Xx 
D. N M. 


In che ame Manner, by writing e for a, & for 2, 
| Mifor M, and M for N) the Fluent of the ſecond Term, 


cf + ri #7. found = — wor 
— * ,x — 


— Cor. 22 x. &c, Ee. . 
| Therefore the Fluent of the whole Expreflion, by 
collecting the homologous Terms, appears to be 


X 


1 
— — — 
— 


bd „ „ 


by reſoluing them into more ſample ones. 
| Sin. m X NN 


Sin, mY X N— Co-ſ. mY X M 
d- IX 5 


| Sin, mY X V-. m9 X it 


— 2 ͤ -— 


| Sin. mg * *— Co-/. mY X 4⁴ 

| c. &c. 

But the Co- ſines of the firſt Column being thoſe of an 

180% 3X180® 5 X 1809 
Fn 47 

Sc.) whoſe common Difference is ——, whereby the 

whole Periphery is divided into n equal Parts (vid. Art. 

317.) they will therefore deftroy one another; ſince it is 

well known that, if the Periphery of any Circle be divided 

into any Number (n) of equal Parts, the negative Sines 

and Co-fines will be equal to the poſitive ones ; which 

is ſelf-evident when their Number is even. 


Hence the Co-fines in the ſecond and third Columns, 
Se. will alſo deſtroy one another (vid. Art. 318.) But 
thoſe of the laſt Column of all, as well as the Sines, havin 
unequal Multiplicators, muſt remain as above, an 
that Column, alone, (drawn into ) will be the 

1 iX | 


true Fluent of — —. Whence, putting m 
| * * 8 
180 


(=mX —) FR, and dividing by i, we 


ſhall (becauſe 2 = 32, 9 = 52, 9=72 &c.) have 
| Bb 


— 


arithmetical Progreſſion 


369 


7 


n g — 
RN . — 8 2 *= 
NP — Se aa ER 


: 

6 
＋ 
fk 4 
. 
# 


1 e - 
. 2 % Room > 2 * 


Of the Fluents of Rational Fractions, 
[ Sin. RXN—Co-/. RXM \ 
NN MCI N | = Fluent of 
THT — * 1 
X in. 5 RX N Co. . 5 RX A — 
n e OR fr WL PK 7 4 
du R M- RX ii TO 


L - &c, (to n Lines.) J 


COROLLARY. 


328. Since the firſt and the laſt, the ſecond and 
the laſt but one, &c. of the foregoing Quantities 
* — 2brx + rr, xx — 2crx rr, xx — 2drs + rr 
Sc. are reſpectively equal to each other (vid. Art. 
317-) the correſponding Fluents, found above, will 
likewiſe be equal: And therefore the Fluent of 


gms | | 
7 +a will, alſe, be expreſſed by 


Sin. RX2N— Co-. RX2M 
I „ ISin3RX2N—CoJ 3RX2M 
Pins RX2N—C0J.5RX2M 


Se. &c, 
The Number of Lines to be thus taken being 
f ST” 
= Zn, when n is even; but, otherwiſe, = 4m 


which laſt Caſe, the Logarithm, &c. in the laſt Line, 
muſt be taken only once, inſtead of twice z being that 


of * (vid, Art. 317.) , 


PROB. 


by reſelving them into more fimple ones. 


PROB. V. 


X 1. 


329. To find the Fluent of 


— 


in the preceding Problem. 


If 5, c, d, Sc. be taken to denote the Co- ſines of 
6 0 6 0 
the Arcs =, © == 


3 7 


&c. to = Terms, it will 


appear (from Corol. I, to Lem. 3.) that * — * is = 


3 4 1 es 
rr—2brab+xx\* X rr—zcra+xx\" X rr—2ars+#x\ 


(1). From whence, by following the Method of the 


Oaly 2, 9, 9 Sc. muſt here ſtand for . wag 


| ur Wa 
laſt Problem, we alſo have 2 
frees of 
ar Vc * ys i” £; 
** bre rr xx—2crx+rr 


Which Fluxion having exactly the ſame Form with that 


in the preceding Problem, its Fluent will alſo be ex- 


preſſed in the very ſame Manner; that is, by 


Sin. m X N — Co. ſ. m2 X N 
— O m2 X N— Co-ſ. m2 X M 
S | 


Sin. m2 X V Ce, n X A. 
(Sc. ton Lines.) 
360 


2X 360% 3X 360 
3 n 


1800 3X 180® 


OO n I 


&c. (inſtead of 


X180® 2 \Y 
2 „ .) 


n 


» 
; mand n being as 


"gy 


Bb 2 There- 


372 Of the Fluents of Rational Fractions, 
Therefore, ſince the multiple Arcs m, m9, n Sec. 


. | o 2 
is in this Cafe, equal to o, m X , mx , 


bo 
72 5 — &c, (whereof the Sine of the firſt is =o, 


and its Fo. Unity we ſhall, by putting Ritz 
60 
— 5 and dividing the foreſaid Fluent by ur , have 


- | Sin. RXN—Co-/. RXM 


tne Sin. 2RX N—Co-ſ2RXM — — — 
7 Sin. Rx N—Co-ſ. 3RXM 2 DE 
(Ec. to n Lines.) 


CoROLLARY. 


330. Since, in the Fluent here given, the ſecond 
Line and the laſt, the third and the laſt but one, Ec. 
are reſpectively equal (vid. Art. 317.) . am rrg 
be exhibited, thus; 


„„ as Res N 
3 Sin. RX 20 — Co-. RN 2M 
„ 2 — Ceſc 2R X 2M 


| I 
(Oc. do a Lines,) 


Sc nor Tun. 


331. If the Semi. Periphery ABCH of the Circle 
whole Diameter AH is 27, be divided into as many 


equal 


— A Fae %. WHo—_—_ — 


— 


by reſohuing them into more * ones. 
equal P arts AB, BC, 


CB, BC c. as there 
are Units! in n (fo that 


Oc. vid. Art. 317. and 327.) and in the Radius OA 
(produced, if neceſſary) — be taken OP=x, and 
PB, OB Sc. be N it will appear (from the ſaid 
Articles, and from Prop. 1.) that the Quantities 


M uuntre, ian &c. in the former 


of the two preceding Problems, will here be expounded 
by PB, PB &c. reſpeRively : From whey it is al- 
ſo plain, that the Meaſures N, N &c. of the Angles 
n 
Vri—2brabx* V Acre 
Se. * will here be expounded by OB, OBBP, Sc. Ec. 
Therefore the Fluent of — , given in the Co- 
rollary to the foreſaid EE may be thus exhibited, 
Nx 2 (0BP) CR x 2(04: PB) 


whoſe Sines are 


—— X<&in.zR x2 (op —0C . Rx2 (04 P 


We: Sc. 
- 36 
Where the Arch R is (N N =) =mX AB, and 
where (OA: PB) is put (after the Manner of Cotes) 


ö B 
to expreſs the hyperbolical Logarithm of 55. It is 


alſo to be obſerved, that, when the laſt of the Points 0. 


Bb 3 


4 


373 


Art. 322. 
an! 323. 


74 


Of the Fluents of Rational Frattions, 


B, B &c. falls upon H (which will always happen 


when 7: 1s an odd Number) the Angle, in the laſt Linz 
of the Fluent, will vaniſh, and the correſponding * 


PH 
Logarithm (which is that of 7%) muſt then be 


taken, inſtead of twice, only once. 
In the very ſame Manner it will appear, that, the 


Arcs 9, © Ec. in the ſecond Caſe, where the Fluent 


of #8 is ſought, will be, reſpectively, expounded 
* — K* 


by AC, AC Sc. alſo the correſponding Angles N, N 


Se. by OCP, Och Ec. and the Fluent itſelf by 
F e 


„ N. RN (OCH —GoF, RX2(04: PC) 
” 5 (OCP ) — Co-f.2RKX2 (04 PC) 
Se. &c, 
: | 3 

Where the Arch R (nN — ) M NAC; and 


where, as well as in the preceding Caſe, all the Arcs, 
Sines and Co- ſines are ſuppoſed to have Unity for their 
Radius. | | : 
1 my, 

332. From the Fluents of. and bs 
: * 3 
* 1 * * 1 —1 = 

** 7 de : 
wntm—1 . —on tm — 1. | 


2 N x 
— — 5 and —, where v denotes any 
* — K * — K* - 


thus given, thoſe of 


Whole Number, may be very eaſily deduced; either from 


Art. 28 3. and 291. or (more readily) by dividing the 
Numerator by the Denominator, and continuing the 


4 


\ 


by reſolving them into more ſimple ones. 375 
Quotient to as many Terms as there are Units in v ®, By * Art. 150. 
which means, if p be put = vu + mn, qzvn—m, and 
1 at N | 

and be denoted by 
6 * ＋ * — 8 
and IF reſpectively, the Fluents, in the four Caſes ſpe- 
cified above, will be expreſſed by 


— oa 22 


the Flugnts of 


Moreover, from the ſame Fluents, tho/z of - - 


= 1721 
* . 
2 2 


and will likewiſe become known: 


7 
For (having transformed the Fluxions here pro- 
mg! | 


I 1 : £1 
poſed to 7" X — Sc.) let L be put, 
1 
"Wb. 


I _ 4 
2112 1 e \n 
or x = 2— ; then will 2 == 'X x®, and 


m 
: „ * ; 
conſequent!y 7 2 Z=—| Xmx K. 


Bb 4 


* 


Of the Fluents of Rational Frafions 


2 „ PE | 
MO. 7 a | 
Whence 2 N ** , and 1 + 


* 
2 


5 NG 1x" 
wick Fluent is given, by Pro 71 or 5. But, 1 being 


* 
here 1, the general Multiplicator 
| n 


ft 
got =1+z" ; . 


IT 


„there gi- 


ven, Will be barely = 2 Which, drawn into _ X - 


e \n_ 


fl» * —X F for the general Multiplicator 


in this 8 

One thing more, though well known to Mathemati- 
cians, it may be proper here to take notice of; and that 
relates to the Sines and Co- ſines of the fore- mention d 
Arcs, R, 2 R, 3R, Cc. Cc. (multiplying the ſeveral 
Angles and Ratios) ſome of which Arcs do frequently 
exceed the whole Periphery : When this happens to be 
the Caſe, the Periphery, or 360%, muſt be ſubſtracted 
as often as poſſible, and the Sine and Co ſine of the 
Remainder be taken. If the Remainder be greater 
than 180®, the Sine, falling in the lower Semi- Circle, 
will be negative; if, between 909 and 270%, the Co- 
fine, falling beyond the Center, will be negative. 


PRO B. VI. 


S$tm— z . 


333. To find the Fluent of —; — 


ere u FE ; tohere 


n and m denote any whole hk tive N. 4 84 and where 
the given Expreſſuon cannot be reſolved into two Bino- 
3 (k being if than Unity, Art. 308, and 310.) 


by reſolving them into more fimple ones. 377 


Let R be the Arch whoſe Coſine is # and Radius 


Unity, and let be the Sine of the ſame Arch; more- 
- R+360% KR +2 X 360" 


over, let the Arcs —, W » 5 
R+ 3X 36 
e — 44.2.2 


c. and let 55 4, 4 Ec. and b. c, d Cc. expreſi the 
Sines, and the Co- ſines of the ſame Arcs reſpectively. 


— 


Then 8 2 — + 
* -r '—2brxs 
8 7 
cy + —— rx 1 
rim—2rsx+a* ad a 4 a 4.) 
From whence, Pens the whole Equation by 
11. * oy I 
- we have — into 
nir n ER” rn 
” m- . | g * 
„ „ 
r- fr 1 rr 1 2dr © 


Now, the Fluent of the firſl Term hereof —_< — 


2 


(if M be put for the hyp. Log. of —— 


7 


and N for the Arch whoſe Radius is Unity, and Sine 


xX $:n. D 


2 To Et will appear (from Prop. 2.) to be | 


Nos x Sin. 39 X 
Sin, i Þ+ Sin, 2% 2 ＋ Sin 3 


= Ws, (m—1) T* Yon. Sin, N + Co-fin. 


m3 


NN. 


From 


. — . 


2 
= 2 


1 * . 
1 
. 4 - 
. L 
6} 44 
4 
1.4 
n 
14 *. 
* 
1 - 
. 
* 
1 
Þ$ 
'4þ 
*« 
i » 
& 


2 — 


Of the Nuents of Rational Fraftions, 


- From whence, if the Arcs whoſe Sines are 


VV ri—zcrxpxt VV ri=—2drxh+ x* 


ſented by M, M Sc. and the Logarithms whoſe Num- 


bers are 


W4 Fm 2c0rx+ x* WA 24d + x* 65 
ha ebe. Sf He 
r 


- c. by 


N, N &c. reſpectively, the Fluent of the whole Ex- 
I 
preſſion, omitting the general Multiplicator ( ; ) 
1 


will be 925 
Sin. O Sin. 280 Sin. 32. 
Sin. 2| Sin. 29 Sin, | 
Sin. SAT 44 Sin. 29 v, +3 Sin. 32, 
Sin. 2 ag 2 29 ns 5 29 

Sc. Se. | oF | 

"IX = (Sc. to m—1 Terms) 
3 


Fi CF VN 


Sin. ACC. N 


1 : 
+ FEY X , Sin. Nn. mIXN 


Sin. nx Af Ce. f n O 
Ee. &c, 


— 


— 


But, the Sines of the firſt Column being thoſe of an 
arithmetical Progreſſion (whoſe common Difference is 


1 


by reſolving them into more ſimple ones. 
2 


n 5 parts, their Sum will, therefore, be equal to 
Nothing. 
Moreover, the Sines of the ſecond Column, having 
2X 360 
n 


Arcs do, alſo, divide the whole Periphery (twice taken) 
into n equal Parts, and therefore deſtroy each other. 
'The ſame is likewiſe true, with regard to the Sines 
of every other Column (except the laſt of all) when 
m—1 is leſs than 2. But, if n be greater than », the 
Arcs, in the Column, whoſe Place from the firſt, in- 


for the common Difference of their reſpective 


cluſive, is denoted by u, being expreſſed by 1, 105 


379 
which ariſes by dividing the whole Periphery into 


10. Sc. (or R, R360, RT 360 &c.) whereof 


the common Difference is the whole Periphery ; the 


Sines of that Column do not deſtroy one another, but 
cach is equal to that of the firſt Arc R (Vid. Art. 314. 
and 318.) and conſequently their Sum equal to x Sin. R. 

In like Manner, if m be greater than 2, the Series, 
continued to m—1 T will take in the Column, 


where the Arcs are 219, 2n9, 25.0. Sc. (or 2R, 
2R+2X 360?, 2R+4X 360? &c.) whereof the Sine 
of each is, alſo, equal to the Sine of the firſt (2R) and 
therefore their Sum X Sin. 2K, 


Thus, alſo, it will appear that the Sines of the Column 


whoſe Diſtance from the firſt, incluſive, is zu (when n 
is greater than 3) will be each equal to Sin. 3 R; &c. 
Oc. 


Therefore, ſeeing all the Columns do actually vaniſh, 
except thoſe above ſpecified ; whoſe Places from the 


Beginning are denoted by u, 2n, Zu &c. and whoſe 


correſponding Terms, or Multiplicators are, therefore, 


I n—s „1. FM, „„ 


* Yr * 


———ů— — 


repreſented by - 


m—N r 7 
Sc. it is evident that the whole Expreſſion will be re - 
duced to 1 


Of the Fluents of Rational Frattions, 
EIER NAT 


mn n an 
TM 
1 . 
r 5 
Sin. XNA Co. ſm N 
Sin. D M4-Co-ſm9XN 
4. — into J Sin. O Ce N 
In. „Ci KN 


Oe. &c, 
| : : x 7 | 
Which, multiply'd by ——, the foreſaid, general, 
—1 5 
| | * 
Multiplicator, gives Sin, RN. ; + Sin. 2R X 
: M—N , 
: 8— 25 1 * 33 
—— 1. TR * Ge. 
m— 2. K m—3n , ; 
Sin. m2X M+Co-j. m XN 
1 Sin. m DX 22232 mIXN 
+ — X 4 Sin. m9XM+Co-ſ. mIXN 
| uk l A W i Wu 
Sin. mYX M+Co-/. XN 
&c, | Ec. 
for the true Fluent of — — : Where 
| rnb” K TX * 


the former Part of the Expreſſion muſt be continued to 


as many Terms as there are Units in — 5 (the Re- 


mainder, if any, being neglected.) 2. < J. 
| 18 o- 


1 „ . 4 


by reſolving them into more ſimple ones. 


CoroLLary. 


334- If the Quatient ariſing from the Diviſion of m 
by » (when the former exceeds) be denoted by v, and 
the Remainder by t; or, which is the _ if vn Tt. 


n, it is evident the Arcs mL, mY, mY Sc. which 


— . mQ+ amc 


300? 1 243mX W, Ge. (by Conſtruction) will 


alſo be equal to ND 360 ＋ x N, mYÞ2v X 


360 tx — Sc. whereof the Sines and Co- ſines 


(omitting N 35 2vX 360 c. the Multiples of the 
— Periphery) are the ſame with thoſe of 2 tx 


3 „NaN = ES Ec. reſpectively. 


Therefore, if the 9 of the Progreſſion, whereof 
the firſt Term is m, and the common Difference ? 


60 
— be repreſented by 7. 7. 7 &e, reſpeftively z it 


follows that the Fluent EN 3 ( 
— a2. —_ 
eee 
will alſo, be truly expreſſed by 
air a. ＋ * 
* 7 . 
- + NN 2R X 
= mnt 
pn 25 re. (=) 75 | p 
Yo. "RE | : 


——— 


W—3/ . k 


Sin, R X 


: — > = . — — — hs — I Vs . 
7 * 88 N =P" nn 2 A = 3 9 * 
* 9 4 * 1 „ > *. * * 83 
w 7 23 4 0 2 — 2 p * 
— — I 3 — — te . PR: h r 2 * — 
3 2 2» „ a . 1 432 Af 
= . — — — * _ 
— * y 4 7 4 * x 
- y = - my 
* £4 Ih, 4 p 2 3 n mou . : 


1 
* 
* . 
4 
9 
1 
1 
| 0 
* 
4 
MN 
* 
p 
1 
7 
* 
* % 
+9 
4 
N 
t 7 
1 
, 
7 j 
* 
4 
4 
LS. : 
U 
- - 
5 t 
9 U 
«La 
1 
- 1 
v by 
* 
+ 
* » 
A + 
% 
l 
. 
1 7 
- \ - 
** 
R # £4 
# 
[ 2 
* 
* * 
1 
* 1 
- 
i 4 
4 
1 
* 
4 
434 
& 
*. 4 
1 o 4 
+.#* I 
14 * 
"3% 
* 
7 g 
\ 
l 
1 
4 
\ 
< 4 
rf 
0 
11 
* 
7 
* 
719 
L - 
4 
4 
* 
" $85 
1 £Y 
4 * 
2 
1 
- | p 
IS 
5 
I. 
% A 
_ 
5 * 
K * 
. = 
3 * 
} 9 
199 
1 
8 
« #1 
2 
* Y 
_ 
 —=< 
a 4 
+ 
1 * 
 . 
i 
IF 
11 


188 
n 
"Be 


* 


a 2 ME - 4 * * 
PTA 3 


* _s 1 N 
. D 
— 288 „ Fa, - . a. 
r 
* " * 1 


4 
5 
* 
A 
if 
G 
% 


3 
4 
i 


. 


of the Fluents of Rational Fraiionts, 
Sin. TXM+Co-f. TXN 
Sin. XM4+-Co-/, {XN 
+ £48 IX Ce; TN 
"= ! 4X M+-Co-/. 7 * N 
n L Sc. Oe. 


In the very ſame Manner the Fluent of 


nÞm —1 


— (Where the Sign of the ſecond Term 
TA“, K* | 

is poſitive) will be exhibited ; if R be taken to denote 

the Arch whoſe Co-ſine is —+; which will, in this 

Caſe, be ue than a Quadrant. 


PROPOSITION VII. 


gmt . 
3 35. To find the Fluent of ar 
„ 2 * 7 


the Refrietion mentioned in the laſt Problem, 


Let every thing remain as before: Then we ſhall 


. SH 1 bs" 
have — mn 
e En r—2brx+x 
7 | 
: & Xx . 
5 — () Whereof the Fluent (by Prob. 3.) 
1 X 
appears to 1.8 - into 
Sin. Q, "I Sin. 22 ) 
Sin. 2 Sin, 220, . — 
Sin, C ain a0 mma 


8 Oe. Fs 


222008 205 


—_— — 
— — '- 
- 4G =, * 3 


C6300 
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Sin. H- Co. ſ. N 
; ; / 8 U 4 
1 — Sn. eren * 2X N 
N Sin. m M+Ci-ſ, XN 
&c. Sc. 


Which, by Reaſoning as above, will be reduced to 


n— 


221— 
— Sin. 2K Xx — — 
1 3" 
M—2N . kr 


— Sin, R X 


Zn — 3 
— Sin. 3R X — — (to ge: Terms ) 
mM——Jn . brt” 


— Six. TXM+Co-ſ. TN 

1 1 — Sin. Toe M++Co-ſ. [XN 

T ur — Sin. TMA Co. .. 4 
L Ec. . 


2E. 


> | SCHOLIUM. 


336. If, from the e 
Center O, of the : 

3. Circle ABCD, whoſe 
Radius OA, or OV, B 

is 7, there be taken 
OL equal to & and 
OP =; and if the 
Arch AB be to the 
; Arch AK, whoſe 
15 — Co-fine is & &, as 
er to n; and _ G 
0 
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EY Hs, eee 
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384 - Of the Fluents of Rational Braftions, 
of the Are BC, CD, DE &c. be taken equal to 


6 © 
== Ec. Oe. Then the Angles R, 9. QS. ſpe. 


BE (in the GT Problems) being here ex- 
pounded by AK, B, AC Ce. reſpectively, we have 
PB=Vr bre T= „PC Vic &c, 
(Vid. Art. 317: and 323.) Whence, alſo, the Angles 


8 
N, N, N ee. whoſe Sines are — = 


Ne. 8 Ni 2 ; 
ar . F 2 r- 2dr ＋ x* ebe 
equal to B, C, D &c, Tem the Fluents of 


1 l 5 „ 


L 9 aD 
given) will, alſo, be truly defined by 
at Sin. 2R VE. 6. a Wn. 2, „ -. 
= THF Sin. R 27 ＋ K Na. R m—3u 


A a” 
65 — Tem) 
N | Sir. TX (0B: PB) 4-Co J. TX UH 
Sin. TX (OC : PC) +Co-ſ. TX (c) 
3 6; Sin. T (OD: PD) 1 D 
meSin. R | Sin. TX (OE: PE) 40 D- 
Is. 7X (O: PH T, ( 
„„ Sc. 


(chere 


And 


Vr—abræ rx x*? 


rel 


by reſolving them into more fimple Ones. 


| Wege Sin. 2 R Sin, 2 R x TD 
And * — FP Sin. R m —2n, r” 


Lin. 3R „ 


"+ ba „zu. 14 =) 


un. T OB: PB Co-. TC) 
Sin. OC: PC) 40 C) 
Sin. LOD: DDC 


deere Sir, TCO E: PE) Tce (—E) 
. TOF: PF) +Co-ſTx - 
i &c, ; 


Where the Arc AK (or R) will be greater than a 
Quadrant when the Sign of 4 is POO but leſs, when 


negative; and where the Arcs T, 7, T &c. denote an 
arithmetical Progreſſion, whoſe firſt Term (T) is equal 
to mx AB, and whereof the common Difference is 


58 


d by m, when m is leſs 


_ n; . otherwiſe by the Remainder, of m divided 
) 
Ce: * 


4 
3 : 
; * 

4 

_ 

| © 
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2* 2 1. 

2 
, 
is any Number, either whole or broken, may be very 
eaſily deduced: For, having t transform'd the Denomi- 


— a 


e fl 27 e | 
— = —— „ wy 
. 7 5 + 2 > p 7 Ps 


337. Hence the Fluent of 


2kr”, and * = +”; and then it will become = g x 


2" "2n 22 SY 
r* x"+x**: Moreover, 2 being = 


* He, and g=z 1K = lg = 


1 Tu x %, the Numerator will be reduced to 


1 2 
7 ; 2 2 
X =": And fo, we have — = 
7 6x foi ga? 
n+tMo—_T p 7 
* * 


: In which æ == r= 


7 
— X- | 
72 * f x" + * 


1 

an . 1 
A", and # (= = ==, aut; it may be 
F 2 
obſerv'd, that the Fluent hereof is, only, given when 


I 7 5 

5 (or its Equal 4) is leſs than Unity *. Therefore, 
72 TER | 

if Zf be greater than Veg ; or if the Values of e and g 

are unlike, with regard to politive and negative, ſo that 


WA my is impoſſible, the above Solution fails. But, here, 
the given Trinomial may be reſolved into two Bino- 
mials (by. Art. 310.) and, from thence, the Fluent 


may be found at two Operations (by Prob. 4. and 5) 
For, 


* Art, 333. 


by reſolving them into more ſimple ones. 387 


For, by ſeigning exfy+23*=0, in order to ſuch a 
j-L 2 
Reſolution, we get 2 . 2 g 


. —eg for the Roots of that Equation, 


and 


4 | 
or the two firſt Terms of the required Binomials : 
Which therefore are always poſhble when if*—eg is 
poſitive, or when the foregoing Solution fails. 


By denoting the ſaid Roots by H and X, the Trino- 


mial ex fx? ga. is reſolved into gx HKM, 


m 
hh =o: ogg 
from whence — — is reduced to 
e EF fo + 22 
Mm m 
gz . 1477 25 
2 2 + 2 
2 8 8 — 


XX HH“ gXH—KXK—s! 
Fluent is given by Art. 332. . 
338. By proceeding the ſame Way the Fluent of 


** 
27 8 
: 6 may likewiſe be found: For, 
Tf + gz! + ba? 


ſince one, at leaſt, of the three Roots of the Equation 
e+fr+gy* , muſt be poſſible, the propoſed 
Fluxion, if it cannot be reſolved into three Binomials, 
may, however, be reduced to one Binomial and one 
Trinomial ; and ſo, be brought under the foregoing 
Forms: But this being a Speculation too much out of the 
Way of common Uſe to be farther purſued, I ſhall 
here conclude this Section, with obſerving, that, when E, 
in the original Trinomial, above ſpecified, is neither 
leſs, nor greater than Unity, the Fluent cannot then be 
had directly, from either of the preceding Methods; but 
muſt be found by Compariſon from the Fluent of 


nmr. 
f * 


„Vid. Art. 289. 
r * 
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Cc 2 8 E C- 


FEES non we 
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SECTION YL 


The Manner of inveſtigating Fluents, when 
Quantities, and their Logarithms ; Arcs 
and their ines, &c. are involved together : 

With other Caſes of the like Nature. 


PROD 4 


339. COUPPOSING © and n to denote given 
8 Quantities; tis propoſed to find the Fluent of 


* * . 


Let & X 4s" TDI Ce. be aſſumed 
for the Fluent required: Then the Fluxion thereof, 
which is 


* ＋ I. BA T-. Ca c. 
muſt conſequently be = #"#2*: And therefore, by 

putting m for the hyp. Log. of Q, we have 

mA yo "+ mCi" D Cc. al 1 
AA bn. BY 4.2. C. 3 c. 

Whence, comparing the Coefficients of the homologous 


1 "ng. 


* 
Terms, we get A == , B = — ve 71 C 


—_— 1 


. and conſequently & X 


m | m3 
os " * 
Ax TBN + CHOP ＋ &c, = * + 
1 1. 1—1 . r 1. I. —2 . af 


* m3 


bi — — 2 Which 


Series, 


* Art, 252. Q #Xbyp. Lag. Q X A. + B. I Cx“ Nc. + 


8 


involving the Fluents of other given Fluxions. 389 


Series, it is plain, will always terminate when 7 is a 
whole poſitive Number. 2. 

340. In the preceding Problem the Coefficients A, 
B, C, &c. of the aſſumed Series were taken, in the 
common Way, as conſtant Quantities; which, becauſe 


of the general Multiplicator Qa, was ſufficient. 

But, in other Caſes, where a proper Multiplicator, 
to expreſs the mechanical, or logarithmic, &c. Part of 
the required Fluent, cannot readily be known, it will be 
convenient to aſſume a Series for the hole (independent 
of any general Multiplicator) wherein the Quantities 
A, B, C, D, &c. muſt be conſidered as variable, 


DI — 
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FROE H. 


341. To find the Fluent of π ; z being the 
Hyperbolic-Logarithm of x; and m and n any given 
Numbers, 

Let there be aſſumed Az" + B ＋EC 2 + 
Dz 3 &c. = the Fluent of 2 e. Then, in 
Fluxions, we ſhall have | 


* m DM = —2 1 U 
Az" TBZ ＋C Z ＋DZ2 Sc. 1 
[ , 


TAE K ENI. B: zT m—2.Cz" Nc. 


* 
But z = — 3 whence, by ordering the Equation, there 


ariſes 
F F 3 
xz" mAx „ 1. Bæ C = 
—_ * * ca x . 


Now, by making the Coefficients of the like Powers 
of z, equal to Nothing, we have A= , A= 


* ry m Ax ma I; max” 
— B (= — ] =— „B= —— 
n * n * 


Ce 3 


390 
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Of the Fluents of Expreſſions, 


.. =) 2 m. m1. * 1 


x un 5 


m.m—1., x 
13 


Sc. and i the Fluent ſought 


- IH) mm VO — 
EE into 27 = y mW m—1.z 
n n? 


3 — — — — — — 


m. M—I. M—2 .M—Z.z cx: 
- + 7 00 
Sc. Which, when mn is a whole poſitive Number, 
will terminate in i Terms. 2. J. 


Nen. 


342. To find the Fluent of 253; 2 being the Arch of a 
given Circle, and y the Sine correſponding. 


Let there be aſſumed Az" + Bz Y ＋ C2" 4 
Dz 3 = Fluent of 27; then, by taking the Fluxion, 


— 


m. 1 — 1 n — 2. 2 


we ſhall have 


A Tr CE TD toe. 
; 2 0 


Ar . 32 CE. 


Whence, putting 5 — B+ nAs = o, C 4 
n—1", Bz=0, DT. Cz=0, Sc. we get A=y; 
B = — , C = — n—1, BZ &c. 

But, if à and be taken to denote the Radius and 


| Co-fine of the Arch x, it will appear, from Art. 142. 


that ys = — ax and x2 = aj : Therefore B nat, 


and B = nax; alſo C (=—n—1.Bz) =— 


n. n—1.4x2 -n. 1— 1. 4%, and C=—n,n—1.4"y; 
dikewiſe D (= — n—2. Cz) n. —1 1 — 2.40 


3 Se. 


2 > . 
. 5 — — Dey a — 

5 = oy of - 

> — _ * 8 LIT = EN ** * —— — 5 
- 5 2 Ls 

[X24 - Sos IRS 

2 Wh. Ep OE EEE To OS 
— * Fug 2 = a os \ - 1 
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od #9” 4 - 
ee e Cs 5 7 - 8 FI I ge'® . : = 7 * „ = 
e 2 0 * . P rey» er Ae 


dr 


2 X—# (w being the Verſed-Sine of the Arch 3) 


a, 
222 


2. E. I. 
+n.n—1 . xa 
Ja —3—1.—1 22.3. 0.9 
PRO B. 


— — — —— * 
5X 2˙— — . . % N. 1. 2. 3 2275 7 7 G. 


Cc 4 


«——I a2 -= 5 
% 


— 


* 


» 


1.4% Ge. 


0 


xx na 7. — I. —2. 4 73 ＋ . 1. —_ 1— 4.62 


- 


* 


In the very ſame Manner the Fluent of 2 
Il be found = — xz" +nyaz*”? 


WI 


involving the Fluents of other given Fluxions. 391 


— n . 1—1.2—2 


Sc. c. and conſequently Az" + B ＋ CZ e. 
+ &c, 


= ＋nax2 — 
1—2. aaa 3 + Ee. 
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Of the Fluents of Expreſſions 


PRO B. Iv. 


343. The Quantities, x, y and z being the ſame as in the 
preceding Problem; to find the Fluent of 2" xy". 


By aſſuming 4z" + Bz*"* CZ + D2*—3 Ce. 
and proceeding as above, we have A= ** 7, B = — 


nfs, C = — n—1. By, D= —n=2. Ci Cc. or 


„ n—1.aÞj 
(becauſe z = -) =—— r 


H=— . Therefore, if the Fluent 


of xy" (found from Art. I42. and 291.) be denoted 
Wo. 55 

by Q; that of 1 by R; that of , by $; that of 

Sy 


— 
9 


by T Ec. it follows that the Fluent of 225 


will be truly repreſented by S -R þ n.z—t. 
2252 Fo n.n—1.n—2. 67% 3 .. 


CoROLLARY 


; 8 
344. Since 3 = F _ (Vid. Art. 142.) it fol- 
* 111 M 
lows that 217 is = — 2 TI —1½ — = JE, 
a 


| Therefore the Fluents of theſe two laſt Expreſſions are, 


alſo, exhibited in the —_— Series. 
345. As the Values of R, S c. in the preceding 
Articles, are too complex to be purſued in a general 


Manner, it may not be amiſs to illuſtrate the Method 
of proceeding by an Example or two, 


Let 


10 
al 


et 


= _ 


LV a* NZZ -e faz *, and therefore R (= N 


involving the Fluents of other given Fluxions. 3 93 


2 


Let, then the Fluxion propoſed be _ : Where n 


* 
x 


being =1, m=2, and r = —1, we have S= 


(becauſe Var.) Whence = — 


1 


N 2 . ; ay 
Y = - r - + zz (becauſe ＋ = 


z) and conſequently R - 4 * ＋ 42“; and ſoy 


y—zz ] -nvq⁰ 


2 — 
y —E, or 


2 


XEz TAN 


a 


Again, let the Fluent of — pz X T (exprefling 
the Content of the Solid generated by the Revolution 
of the Cycloid) be required. | 


Here, the given Expreſſion, in ſimple Terms, will 
become — pz*x — 2þzyx — py*x : Whereof the Fluent 
of the firlt Term — pz*z, will be had, by making n=2, 
m—1=0o, andr + 1=0 (Vid. Form. 2. in Corol.) 


Where, we therefore, have 9 = — =—Xz whence 
A =- * alſo R (x) =—y, and R=—y; 


likewiſe S (SY ==, 8=x; and 


conſequently the Fluent of — 2 (r — Fe! 
+ a, —1 . 2 Sc.) — + 249% = 2a*x : 


To which, adding the Fluent (= 22 ) ofthe 
ſecond 


: $08 
2y"y 222 
the true Fluent of 2 (= — 25 = .) „ Art, 304. 


. 
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n r 8 2 2 N . 
2 r 9 PE 5 ** 
1 T monde a Ty — . 5 7 — T 
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Of the Fluents of Expreſſions, 


ſecond Term — 2zyx (found in the preceding Exam- 
ple) and alſo that of —y*# (or — 4˙ ＋ x f found 


the common Way) we get, in the Whole, 44 x2 
+ 2 Y XZ + E ay* + a*x +5 #* 3 which, multi- 
ply'd by p, and corrected, gives, p into Z a— x X z* 


+ 20y—yx X 2 TT & + $x* 44, for the 
true Fluent that was to be determined. 


PROS FF. 


346. Suppeſing H to denote the Fluent of IKA X 


Fs. We — + lx * 11. Zz * 


* E; to find the whole Fluent of HXa—bz" X 


27 —1 


, (when a—bz" becomes equal to Nothing.) 


By reſolving TTY n into ſimple Terms, 
and *. the Fluent, 5g ordinary Way, we get H= 


Sc. Which 


11 v1. 4 3 2. 2 
Value being ſubſtituted above, and þ wrote inſtead of 


u, we ſhall have H X Pager ef X21 * = — * 
7 


1 i I as e 
a—b2”\ Xi into — + 4 es 1.1 
5 SEI. 4 2.72.47 


+ r. . — [325 2 
3 v+3. 45 


Let, now, the Fluent of r e (in the 
propoſed Circumſtance) be denoted by 4, and put t= 
Pm I; then it follows, from Art. (by writing 

I rl 
5 for e, 3 for 7, Se.) that 5 * A into —+ 


OW the Hunts of other ogg Huxions. 395 


* 
7. I * t+r. 2 7 1 ted 


D x a] + &c will be 
t. ITI. T2. 2.3. v3 bh Ok 
the true Value of the Fluent. 2 E. I. 


Note, p and 91 muſt here be poſitive Quantities“; ® Art. 286. 
15 ; 1 | 
and it is alſo requiſite that I ſhould be greater than — 


þ | 
—3 otherwiſe the Fluent will fail. 


aw, + 
Ex. 1. Lo Ha 19") ; and let the whole 
Fluent of Hr - , be demanded. 


Then, + being =1, I= —1, 2 223, #=2, r= 
— , v=5; alſo a=1, 5 1, AS To F= 23 3 
þ (=q+v) ==, 4 ren 223 and {ata 
whole Fluent of 1—y* I 5 = I; we ſhall, , ſub-- 


ſtituting theſe ſeveral Values above, get 1 +— 7 * 


r 57 SS Sc. = Fluent of HX 


HAY X y (or HH) when y=I. i Fluent 
H= 
being alſo Cs by T, it follows that — w—_ oxy =—+ 


372 57 55 Sc. Where H is + of the Pe- 
. ef 5 Circle whoſe Radius is Unity. 
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5 1 
Ex. 2. Let H = * +2* * X &; to find the Fluent 


of HFA *X Os. 
Here, tc, It, a, -I, vz; alſo 


a = M, b=1, m=— , g=, p (q+v) =1, t 
1 1 


(p+m+1) =3, and A (= whole Fluent of h* — * 
X zz) =h: Whence, by Subſtitution, we have c 


4+ 6 


* b 
X IX XK A Cc. which, 


multiply'd by c“ (the Coefficient of r) gives = X 


h3 hs h7 
5 Toe T5 &c. for the true Fluent in this 

Caſe : Where the Series is that expreſſing the Arch of 
* Art, 142. the Circle whoſe Tangent is 5 and Radius *; and is 


therefore equal to c X Arch, whoſe Radius is Unity and 


h 
Tangent =: Whence this laſt Arch (taken without 


the Multiplicator c) is the true Value of the Fluent, 


SSQTFON- Vl. 
Shewing how Fluents, found by Means of Infinite 


Seriefes, are made to converge. 


347. IT is found, i= Art. 85. that the Fluent of 


* 


. . - 
a+" X dz, in an Infinite Series, 
. 


ac z X dz! 
gna 


making mg) is expreſſed by X 
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. Whence 
771.4 9771.12. 4“ 

it follows (and is evident by bare Inſpection) that the 

Fluent of 2— 00 *** (where the ſecond Term 

under the Vinculum is negative) will be truly defined by 


_ — — — 4 2n 
TP 
na 2741.2 911.2. 45 


+ Ec. ſuppoſing rg. 
But, beſides the Series here given, and Thoſe, in 
Art. 83. 84. expreſſing the ſame Value, the Fluent of 


r 
a X ii will, yet, admit of another Form, 
different from all of them; by means whereof and that 
above, we ſhall be enabled to draw out ſome very uſeſul 
Concluſions, | 


268 Put af = 1.7 0 then * = 2 \ and 


a—cy a ＋ cz 
. 2 118 ; * 
therefore )* == —— =; alſo a—cy" = bez? ? 
2 Ac 
ac 
mY 427771. 


We. 
conſequently a X) C, = a 
— 
ab a X, Which Fluxion, ſo tranſ- 
m 
form'd, being compared with a+cz" X dz" ; we 


have m =—r —q—1, S4 1, and s (q+m) 
=—r—1; whence, by ſubſtituting theſe Values 
in the firſt Series, above given, the Fluent ſought will 


be had = 2 ; — FP 
qn _ x. 


— * 


— — — 


+ 3 . con 1. 11 571 — 2. 63235 


1— —„ 


Fr.. FTT TT fg 
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Which, by reſtoring y (or writing —— and _2”_ 


a—cy 


a—y* 
for their Equals a + cz", and z*) becomes 
... ̃ ˙— A HI Srl 

ih 241 ago 91. 9+2 
625˙* ä Semin * 
. Ee. the true Fluent, of a—cY X * Fo 


349. This Fluent may be otherwiſe found, inde- 
pendent of that above, in the following Manner: 


LOVE 
It is evident, by taking the Fluxion of — 7 x 
(which Quantity would be the Fluent ſought, if 


— — 'X * 
a—cy" was conſtant) that — Z 5 de 


Fluent of — Xx) Y — Fluent of 7 * 


— ö—ü— 21 gn+n—1 857 
42— 0“ NX 5 This Equation, by tranſpoſing 
the laſt Term, and writing x in the room of a—c" 


(for the Sake of Brevity) will become Flu. xy" 5 = 


r on re "Then | 
2) + 5 Flu, K 57, From the very ſame 
* | 


Argument (if, inſtead of r, we ſubſtitute y—1, r—2 
c. ſucceſſively ; and, for 9. write q+1, gq+2, 473, 
Sc. reſpectivelyh) we ſhall, alſo, have 


Flu Fs. ann 8 3 + 11. c 


4 3 — X 
4741. n 1711 
Flu. -, | 
Flu. 3 = «Side ee + — 


Flu. 4 3%, 
Sc. Se. 5 of 


} 


s 
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Whence, by ſubſtituting theſe Values, one by one, in 
that of, Flu. x 57, we get 


Flu. 9 — * "off + = re x * 1 
„ 5.9 api 


of} * 


142 —1 a” gn 1—1 77 n+; 
X Flu. x? r 
wx 57 y — 5 
| q«+qtIe7z 
— Yu —.— 4 r=2.c 
1.2 ＋1 9＋2 . n q+q+1 .9+2 


_ = 
2 _ gn 3 — = me — 4 — . _ 5 — — 
> r e 6 ad. > a to af 2 — my — * * — . 1 
Ea Nt: ] u FRO EE ara. _ 3 a 
f 5 4 — at D Pl * . 1 . . 4 — 8 
2 — — — 8 — * WAS * — —5 == - — n a 2 My. . - n — 
LI INE G > So : — 241 1 Py —— . — 2 
2s * - * N KC = . 7 1 * py * 0 *** 


Flu. x Mm = 2 + — J 
* q-q+1.n 


7.771. 72 „ 7.71.72. 73. 
Sc. Where the Law of Continuation is manifeſt; and 


— on 


— 
- * —— * : 


„ 
— — 
— * 
2 hg 
E S-. = SL, 


3 
LET 


whats; by making 3 a general Multiplicator, we [ ji 
ſhall have the very Series above exhibited. | | | 

350. From the Equality of the two foregoing Ex- | i 
preſſions, for the Fluent of FO X 5 (or | l: 


x7") the Buſineſs of finding Fluents, by infinite 
Setieſes will, in many Caſes, be very much facilitated. 
For, in the firſt Place, it follows (by dividing both by | 


3 an r+Þ1 gon 
+ | * b 
i RP, , or =) that the Serieſcs 1 ＋ 


qna qua 


— 

22 1 5x. S+2 . % 5 
q+1. a q+1.. q+2. a* * 
14 rey 1 1. 11. 1-2. 2 


q+1.x 7 772.973. x3 


&c, muſt alſo be equal to each other, let the ſeveral 


Quan- 
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Quantities, therein concerned, be what they will (which 
may be otherwiſe proved, independent of Fluxions.) 
Therefore, if in the room of g and s we write any other 
Quantities p and t, the Equation will, till, hold, and 
will then become 1 + or. o 4 4 rake r. 4 
pT. 4 PTI. T2. 4 


2n 
1. 11 e* 
2 Ce. 


+ U == X 1+ LL—+ LL 
PPI. „ pti.p+H2., at 
(t being = p+-r.) | 
Moreover, if as many Terms of the firſt Series 14 
I 2 EL IF, OO, Fn Fagan)! 
141. 4 g+1 .q+2. 45 771.72. Pz. a: 
Sc. be taken as are denoted by any given Number v, 


and the laſt of them be repreſented by Q, it is evident, 
from the Law of the Series, that the firſt of the re- 


2 | * 
maining Terms will be expreſſed by Q. X Ar de 


the ſecond, « b + „ 
e ſecond, of them, by AN IS X a * 


E &c. and therefore the Sum of all of them (putting 
a 

g+v=þ and v (=r+q+v) t) will be = 2X 
t n f fot co 

3 cy _— ee ee Se. = 

„ „ 


ty" K 1 + 21:9” . 


Pa Pp. a PpTI. p+2 . 43 
5 c) X 14 rey" + 1 71 KN ee. 
P& p+1. x PTI. pÞ+2.x* 


(by writing the Series found above in the room of its 
Equal) and conſequently the whole Series (including 


the v firſt Terms) =71 4 = 
| 7741. 4 


4 
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Fr 542 N oy + X 1+ rey” + 
x | 


g+1. 272. a* y PI. x 
1 r—1 „ 72. c ve "= 


FI. FZ. FTI Tz. 


a f 9995 . 9,74 > 
Which, drawn into the general Multiplicator 


qna 


(vid. Art. 347.) will give the Fluent of a—y x; 
(or xy) according to a new Form, compounded 


out of the two preceding ones; where the ſecond Series 
(the Value of p being large in reſpect of 2) will al- 
ways converge much taſter than the remaining Part 
of the firſt, for which it is ſubſtituted : But this will, 
more fully, appear from what follows hereafter. It will 
be proper to take notice here that the Fluent of 


——— 

a+” Xx"; (the Fluxion firſt propoſed, where 
the ſecond Term under the Vinculum is poſitive) will 
alſo be had from hence (by writing z for y, m for r, 


mt 1 


and — c for c) and is therefore equal to 
quad 
drawn into the Sum of the two following Serieſes, 


PPC 
1— STC 1.5 4-2. c*2 S$+1.5+2.5+ 2.32 


VVV 


ten 3 mez m. 1— 1. cz 


P PI. - PHTI. P22. X * 
A 
. - 1. 1—2 . c 3 4- Se. : 


Fo of e ei 


Where, n, p=v+94, t=s+v, x=a+cw>?, 
and 2 = the laſt Term of the firſt Series continued 
to v Terms, v being any whole Number, at pleaſure, 


A few Examples will ſhew the Uſe of what is above 
delivered. | 
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: | — 1 
351. Ex. 1. Let 7 or I+ 2) - 2, be propounded, 


3 
Which being compared with a+") X . we 
have a=1, c=1, n=1, =I TZ, m=—1, gn—1=0, 
or q=1 ; whence alſo 5s (mg) =o, p (v+g) =v+1, 
# (s+v) =v, and conſequently the Fluent itſelf (by 
ſubſtituting theſe ſeveral Values in the laſt general The- 


: 2 5 23 (©) 22. 
orem) S ⁊ into 1 — — + — — — ( —. 
5 2 20 2.3.23 

X 1.+ == 


V+F2.x T v+2.v+ 3.x* vÞ2v+30Þ+4. 
c. Where (©) the laſt Term of the firſt Series 


3 d 2 
being + =—, the Multiplicator Ke ) to the 
U 


I. 4 
E 
Second, will be = 5: -; and ſo the Fluent itſclf 
SI. 4 
* 23 2+ 2 r 
will be reduced to a — 2 + -— — (v) F = —xy 
3 + U+I.x 


1 


* 2 
— 4x —— Se. i 
By —_— > + os. In which 


the Signs — and ＋, before 21, obtain alternately, 


according as d is an odd or even Number. But, to 
ſhew the Advantage of expreſſing the Fluent in this 
Manner, by two different Serieſes, let z=1, and let 
be taken = 8; then the Value of the firſt Series (con- 
tinued to 8 Terms) being = 0,60345238 &c. and That 

| F 2 D 
of the ſecond Series = FT _ 4 pong oo 2 5 


E 
—— 55 Sc. (where 4, B, C, D &c. denote the Terms 


preceding thoſe where they ſtand) = 0,0555555 + 
0,0027778 + 0,0002525 ＋ 9,0000316 + 0,0000048 
+0,0000009+92,0000002==0,0586233z it is 1 

that 
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that the Fluent of — when 2 becomes — I, will 


be = 0,6345238+0, 0586233=0,6931471 : Which 
is true to.the very laſt Decimal Place ; and would have 
required, at leaſt, 100000 Terms of the firtt, or com- 
mon, Series. 5 


352. Ex. 2. Let the Fluent of ——=; (expreſſing the Arch 


whoſe Radius is 1 and be 2) be required, 
In this Caſe we have a=1, c=1, n==2, x=1 +22, 
MZ —TI, gni—1=0, or q 22, =-, pur, 
23 2 27 


and the Fluent itſelf = X — — 5» 8 (v) + 


7 
2v+r 2,2" 2.442 
1 2 — — — 
2v+I.x 20 3+. 2v+3. 205. * 
2. 4.0.2 


— CS. Where, if 2 be taken 


20 ＋3. 20+5. 2U+7 . ** 
=I and v=6, we ſhall how 1— TSS + 


—+ x Xx 1+= TEERESS -xX= x 


I 
5 
ry ; 
1 


9 &c, = , 785 398 = the Fluent of oy when 2 


1 (S; of the Periphery of the foreſaid Circle) 
Which Number, brought out by taking, only, 8 Terms 
of the ſecond Series, is more exact than if 100000 

8 1 I 


Terms of the common Series 1 — > 22 = = 


had been uſed. And, if z be taken = 8 4. (= 


Tangent of 30 and =; as before, the ſame Num- 
ber of Terms will be ſufficient to give the Anſwer, true 
to twice the Decimal Places above exhibited. 


Dd 2 | 353. Ex. 


B —— — - — * 2 D : l = 5 — 
— — — —— —— In — —— = 
CI — —— — — — nn 2 - : - 
— — — = = — . — "= — * 4 _ : —_— r — — — — — 
- p > >. - > 1 — - 7 — : -> 2 _— 2 
2 —— — RS — CIS —— 'L « 4 - 
- - a 8 . — * 


== 7 = 
== 
—— ies 
EEE = ARE AWE EE EZ, 
* * T _ C 
. 


— — 


— 1 ä N = * 2 . * - N — * — * 4 
N — — - - = — - bh ”- 3 ke * — — 3 Fe — CW AE nem, TE, — — — 5 — 
— — — 8 — 2 e =_ Far ” i = * 2 S r 4 «SORE — =" wt. - r — = ACS el SIR IS - — — a 1 — — 
—— —̊B Cw — ie 2 : — — — — — _ * — 8 = 2 — 2 "——_ — . DEA —— —— — . —„- — 
* — — = 3 - Dn ee = >" = PS >> £ * = — — — — — — — = — — — 8 — — — - - = 
; > —— — — ele a> — —2 S — — - "7 = 4 7 — — —— = 
— - p ” n - — — . — — — —” 
- — ds. ME — — — i... . —— — — — _ — A hg IS ö z 7 x . 5 
- — = - = 8 — 22 — in ee ie DE w —_—_—_— EEE IEEE —— — — = = = © — = _ — — — = 
— — I” - nll : * — : — — — — — 8 — — - . 8 8 1 — 2 — XJ — — — 
* : 2 en: 2% DIES — — — 5 — — - — — 5 5 x N Sz — : E 
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| Si 
353. Ex. 3. Let the Fluxion propoſed be e* + y* NY]. 
Here we have, age, c=1, z=y, n==4, ge, 
n, q=2, (% 4, Pb (v+9) =v+43 4 
(5+) =v +33; and therefore the Fluent ſought (by 


3 
Es, E 
5 n 5. ges 


L 11 4v+ 3-23? 
— (v) — = 1 | 
- ag () 4v+I.x 4v + 5.x 


Subſtitution) is = * 


2y* 


„ | $0.2" 


405. 4v+9 . x? 4 ＋ 5. 4 ＋9. 4 13. x3 
Sc. In which (as in all other Cafes) 2 denotes the laſt 
Term of the firſt Series. This Fluent approximates 
equally faſt with thoſe in the foregoing Examples : And 
it may be obſerved farther, that the Fluent will always 
converge, however great the Value of z is taken, if 
m — 
both à and c, in the general Fluxion a Te- K 25 
are poſitive Quantities. But, if the ſecond Term under 
the Vinculum be negative, the Caſe will be otherwiſe, 
when that Term becomes greater than half the Firſt ; 


n 
fince the Powers of , in the latter Part of the 
* 


Fluent, will then form an increaſing Geometrical Pro- 
greſſion. It may, therefore, be of uſe to ſhew how the 
Theorem may be varied fo as to anſwer in this Caſe. 
In order thereto, if in the Equations s=r+g, and 1+ 
1 F 5 
5 ＋ 1. c< E F 
711. J 11. 12. a* 1 


" 2.210 | 
1+ = + EE: &c. (given in Art. $50.) 
7 ＋I. X 1 ＋1 +4 +2, x* 


| 5 x 
you write # for r, and þ for 2, and multiply by : 


you 
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you will have s=#+þ, and 14 + 
| Fog 

. EA oy 8 2 175 +1 2. yy” 

PpTI. TZ. x“, a p+1.4a 

+1 T2. 1 8 a 

PTI. T2. a2 4 


Morcover, if the v firſt Tn of the above Series 1+ 


e Ak. — or Oc. be taken, and the laſt 
TI. «„ FTI. T2. * 


of them be denoted by ©, it is 8855 the firſt of the 


remaining Terms will be = DX EE x ea , 
EPI F—V 625 
the ſecond = N To * =. een 


and the Sum of them all (putting (Hop 2 and 


2 equal to —. Vo. > off Fo Ten, 239] fey 


P r. 
2 8 Fx * 3 e 128 yi 15 5+1.9% 
p+1.p+2.x* . p+1.0 


+ L Sc. (by the Equation above) and 
p+1 0 p+2 . a*® 


conſequently the Sum of the whole Series (1+ 


1 


771. 


Ich 

8 N (+1: 9+2. 4. 

rin : 

1. 1. —2. 2 (5 + #71 <2 x * 
7. 972. 273 * %0 p 


my STE Wa OT OR 
14 Z. er which, 


PT. 4 PTT. T2. 4. 
| Dd 3 mul 
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3 5. a U 
multiply'd by , gives the Fluent of a — 9 
an 


* Art, 348, X97" 0 or 1 % 1) where = r — b, p=v 


349. 
| +7, s (=i+þ) Sr and & a-. I ſhall put 
dov'n one Example of the Uſe of this laſt general Ex- 


7 
a where we will take Y, or 2 x 


* * (being the Fluxion of the Area of the Circle whoſe 

Radius is Unity and verſed Sine y) In which Caſe, 

a=2, cl, i, rtf, irt. of b t= 

-r, Du, $==2, x=2—y ; and therefore the 
3 


F. c " 2x%y* + Uh n 
uent 1lought = into 1 8 
gar : 3 ＋ 7 
8 3 ** 3y 
5.7. 9 * 757.9 11K F 9.11. 13K (v) 
2 2 35 5 5 
NN 17 
20+3. 2 +3 a2v+5.2v+7 
3-4. 593 


= &c. Which, if y be taken 
2v+5 . 2v+7 . 2v+9 g ich, If y aken 


wx; and v=5, will become = 3 + — —— +- 


5D 
11 +: _—_ + = = + 7 + 75 0 , 785 398 


(where A, B, C hi e the A Terms, re- 
ſpedively, without their Signs.) In bringing out which 
Concluſion, ſix Terms of the ſecond Series are required: 

But if y be taken =5 the Radius of the foreſaid Circle, 
then four Terms of each Series will be more than ſuffi- 

cient to give the ſame Number of Decimal Places. And 
it may likewiſe be obſerved, that, although no general 
Rule can be laid down for aſſigning the Value of v, fo 


as to anſwer the beſt in all Caſes, yet the Concluſion 
will, 
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will, for the general Part, require the feweſt Terms, 
when the Number of thoſe, taken in each Series, is 
nearly the ſame. _ 

354. But, after all, another Theorem or Series, till, 
ſeems wanting, to expreſs the Value of the whole Flu- 
ent, when the Quantity under the Vinculum becomes 
equal to Nothing (which, in the Reſolution of Problems, 
is, commonly, what is required.) For, it is plain the 
laſt, above given, anſwers no better, here, than that 
preceding it; becauſe (the Diviſor (x) being Nothing) 
the former Part of it fails. 

In order, therefore, to determine a proper Form, to 
obtain in this Circumſtance, it will be requiſite to ob- | 
ſerve, firſt of all, from Article 286. that the whole a 


Fluent of — X X . ſuppoſing that of 


m — 
b 2 'z to be denoted by 4, will be truly 
p >, pt ,, t2 #7 
expreſſed by — * 73-7 * 4 (v) a n 


which ?z=mp--1 ; and where it is requiſite that the 
Values of m+1 and p ſhould be poſitive, otherwiſe, 4 
being infinite, the Fluent (or Compariſon) fails. Hence, 


KARL 1 
becauſe the whole Fluent of a—b2"" X z E, (when 


i 


m -i XN 


Way *, it follows, by writing this Value in the Room of E dg 
A, and expounding þ by 1, that the whole Fluent of 7" 


a—bz" = 0) is found = „by the common 


m 5 1 
a—bz” Xu f nz js rightly expreſſed by SIT X 


2 2 | tots b 1 * 
— 9 * 3 or 
mÞ3 X m44 9) i a 
— XK — e e — : Whence 
=* n 97) o+1 X bet! 


Dd 4 -_ ous 
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That of a—b2” Nx PT: by ſubſtituting r inſtead of 


1 
v4-1, will conſequently be equal to 53% 42 


mr | | 
- —=+: ; (r) K— . Tet this Quantity be denoted 


by B; then, by the ſame Article, the Fluents of the 
Bz B5¹ 53235 G 


ſeveral Terms of the Series I, —, — , 
| a a a3 


drawn into the general Multiplicator a—bz* a > 3 a 84 
will be, reſpectively, expounded, by thoſe of the Series 1, 


— RE rr Eee 2 Sc. drawn TOs B; t be- 
f. 1 t. 11. 12 
ing =mr+T. 


. | | 2 * 
If now the Differences of the Quantities 1, . 


= 


E; . T. 

Equal —m—1 be ſubſtituted, the Value of any Term 

of the Series, whoſe Diftance from the firſt, excluſive, 

is denoted by s, or whoſe correſponding Tm in the 
Si 

preceding Series, is to » Will be univerſally ex- 
a 


preſſed by 1 E 1 LE EH 


4. 11. == . m2 . m3 ec. Where 
" ; 3 


1. 2.3 X 1.41. 2 
if 5s be interpreted by o, 1, 2, 3 Cc. ſucceſlively, you 


Sc. be, continually, taken +; ak for r—=t its 


will have the Values 1, —, hn * Sc. above exhi- 
CITY +1 | 

bited : But, if s be taken as a Fraction, then the Value 

of ſuch an —— Term will be ſound as will give 


the 
Þ+ See my Mathematical an p. 94. 
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the Fluent of *=_. 


_ X e X22 , in any pro- 
a 


poſed Circumſtance of 5; which Fluent, it is evident, 


will therefore be expreſſed by B X 1 — — 


* 
— — — — ſBkl 
. . or its Equal — X 
1 t.t +1 | —_— 

; mtr | 
. (r) X 0 . 
m2 m—+3 rnb” ROW 
I mb, mt pl int; 

2 .t+1 3 -i+2 EY 


G &c. (where E, p* G Oc. denote the Terms im- 


mediately preceding thoſe where they ſtand, under their 


proper Signs.) Whence, dividing by 2 „ we have 
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ET 4 i . T 
—}. m2 
XE, c. for the true F luent of a—bz* * 
2. t+r 
unt 
2 5 


From the laſt Fluent hat of a * 28 * 


(in which p denotes any poſitive Fraction, vi hag 
or improper) is very readily obtained: For, if the 


ſame (when — 0 be denoted by d; then the 
Fluent of a—bz" ** n will (according to the 


Article above quoted) be expreſſed by 227 X 


+2 of #0 
AT X 5x m+3 (v) X 77 3 ſuppoſing v any 
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poſitive Integer. Therefore, by making a—bz"® * * 


z 14 = a—bz" NN . r + . pu, 


the correſponding Fluents muſt, alſo, be equal; that is, 


1 i 
fer f © 8 
an *ptv _—_—__ 


* (1) * 8 And 


— 
conſequently 4 (the whole Fluent of a—bz" X 


p+mbr pbEmb2  p+m+3 
* A IT IR CY 60 Xp 


3 my 
= 273 0 * 2 X into the Series x 
2 mh LEG —1 2 1 . 3 
er 2. ITT 3. t+2 


— G &c, where t=r+m+1 and 3 = + 
4.173 

v—r; v and r being any whole poſitive Numbers at 

pleaſure. 


355. An Example, or two, of the Uſe of this Con- 
cluſion, may be proper. 


8 


1. Let the whole Fluent of 1 *£ (expreſſing 


the Length of & of the Periphery of the Circle whoſe. 
Radius is Unity) be demanded. In which Caſe, a be- 
ing 1, b=1, * — — 25 2 2, Pr, [= r+ 2 


, 20—2r--I 


he will, 5 (by ſubſtituting theſe Values) be 


the Fluent 


bad = = x 2 — X LX — 
a ** A5 OK 


\ 
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ROE into 1 — 1. 202r Fi _ . 
wed | 2. TPI 4. 2r+3 
. e. Which, 


6. 2r+5 8. 2r +7 
by expounding v by 5 ander by 3, will become = 


2516719 Sc. into 1 Da eg nant 
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"oe 13 1 ＋ 7% — A Far. 5 Fre. 


In the bringing out of which Value, all the Terms above 
exhibited are requiſite: But, of the common Series, 1 * 


i FT. 1.3+5 


Faris of PR „ more than 10 


times that Number of Terms would be neceſſary to an- 
ſwer with the ſame Degree of N 


Ex. 20. Let the Fluxion propoſed 5 — 9 EA 


#4 
x* A. — x* ae 12 
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1 a 

= 2,621 5%: Which is to 2 Vd, the Time of De- 
ſcent along the vertical Diameter of the foreſaid Circle, 
as 2,6215 to 2,8284, or as 100 to 108, nearly. 
After the ſame Manner the Fluent will be found in 
other Caſes: But, with regard to the aſſigning of the 
Values of r and v, it may be obſerved, that the An- 
ſwer will, commonly, be brought out with the leaſt 
Trouble when v is taken greater by an Unit or two than 
7; which laſt Quantity muſt be greater or leſs, ac- 
cording as a greater or leſs Degree of Exactneſs is ne- 
ceſſary. From the foregoing Expreſſions, by varying 
the Values of v ander, a great Number of Theorems, 
for the Summation of Serieſes, may be deduced. But 
this being foreign to my preſent Purpoſe, I am not at 
Leiſure to purſue it here. 8 

356, Hitherto Regard has been had to Fluxions of 
the Binomial-Kind : But, from thence, the Fluents of 
Trinomials may alſo be found; when theſe laſt can be 
reduced to Binomials (by Art. 307.) without introducing 
new Radical Quantities, ——Beſides which Method, I 
ſhall, here, give another, which will anſwer where that X 
fails, and is alſo applicable to Multinomials. 


* 
In order thereto, let the Fluent of arc“ X 


5 be denoted by 4; and let it be required to 


find, from thence, the Fluent of the Radical Multi no- 


ä m 
mial, or Infinite Series, a+cx"+dx*"+ex3"Þ+fx®" Cc. 
N . 

Make ca c + di þ x3" + Ec. and y=af"; 


then, x" being =3* , if this Value be ſubſtituted for 
3 
*, in the firſt Equation, it will become cæ cy * + 
2. | 5 
dy® + ey® Sc. Whence, by reverting the Series, () 
| Art. 
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Art. 275.) y (*) is found = zf" + Ref ** 4 
27% . 72 . Ge. 


A ens: 5 x5 + þ. +4 e 


4 by taking the Fluxion of the Equation 


thus wa out, and dividing by pn, we have af” *'z 
= 2 . 9 K 
+ ths, X ptr, + &c. 

Now let this Value, with that of ca ＋ d + ex" 
+ Sc. (given above) be ſubſtituted in the propoſe 


Fluxion, and it will become a+cz" F "> £6 OFT 
— — 
p 7 


Alſo, bes v denote the Place, or Diſtance, of any 
Term of this Series from the firſt, excluſive ; then the 
Term itſelf, drawn into the general Multiplicator, will 

nA. 


be expreſſed by a+cz" X Th” (A 


being the correſponding Coefficient R, $, T, &c.) and 


mr 
the Fluent thereof by 2 ANAT Xx 


7 
— S 
ers —— nc! 1. 5. 1. nc 
24 „ A 4A 
* Ar * 0 5 A 


2 4 Where, 


* RZ e . LX Se- . an 
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—— Art. 283. * 
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Where, qzp+v—1, s=m+q, t=jÞm+1, and the 
Sign of the laſt Term is + or —, according as v is an 
even or odd Number. Now, if in the Fluent thus gi- 
ven, v be expounded by 1, 2, 3, 4 Cc. ſucceflively, it 
is evident the Fluent of the whole Expreflion will, in 
all Circumſtances of z, be obtained. But, if the Co- 


efficient c be negative, ſo that ac may (by increaſing 
=) become equal to Nothing; then, in that Circum- 


— —  - 


ſtance, the Fluent of the foreſaid general Term ac 
X 2 5 A f-, (or a—b * * 3 


2 


p Pp 
. making — c =b) being, barely, = X 
p+1 +2 PTV Aa * 


re aa PX IX 


„ it follows that 


a” 


the whole Fluent of the given Expreſſion, or its Equal, 


6 — 


a- b XMP "+ 2 pet 1 c. will be truly 


PI. N +2. 80 
repreſented by A X 1 72 ＋ A _ 7 


p+1 .p+2 .p+3 . Tas : . 
* FE: ba Sc. In which, R=, 


— — 


r o— _ #$-$+4.3++5 
S = A RN. T= X 


O 


a3 "KL py WY 
77 1 2 P74 X 75 * fr, Sc. and A = the Fluent 


m 
a—bz) Xz 2, when a—lz" = 0. 


357. Hence, if the Fluxion given be of the Trino- 
mial Kind (then, e, /, &c. vanithing) che whole Fluent 


of 
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a of ab" - Pi N (when a—bs" + d 
- = 0) will, by ſubſtituting for R, 8, T, &c. be=A Xx 
t 3 N 
N p.pÞ1 p.pbreptn pts of 
: 1 ; + $72 1 7 — 0 + 
8 — r m . — 1 
„ þ+1. p+2. : 

x fp: E 2. A. 2 Stu 
= 1.2.3 » t 1-1 .t42 | 
| 358. If m+1 and p are the Halves of any odd Affir- 

mative-Numbers, the Fluent of a—bz") X 

when @ — bz" = o, will be equal to 
X 1. 3. 5. (nF) XI. 3.5.7 (þ—z) 42 f 

2. 4. 6. 8. 10. 12 (m+Pþ) 9 F, v7 orga” 2g 
X 7 

at 


G being the Periphery of the Circle whoſe Diameter is 
| Unity, Therefore the Fluent of ab e ex Se 


„ 3, or its Equal, a—bz" X hs 5 3 
p - 


x Ref" == &c. is found, in this Caſe, bymultiplying 


p+1 R + &c. 
tb 


359. An Example or two will help to ſhew the Uſe 
of what 1 is above delivered. 


F irt, 


* 


* 4 
a* _ 2 — 
raa 


let the Fluent of 


quired. 


— 
2 


ans =) 
Then, by comparing a* — x* — with 


the 


the Expreſſion here given, into the foregoing Series, 14 


(when the Diviſor becomes equal to Nothing) be re- | 


Og SES | 
I „ = A 


3 
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3 * 
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— — — 
* * — 


—_— 


4 16 © The Manner of making Fluents converge, 


—_—— 


| 2 2 | 

the general Trinomial a—bx" + d Xt; it 

appears that a* muſt be, here, wrote in the room of a, 

and that u, m, p, b and d, will be interpreted by 2, 
3 3 | 3 

— 2 ei, and — — reſpectively: Whence we 


3 
| 7.2.5 (n X 1.3.5(þ—Z) 
f CK ho (wIN) 


4 G 


5 


G . | G 
= and the Fluent ſought = * 


TCC... 
1 7 Tak car 2:2.4.4.6.673 f S. 


360. The ſecond Example ſhall be; to find the Fluent 
expreſſing the Ap/ide-Angle in an Orbit deſcribed by 
means of a centripetal Force varying according to any 
Power of the Diſtance. | 


In which Caſe the given Fluxion being 


— 


— e bo IN (Vid. Art. 242. 
= 5 = 

x 7 e 

n p * . 

where A is ſuppoſed the higher Apſe, and CA (and 

conſequently Cb) equal to Unity) we ſhall, by putting 
85 n+3 


I—p* =P, 1 u, and 1 — x =y, reduce it to 


. VII XN "ICED 
— . 
1 —y X By +* m—_— 


I — vV 


' 52 , ; 2, pg 
2 — 215, —— „er 
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LE. | 
X YTD DTT. Where the Quan- 
| tity 


— * — OO I IO 


— 


The Manner of making Fluents conver ge. 417 


tity under the Radical Sign (now anſwering to the 
Form above preſcribed) being compared with 


— — 2 
— + dx*" ex Ec. s We have mM = — 2. 
„ 4 —2 D. 


E 2 e 5 7 = — 
Sc. Alſo the Value of p with regard to the firſt 


A = 
Term (y 579 will be = f (becauſe pn — 1 =—2z) 


likewiſe its Value in the ſecond Term (y 5) is 2 3 in 


. 
— — c____ — — — gm" rn nn mg 8 — 
: —— = . . - ——— — 
IV It = <5 : — 3 — —— — — — <ir — 
A” i Wt, P — = < - = ” - 8 * 
2 : a» BILE > Wh es r = © = - 2 — — 24 * * * , 
* +8 . Þ $— * Ly 3 TY : 3 T 2," 8 C es 1 * — 
— — 3 —— — oe 1 = * 2 — ot, A” 8 — n 7 > fees © — —— 
- A IE ee F — — 2 — * 2 = < 4 — hob - = — 1 — * 
＋ — — OY * — 7 —— —— 
b % . _ — . 
— 8 = — * — , be 8 y f - . oy 
a — — 2 2 A 8 a "iy, 
. PSS. — — ES - — — — — 2 9 n D = ps by 
— =o Gn — — : 8 - - l = 
ntl coor —E—— ue reg ror ApS eo oO * re 


the third 5 &;. In the firſt of theſe Caſes we, 


d 
therefore, have t (m+p+1) = 1, R (þ X >) _ 


——_— — 


2 — V—2 . 4V—5 1 165 —3 790+22 
6-7 7 5 72 8 1645 ns 


Whence it follows, that the Fluent of the firſt Term 
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Quantity under the Radical Sign becomes equal to No- 
thing (or the Body arrives at its lower Apſe) will be 


G 
truly expreſſed by „ into x + _ .8 + 
2 | 
5. 2 « 4V—=5S a7 2. 169*—37v+22 82 
48 IE) 6X 4893 5 i 
+ Cc. 


In the ſame Manner it will appear, that the Fluent 
of the ſecond Term, in that Circumſtance, is = 
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2 


| | | 3 n 
| Sc. that of the Third = = — + 
35:22 83 c. that of the Fourth = — , 2 | 
I 2v3 | 293 
Sc. &c. 


Whence, the Fluent of the whole Series, by col- 
lecting theſe ſeveral Values together, will come out = 


G 20v*—50v+2 | 
„ I 82 
vis X1+z8+ 280 * + 
31 2y3i—6 3v*— 42v—8 


— — 83+ He. Which, drawn into 
| 4 


IXIi—Ep——qb— Ec. (the Value of 


5 5 — p cw f G 
the general Multiplicator 1 1—3) gives ——= X 
Va 
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— wo, — + © 1 WM kn 2 Wa 
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my 63 — 


G_—_e2 29-1 8” Y—2. 29—1. 29—1 


1 * + - 


48 * 72 
X 3 Sc. for the true Meaſure of the Angle required, 


—_ 


. ont arr: x = es 


in Parts of the Radius, or Unity: From whence, by 
writing 180 inſtead of E, we ſhall have the fame in 
Degrees: Which, laſt of all, by reſtoring u, becomes 


- "ye" V5 1—1 . 1 ＋2 6 _ 
== Ka +7 4 alas Sr, | 
V3 3 13 © 

I Tz. „ „ ſees. gi 


18 13 


Where » is the Exponent of the Law of the Force, 
whereby the Orbit is deſcribed ; and Þ, the Defect of 
the Square of the Meaſure of the Celerity, at the higher 
Apſe, below That which the Body ought to have to re- 
volve in a Circle, this laſt being denoted by Voug- 

| he 


The ſame Concluſion may be otherwiſe derived, by 
bringing 1—y, in the transformed Fluxion, under the 
Vinculum; but this Way of going to work, though 
we have but one Series to manage, will prove rather 
more troubleſome than the foregoing, 


It will appear from the two preceding Examples, eſ- 
pecially the firit of them, that this laſt Method of find- 
ing Fluents is, chiefly, uſeſul when all the Terms of 
the given Expreſſion, after the two firſt, in reſpe& of 
theſe, are but ſmall. Which is a Circumltance that 
frequently occurs in the Reſolution of phyſical Pro- 
blems; ſuch as determining the Effect of the Atmo- 
ſphere's Reſiſtance upon the Vibration of Pendulums ; 
and the /nequalities of the Planets ariſing from their 
Action on each other. In ſhort, wherever the Fluent, 
or the Quantity it expreſſes, would belong to the Circle, 
or ſome other of the Conic- Sections, were it not for 
the Interpoſition of ſome ſmall perturbating Force 
(whereby new Terms, ſmall in Compariſon of the two 
firſt, are introduced) the ſaid Method will be found of 
very great Service. 


Ee 2 8 EC- 
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Of the Motion of Bodies 


SECTION VIL. 


The Uſe of Fluxions in determining the Motion 
of Bodies in reſiſting Mediums. 


FRO. 


361. Suppeſing that a Body, let go from a given Point 
A, with a given Celerity, in a Right-line AQ, is 
reſiſted by a Medium (or any Force) afting according 
to a given Power of the Purcity : To determme the 
Velocity, and alſo the Space run over, at the End of a 


given Time, 


1 the given Celerity at A (meaſur'd by the 
Space which would be uniformly deſctibed in any 
oy Time v) be put = c, and that at any other 

oint B, =v; moreover put AB = x, and the Time 


A. — — Q 
0 — iD 


of its Deſcription x; and let the Reſiſtance, or Force, 
acting upon the Body at A, be ſuch, that, if the ſame 
was to be uniformly continued, the Body would have 
all its Motion deſtroyed thereby, in the Time wherein 
it might move, uniformly, over a given Diſtance 4 
(CD) with its firſt Velocity e. Which Time, let be de- 
noted, by t. | 

Then, ſince the whole Celerity c would be deſtroy'd in 
the Time t, that Part of it which would be uniformly ta- 
ken away in the Time 7, above propoſed, will be truly re- 


” 


preſented by 7 


becauſe the Spaces (e and d) deſcribed with the _ 
6 


Xc; or by = 3 which is equal to it, 
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Celerity are always as the Times (r and 1) of their 
Deſcription; and therefore 5 = 7. 
Hence, the Reſiſtance at B being to that at A (by 


Hypothefis) as v to c', it follows that the Velocity 
which might be deſtroyed in the given Time r, by a 
Force equal to the Reſiſtance at B, will be expreſſed by 
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ce v : Thy | 23 
— X —, or its Equal : Which Expreſſion is, 
a * 4 
therefore, the true Meaſure of the Force of the ſaid 
Reſiſtance. | 
Now, it appears, from Art. 218. that, if the Force 
with which the Body is acted on (or the Velocity it 
would generate in the given Time r) be repreſented by 
F, the Relation of the Meaſures of the Velocity and 
Space gone over, will be expreſſed by the Equation =vv 


= Fx : From whence, by writing — inſtead of 
| ew | 
2 vs SS 
F, we have — 6 = (the Sign of vs be- 
5 


ing negative, becauſe v decreaſes while x increaſes *.) * Art. 3. 
- : y . n—2 12 ? - 
From this Equation, we get * =— de v 3 


- —2 2 —— ft 
whoſe Fluent is x = — „ e + ; which, 


2—1 
corrected (by taking x o, and v c) becomes x = 


oh * 8 ＋4 2 a C 


Moreover, ſince the Time (=) is to the Time , as 
the Diſtance # to the Diſtance v, we alſo have z (= 


rx 8 


7 rde LE and conſequently z = 


Ee 3 


rd 


n—1I Xc 
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— 
— 


„3 TIL. = as 
—1 
8 
2 WY 


nu 


—— —— 


, 2 | 
Dy OA ( by 


a 
writing 7 for its Equal 2 : From which Equation 


we get © 
V 


1 


— — 
— — 


1+ NK 82 


Likewiſe, 


. | ' Cc 
from the preceding Equation, we get — = 


I 7 


1 
1 ＋ AX 


7 2—2 


: Which two equal Values be- 


ing compared together, there, at length, reſults x = 


5 — 2 
3 into 1 ＋ u IN 
H—2 


lation of x and z. 


Pl —2 


— — — 


1—1 


—1, for the required Re- 


Q. E. I. 


CoROLLARY. 


362. If n== 2, or, the Reſiſtance be in the Duplicate 
Ratio of the Velocity, the Equation exhibiting the Re- 


lation of à and v, will be 


becomes impracticable. 


Art. 126, — 


9 


C 2 | 
5 IT. ov=z 


— : But the other Equation (the F luent failing) 
1＋ | 
DE - 


Here x, the Fluent of — 


2 
byp. Log, 1 + 73 becauſe v 


will be explicable by d X hyp. Log. _ * or by 4X 


— 8 


2 
1+ 7 
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in refiting Mediums. 
In the like Manner, when z=1, or the Reſiſtance is 
as the Velocity, the Relation of v, x and z, will be 
exhibited by the Equations v = «c X = and æ tX 
. | a e 
hyp. Log. — = t X byp. Log. 7; Which Caſe, and 
that above, are the only two wherein the general So- 
lution fails, 
PROR IU. 
* 2 363. Va Body, let go from a given Point 
| A with a given Celerity, in a vertical Line 
B CAQ, is ated on by an uniform Gravity, 
T and alſo by a Medium, reſiſting according to 
any given Power of the Velocity; *tis pro- 
poſed to determine the Relation of the Times, 
AF the Velacities, and the Spaces gone over. 
Let the Notation in the preceding Pro- 
B | blem be retained ; and let the Force of Gra- 
1 vity, in the given Medium (meaſured by the 
Velocity it might generate in the propoſed 
| Time r *) be repreſented by 5. Then, Art. 362. 
this Value being added to, or ſubſtracted 
* 
* from { ——. the Meaſure of the Re- 
C "Un 
ſiſtance +, according as the Body is in its Aſcent, or + Art. 361. 
: ; * YN ; 
Deſcent, we thence get I + 5 for the whole 
| mo | 
Force (F) whereby the Motion, at B, is affected: A 


; — dow | 

Whence (by Art. 218) & (= — 2 |= - — + 

2 F ov + de” i 

x \ — 2 j 

and z (= =#J — . Whole Fluents Art, 361, N 
8 M ; 


Ee 4 may 
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may be had, by the Means of circular Are, and 2 Er 
N from Art. 331. 


Corollary I. 


of the Re- 


, * 
364. It appears that the Force (= 
ſiſtance is to (b) that of Gravity, in the given Me- 


dium, as v to bd“: Therefore, if this Ratio be 


expounded by that of v t to a", or a” be put = bac”, 
it follows that a will expreſs the Celerity with which the 
Reſiſtance would be equal to the Gravity (ſince, when 
va, the ſaid Ratio _— that of Equality. ) Hence, 


alſo, by ſubſtituting < LA for its Equal dc, we get 


L 5 : * 
ew 5 PL ; RES, — ra 9 
5 and z = be b 

7 
xv + a* | bXv +a 


CoRoLLaRy II. 


265. If the Reſiſtance be in the Duplicate Ratio of 
the Celcrity, our two laſt Equations will become ** 


— 4 d — ra*v 


x — 44 = 2 - 
3-> vo + ls OT NOR = "OO the for- 
* do 

mer whereof we get x = — I X hyp. Log. 5 
3 * c+ bd 

= 77, X hyp. La. —— ==> X Hy. Log, = prong 


(becauſe, here, a*= bd.) From whence, when v=0, 
(ſuppoling the Body to aſcend) there comes out x = 


"6, ce 

7 hyp. Log. 1 + —» for the Height (AS) of the 

whole Aſcent. But, if c be taken = o, or the Body 
: | be 


in refiling Mediums. 
be ſuppoſed to deſcend from Reſt, we ſhall then have 
— 8 X hy. Log. 1 — the Diſtance AB deſcend- 
ed. Whence, if N be put for the Number whoſe Hyper- 


bolical Logarithm is I, it follows, (becauſe, Log, 1— 


VU 2Xx UVU 1 


—=——7=—Log N that 1 — —= N and 
W= 


conſequently v=a — From which, the Di- 
ſtance AB being given, the Velocity acquired in the Fall 
will be determined. But, if the Body, firſt, aſcends 
from a given Point A, with a given Celerity c, and the 
Celerity, acquired in falling, when it arrives, again, at 
that Point, be required; the ſame may be exhibited in 
a more commodious Form, independent of Logarithms, 


1 7 
— e ; becauſe N, in this 
ps CC | 
I . 
aa 


and will be equal to 


Caſe, is found above to be = 1+ = Furthermore, 


with regard to the Time (z), we have already found 
— ra  —ra% 
that z is = , or = — = (= 


b X vv aa 


1²e 


= ) according as the Motion of the Body 
X ag — VU 


is from, or towards the Center of Force. Therefore 


the Time itſelf, in the former Caſe, will be = 2 


drawn into the Difference of the two circular Arcs 


8 
whoſe Tangents are and — „ and whereof the com- 


mon Radius is Unity *: Whence it follows that the e art 142. 


Time 
# 
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Time of the whole Aſcent will be denoted by N mul- 


tiply'd into the former of the ſaid Arcs. 


But, in the other Caſe, the Fluent, exhibiting the - 
Time of Deſcent, is not explicable by the Arcs of a 
Circle, but by the Difference of the hyperbolical Lo- 
ac „ FY | 

drawn into 23. There- 


an of 242 
garithms of —— and —— 
fore, when c = o, or the Body falls ſrom Reſt, the 


| a av 
Time z will be barely = 2 X hyp. Log. = = — 


"26 hyp. Log. N TM (by ſubſtituting the Value 


of v found above, and ordering the Logarithm as in 
Art. 303.) This Equation, in the foremention'd Cir- 
c 


CC 
cumſtance, where N = 1 + —_ and y. = —= : 
CC 
/ I + — 
aa 


bes 5 cc _ 
becomes z = þ X hyp. Log. ” I + —_— > 


SCHOLIUM. 


* That the Reſiſtance is as the Square of the Celerity, the 
Learner may, in ſome meaſure, conceive, by confidering that 
the ſame Boy, with a double Velocity, not only puts twice the 
Number of reſiſting Particles in Motion, in the ſame time, but 
alſo acts upon each with a double Force; and therefore muſt ſuffer 
a four fold Refiftance, or a Reſiſtance proportional to the Square 
of the Velocity. This aubuld be ſtrictly true, were it not that 
the Particles ſa put in Motion impel others lying before then, 
and thereby prevent, as it were, the Aion of the Body. What 
Deviation from the foregoing Law may hence ariſe, is not eaſy 
to determine. This, however, ſeems plain, that the Reſiſtance 
at the Beginning of any ver y ſawift Motion (till the Air in the 
Way of the Body comes duly to participate of that Motion) avill 


' be greater than That ſuſtained by another equal Body, moving 


with the ſame Celerity, that has been in Motion ſon.e time. 
a 
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a Ball, in the Time it might move, uniformly, over a 
Space (d) which is to of its Diameter as the Denſity 
of the Ball to that of the Medium, would have all its 

Motion taken away by a Force equal to that of the Re- 

ſiſtance, uniformly continued: Then, from theſe Data, 
apply'd to the Theorems in the preceding Article, we 
ſhall be able to determine the Velocities, and the Times 
of the perpendicular Aſcent and Deſcent of Bodies near 
the Earth's Surface; allowing for the Reſiſtance of the 
Atmoſphere. 

Thus, for Inſtance, let a Canon Ball, of four Inches 
Diameter (whereof the Denſity, or ſpecific Gravity, is 5 
to that of Air as 6000 to 1, nearly) be ſuppoſed to be 
projected, perpendicular to the Horizon, with a Velocity 
ſufficient to cauſe it to aſcend to the Height of half a 
Mile, or 2640 Feet, in vacuo; which Velocity (by Art. 
203.) will be found to anſwer to the Rate of about 412 
Feet per Second : "Then, according to the Proportion juſt 
now mention'd, it will be as 1 : 6000:: 3 X 4: 64000 
Inches, or 5333 Feet; which is the Value of d in this 
Caſe. Therefore, if the Time r, in the preceding Ar- 
ticle (which may be aſſumed at pleaſure) be here inter- 
preted by one Second, the correſponding Values of d, c 
and þ will be expounded by 5333F. 412 F. and 324% 
F. * reſpectively. Which Values being ſubſtituted in 
the ſeveral Equations in the laſt Article, we ſhall get 


1% a (SVN) = 414 F. the Velocity, per Se- 


cond, wherewith the Reſiſtance would be equal to the 
Gravity, or Weight, of the Ball. 
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d 
2 7 hyp. Log. 1 + — = 1835 Feet, the whole 
Height of the Aſcent. 
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® Art, 209. 


Of the Motion of Bodies 
. v (= 7 a ) = * che Velocity, per 
14 — | 


Second, acquired in the Deſcent. 


5. Laſtly, 32 X hyp. Log. (+ C4S = 
b Sg aa a 
11,30 Seconds, the Time of the Deſcent. 


Note, In this Example the Meaſure of the abſolute 
Gravity of the Body, in vacuo, is taken, inſtead of its 
Gravity in Air (the Difference, there, being too incon- 
ſiderable to be regarded.) But, in Caſes where the ſpe- 
cific Gravity of the Medium bears a ſenfible Proportion 
to that of the Body, the Force of Gravity (6) muſt 


be expounded by 32 l N 7 (inſlead of 32 1. 


where B is to N as the ſpecific Gravity of the Body to 
that of the Medium. 


PROB. III. 


367. To determine the Reſiſtance, by means whereef a 
Body, gravitating uniformly in the Direction of parallel 
Lines, may deſcribe a given Curve. 


Let ABC be the given Curve, and let BQ, parallel 
to the Axis (or any given Line) AH, be the Direction 
of Gravitation at any Point B: Make PBR perpendi- 
cular to AH and BQ; and let AP x, PB=y, AB =, 


BM (NZ) S, MN (Bb) =z, BN ==, and the 


Velocity of the Body at B in the Direction PBR =v. 
Then, the Decreaſe of Velocity in the ſaid Direction, 
which is wholly owing to the Reſiſtance “, being re- 
preſented by — , it follows that the correſponding De- 
creaſe. of Motion in the Direction BN, ariſing from the 


ſame Cauſe, will be expreſſed by 7 X — 9 =— 75 5 


* 
cc 


and, that in the DireRion BM, by — 7. But, the 


in reſiſting Mediums. 429 
Celerity in this laſt Direction being, every where, re- 


v ＋ vx 


preſented by v X 75 its Fluxion > will be the - 
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whole Alteration of Motion in the ſaid Direction, ariſing 
from the Reſiſtance and the Force of Gravity, con- 
junctly: From which deducting the Part. owing to the 


Reſiſtance, found above to be I , the Remainder 2 
will be the Effect of the Gravity. Which being to 


(—=) the Effect of the abſolute Reſiſtance in the 


8 7 * 
1 
11 + 4 
l 4 
n 
FY 7 
0 
13 
TY l 
: N 
1 
N &: N 
" 
7.5 + 
3d 
*S8g 
* 
1 11 
ine 
=”, 1 
+4 " * oY l 
* 
"9 N 
* 1s 
— 7 i 
138 
12 
$ p 
" 0 * i 
: ps 0 
1- 
| * 5 
\ 4 1 
N. » 
.* 
21 
A gt 
- <xM 
* . 
, 1 
8.5 * 
N i 
8 ö * 
1 3 
WT. 5 
} - 4A 44 
. * 
q * 
1 1 
1 14 1 L 
: 4 T7. 
== 
* . 
off - 
—_ .. 
4 ; 
x 
4 A 
ä 1 
2. 
— ” 
be 4 1 
N 
2 
. 5 
OS 
1 { 
114 
1 
£ 
. 
_** i 
at g 
g * 
44 1 
—_—_— 
= 
* 
1 7 
al * * 
vl 1 
FRY ? 
4] 13 
. 1 
* £ . 
+86 
15 - 
* 
* * * & 
7 
4 . 


Direction BN, as 1 to — : the Force of Gravity, 


muſt therefore be to that of the required Reſiſtance, in 


| e 
the ſame Ratio of 1 to — —. 
> Vx 


Moreover, the Force of Gravity, meaſur'd by the 
Velocity it would generate in a given Part of Time (1), 


being denoted by Unity, the Velocity generated thereby, 
in the Time (2) of deſcribing Bb, with the Celerity v, 


will likewiſe be truly expreſſed by, ©, the Meaſure of 


the 
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* Art, 212, 


Of the Motion of Bodies 
the ſaid Time: Which being put = to (=) the Va- 


lue of the ſame Quantity, given above, we thence have 


P= 2, From whence, not only the Velocity, but 


the Reſiſtance will be found. But, if you would have 
the Reſiſtance expreſſed independent of v; then let the 


Fluxion (2 =—=) of the laſt Equation be di- 
XX 
vided by the F luent, which will give _ =——: 
VE 
And then, by ſubſtituting this Value in — >=, you will 


get 775 for the true Force of the Reſiſtance, that of 


Gravity (or the Weight of the Body) being expounded 
by Unity. 


The ſame otherwiſe. 


Let BO be the Radius of Curvature at B, and let 
OQ be parallel to PB, meeting BM, produced, in Q 
Then, if the abſolute Gravity, acting in the Direction 
BO; be denoted by Unity, its Force in the Direction 
BO, whereby the Body is retained in the Curve, will 


B 
be repreſented by 505 Therefore, ſince the Veloci- 


ties in Circles are known to be in the Subduplicate Ratio 
of the Radii and of the Forces conjunctly ®, the Ve- 


locity at B will be rightly expreſſed by / Box ÞY BOX - 1 


or its Equal NB BQ. (For the Curve at, and . 


finitely near, B may be taken as an Arch of a Circle 
whoſe Radius is BO: And it is evident that the Re- 
ſiltance has nothing to do ü in forcing the Body from the 


Tangent, 
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Tangent, but only ſerves to retard its Motion ſo, that 
jt may, every where, bear a due Proportion to the 
given Force of Gravity acting in the Direction BO.) 
Hence, putting BQ = s, the Increaſe of the Celerity 


in the Time ( ——_ ) of deſcribing BN, will be ex- 
; 3 
preſſed by the Fluxion of V5, or I" Moreover, 
the Celerity that might be generated by Gravity in the 
ſaid Time —= being meaſured thereby, the Increaſe, 
5. 
in BN, ariſing from the ſame Cauſe, will therefore be 


2 * * ? 8 . 
= NS Which, being taken from 


( — the whole Increaſe, found above, the Re- 
25 


mainder, 


7— 


5 = will be the Effect of the Reſiſtance : 


Which is to the Effect, g , of the abſolute Gravity 
5 2x | 
2% * 


Gravity (or Weight of the Body) as 


to 1. Therefore the Reſiſtance is to the 
25 —8 
2 


nity: Where the Signs are changed, becauſe the two 
Forces act in contrary Directions. 


to U- 


23 


Becauſe BO = 5; *, therefore 5 (BO X ) S. an.68, 


yx 
93 


2 
E E 


(= the Square of the Celerity) whence 


1232 + * X x 


NN 


„ and conſequently the Re- 


ſiſtance 
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ſiſtance, found above, we thence get D = 


Of the Motion of Bodies 


„ TAY 
ſiltance ——— = EE XE 
2T 28 α 
as before. | 4 8 
CoROLLARY. 


368. If the Reſiſtance be ſuppoſed as any piven 
Power of the Velocity drawn into (D) the Denſity of 
the Medium; then, from hence, the Denſity of the 
Medium, at every Point of the Curve, may be deter- 


& 
2; the very ſame 


mined ; For, the abſolute 'Celerity at B being repre- 


ſented by 7 the Reſiſtance at that Point will, according 


| | n 
to the ſaid Hypotheſis, be as Wi XD; and therefore 
9 | 
the Velacity that would be deſtroyed thereby, in the 
| 2 87 
. a D 
Time #5 of deſcribing BN, as 7 * -2 : Which 


being put = (— py the Effet of the ſame Re- 


3 . a 


21 
7 


Which, by ſubſtituting for v and , becomes D = 


* 


» en 7 2 ee "= a 
2 RX Xx 2 


In this Corollary, and what, elſewhere, relates to un- 
equal Denſities, the Gravity of the Body in the Me- 
dium is ſuppoſed to continue, every where, the ſame, 


or, that the Attraction increaſes with the Denſity, ſo 


that the Difference between the ſpecific Gravities of 
the Body and Medium may, at every Point, be a con- 
ſtant Quantity, 


E X- 


LL as - ET WW , F% * 


© yy . 
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EXAMPLE I. 


369. Let the propoſed Curve ABC be the commun 
Parabola: | 


» 


; 2 2 
Then, * being here = 2, we have 432 22. 32 


⁊ 


W and & o; and therefore —=—# is allo = o: * Att zer. 


2x 


Whence it appears that a Body, to deſcribe this Curve; 
guſt move in Spaces intirely void of Reſiſtance: 


EXAMPLE II. 
70. Let the Curve A 


ABC be taken as a Qua- 
drant of a Circle, whoſe 
Radius BO is = a. | B 4 


In this Caſe we have 3 P Fa n 
(BQ) „ (=AO * 1 
Ap) whence 5 =— 4, | 


and therefore == = 6 Q. 


x "| FW | 
3 = 220 . From which it is evident, that the ® Art. 1444 
Velocity is, every where, as \/ BQ, and the Reſiſtance 


3 2 Gravity (or Weight of the Body) as 3PB to 
20B. 


PRO B. tv. 


371. The Centripetal Force (F) being given; to find 
the Reſiſtance and Velocity whereby a Body may deſcribe a 
given Spiral (or any other, poſſible, Curve) about the 
enter of Force. 


Let P be the Center of Force, and BO the Radius 
of Curvature at any Point 3 in the propoſed Curve. 
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Of the Motion of Bodies 

and let OQ be per- 
pendicular to BPQ ; 
alſo let BP =y, BQ 
=, AB = 2, BM 
=—y*, and BN 
== a i. is 
evident from Art. 367. 
that the Velocity at B 
will be expreſſed by 


* 


0/7 


or, its Equal, F: And therefore its Increaſe in the 

£ 3 sF+ Fi 

Ti — f deſcribing BN will be : 

2 (>) e 2 NV 
2 


: f wk 
From which, deducting (FX JF X =2) the Et. 


fect of the centripetal Force, in the ſame Time and 

2 2 22. is the Ef- 
2 

fect of the Reſiſtance. Therefore the Reſiſtance is to 


the centripetal Force as fats n 2 to We „ or 
2 A 


as . to Unity. 9.E.1 
E | 


Direction, the Remainder, 


EXAMPLE. 
372. Let the Meaſure (F) of the centripetal Force 


be expounded by any Power * of the Diſtance ; and 
let the Curve be the logarithmic Spiral ; putting the 


+ Art. 61, Co- ſine of the given Angle PBN + (to the Radius 7) 
1 Art. 24. =c. Then, being here = y , and 22 15 J, 


We 


2 n 
Force, as 


e have g++ 4 = he 2 24 3 
„ 
as” e Wa 7p 
Hence it appears that the Velocity muſt be, every 
| 1 7 1 


where, as y ; and the Reſiſtance, to the centripetal 


3 
— X— to Unity. But, when 1 =— 3, 
2 


_— * 7 becomes o; therefore the Body, in this 


Caſe, muſt move in Spaces intirely void of Reſiſtance . 


agreeable to Art. 233. And, if »+3 be negative, an 
accelerating, inſtead of a reſiſting Force, will be required. 


SCHOLIUM, 
373. If the Denſity of a Medium, wherein a Body 


moves, be either uniform, or varies according to a 
given Law, the Nature of the Curve, or Trajectory, 
may be determined from what is delivered in the pre- 
ceding Pages. ä 

Thus, for Example, let the Denſity be ſuppoſed every 


where the ſame, and the Reſiſtance as the Square of the 


Celerity then, from Art. 368. we have — =D: 


which, in order to exterminate z, may be transformed 


to £3 = + xx X D*## : Where, D being a conſtant 
Quantity (depending upon the given Denſity of the 
Medium) the Value of x will be found, as is taught in 


| | „ Fa 
Se. 2. Art. 208. 271. and comes out = 4 3 
2 32 
D? y+ f . h 
I. 25 Sc. In which p is put to denote the Para- 
F meter 
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Of the Motion of Bodies 


meter of the Curve at the Vertex, or higheſt Point A, 
(to be determin'd from the Force of Gravity and the 
given Velocity of the Body at that Point. his So- 
Jution anſwers near enough when the Reſiſtance is but 
ſmall in Proportion to the Gravity; in other Circum- 
ſtances, the Series not converging, it becomes uſeleſs : 
For which Reaſon, and becauſe the Caſe above ſpe- 
cified is That ſuppoſed to obtain, in reſpe to the Air 
near the Earth's Surface, and its Reſiſtance to Bodies 
moving therein, I ſhall ſhew, by a different Method, 
how the Nature of the Curve may be inveſtigated. | 

In order thereto, let the Celerity at the higheſt Point, 
A, above the Plane of the Horizon EC, be denoted by 
c; and let à be the Celerity with which the Reſiſtance 
is equal to the Gravity (vid. Art. 365. and 366.) 


A 
1 5 
5 


E H C 


Moreover, let d be put for the Diſtance over which the 
Ball might uniformly move in the Time that the Me- 
dium would deſtroy all its Motion, was the Reſiſtance 
to continue the ſame, all along, as at the firſt Inſtant 
(Which Diſtance, according to Sir Iſaac Newton, is, al- 
ways, in Proportion to 4 of the Ball's Diameter, as 
the Denſity of the Ball to that of the Medium.) 


Then it will be, as 4: £ (BN) :: 5» the abſolute 


2 


Celerity at B, to 7 ) the Part thereof that would 


be uniformly deſtrc ved by the Reſiſtance in the Time 
of deſcribing BN, with the Velocity at B: Which 


Value being alſo expreſſed by 2 (vid. Art. 367.) we 
there - 


in reſiſting Mediums. „ 


; VE 
therefore have 25 7 whence 7 = ——,and 


conſequently, by taking the Fluent, + = — hyp. 
Log. v; which corrected (by putting z=0, and v=c) 


ä c 
gives 7 (=hyp. Log. c—byp. Log. v) = hyp. Log. _ 
Furthermore, ſince (by Hypotheſis) the Reſiſtance 


with the Celerity 7 (at B) is to the Force of Gravity, 


VUZE 
or the Reſiſtance with the Celerity a, as 2 to a* ; 


and it appears, from the aforeſaid Article, that the fame 


þ 4 
to 


V 
= 


Ratio is alſo univerſally expreſſed by that of — 


T, it follows, from the Equality of theſe Ratios, that 
Vx 2 
5 = — . 
JY V3 | 
the Equation thus given, let the Tangent of the Angle 
PBA (or N) which the Ordinate, PB, makes with 


the Curve (ſuppoſing Radius Unity) be, every where, 
repreſented by ww : Then, becauſe z=w', 2 (/j5*+5*®) 


= jWi+u, and & ==; being conſtant) we 
' ſhall, by ſubſtituting theſe Values in the foreſaid Equa- 


But, in order to the Reſolution of 


| a" 3133 
tion, get — f = Wi+w*; whereof the 
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Fluent will be given, 5 * 20 Vi w*Þ T hyp. 


* 2 * * 4 * =» — 
Ss n. IE SG 


K* 
- 5 n — 


Log. w + W i+u* t: Which corrected (by taking t art. 126, 


bg 4 L a and 28 1. 


- . 
2 — 2 WW 1 +ww* 


=c and w=0) becomes 


n „ 33 
1 8 ” 74 


= AF 2 C — 


| Th C WY 
2 5 

+ 7 byp. Log w + Vis, Bit, to ſhorten the 3 J 
FF 3 re- 1 
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Of the Motion of Bodies 
remaining Part of the Proceſs, let the latter Part of 
the Equation, or the Fluent of aw W 1+w* be de- 


"0" | E 
noted by Q,; then >— being = a + Q, wehave v= 


ac 


2 


: 2 Porn BY 
3 d if tl 25% Mi — . Lo Der 
2 and conſequently — (=hyp. Log 5] 


From which two Equations, the Velocity of the Ball, 
and the Diſtance it has moved, when its Direction 
makes any given Angle with the Horizon, may be com- 
puted, let the Medium be as denſe as it will: Alſo, 
from hence, if the Celerity anſwering to any one given 
Angle of Direction be known, the Celerity correſpond- 
ing to any other given Direction may be found, together 
with the Diſtance deſcribed between the two Politions. 
For v (in the Deſcent of the Body) being, univerſall;, 


equal to 
aa 


ac | | 
= oy 2 the Value of c, expreſſing 
the Celerity at the Vertex 4, will be had from that 


7 


Vaa — 2 


c 
alſo x {= d X hyp. Log. <) = 4" hyp. Log. 


Equation, and comes out = ; whence 


a 


20 

S ====— 2 % X hyp. Log. 1— 2. 
2 0 
aa — 2 > aa 
From which, the Celerity at A being known, the reſt 
is obvious. 

But, in- the aſcending Part of the Curve EA, both 
2 and Q muſt be conſider'd as negative, or wrote with 
contrary digus: And then, from the foregoing Equations, 


| ac — 
we ſhall alſo get v ae 


«x00 gry TORY 1 — 
5 — 2 
7 | 8 — 4 -— — # 
A aa — Acc. Vaart: 


in reſting Mediums. 339 
00 x hyp. Log. 1— — 14 


hyp. Log. 1 _— x and, tow tngromade 22 —44 


x hyp. Log 1— — 2. 14 K byp. Log x + 2 


=4X hyp. ag — Anſwering in | this Caſe. 


It ſtill remains to ends ſome notice of the Values of 
x and y (in order to have the Form, as well as the 
Length, of the Curve.) Theſe, indeed, are not fo 
eaſy to bring out as I hat of 2z, given above; nor 
can they be exbibited in a general Manner, either by 
circular Arcs, or Logarithms (that I have been able to 
diſcover) but may, however, be approximated to any 
IO Degree of Exactneſs, as will appear from what 
ollows. 


Since z (= AB) is found = = + d X byp. Log. 


— — — 'V > by taking the F 1 5 EPR we get z 
2 | NIL 
aa + 7a Þ 2ccD aa ＋- 2c e SNN Fw) } 


\ '% ca 14 
==) EEC oo 
fd 


; WWW 
(= ww) 2 aa T2 Which Equations, by taking 


Therefore 7 (= 


r to 1, as a to c (or as the Square of the Force of 
Gravity to the Square of the Reſiſtance at A) are re- 
day GUY 


"RY 3 388 
duced to = FF 39 and #.= 22 Whence 


we get y=d into _L + - 
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Of the Motion of Bodies 
L. ILE . And S 4 inte 
N JZ 
Low + + wX I EDD —12, 
r+ 29 r+ 22 | 


=- &;, Theſe Expreſſions 
TN 2 


(brought out by aſſuming —＋)— + 


33 
F 


for the Fluent ſought, and proceeding as in Art. 340.) 


converge very faſt when » is large in compariſon to ; 
but in other Caſes the required Values will be had, with 
leſs Trouble, from the following Method, 


© 4 
. 
F be <A KK 
2 — A. > Be © S B 
m 
n. 
In 


Let PRT K and AMT M be two Curves, whereof 


the Ordinates SK and SM, to the common Abſciſſa w 


(= AS) are expreſſed by . and Ya eber 


tively: Then it is plain, from the foregoing Equations, 
that the Meaſures of the Areas of the ſaid Curves, mul- 


tiply'd by d, will truly exhibit the Values of y and æ; 
an- 


in refii ng Mediums. 


anſwering to any given Value of ww (or AS) the Tangent 
of the Angle of Direction; or, to ſpeak more geo- 
metrically, a Square upon AC (ſuppoſing AC = Radius 
—=U ity) will be to either of the ſaid Areas ASKP, 


or ASM as the given Diſtance d, to the Value of y or 
x required But now as to a Way for computing 
theſe Areas (without which what has been ſaid about 
them would be to very little Purpoſe) the Method of 
Equi-diftant Ordinates may here be apply'd to very good 
Advantage (when the foregoing Serieſes do not converge) 
By means whereof the required Quantities may, with a 
little Trouble, be brought out to a ſufficient Degree of 
Exactneſs, let the Reſiſtance be as great as it will. 
According to the ſame Way of proceeding, the Va- 
lues of x and y, in the Aſcent of the Ball, will alſo be 
found, if the Ordinates 5# and am, generating the re- 


quired Areas, be taken, every where, equal to => 


| =. I wo 
and 23 (inſtead of 0 and * 
From what has been thus far delivered, it will not 
be very difficult to calculate (according to the foregoing 
Hypotheſis) all the principal Requifites concerning the 
Motion and Track of a Ball in the Air, projected with 
a given Velocity, at a given Elevation ; as will be more 
clearly ſeen by the Example ſubjoin'd. | 
Suppoſe a Cannon Ball of 4 Inches Diameter (where- 
of the Weight is nearly ꝙ Pounds) to be diſcharged at 
an Elevation of 45 Degrees, with a Velocity ſufficient to 
carry it to the Diſtance of one Mile, on the Plane of the 
Horizon, were it not for the Reſiſtance of the Air. 
Then that Velocity, being the ſame as might be freely 
acquir'd in a perpendicular Deſcent of half a Mile *, Art. 366. 
will be found to anſwer to the Rate of 412 Feet, per 
Second, according to Art. 202. and 366. From whence 
it is alſo plain, that the Diſtance'd (ſo often mention'd 
above) will here be expounded by 5333 Feet; and that 
the Celerity (a) with which the Reliſtance would be 
equal to the Gravity (or Weight of the Ball) anſwers 
to the Rate of about 414 Feet per Secor.d, | 
. More- 


442. 


Of the Motion of Bodies 
Moreover, ſince the Tangent of the Angle of Ele- 
vation, or the firſt Value of w, is given equal to Unity 
(or Radius) we have D (C WV TI 4 byp. Log. 


w+ Vi FI) 1. 1478: From whieh, and v (= 
Ol 

412 l ), we get x (d X hyp. Log, 1. 8 

= 2025 Feet = the Arch deſcribed in the whole Aſ- 


3 | 4 
cent. Alſo c (= 7 wan >) = 1993 Feet, for 
1+ 


— — 


aa 


the Rate of the Velocity, per Second, at the higheſt 


Point : Whence r (= =) = 45314 3 by Means 


whereof the greateſt Altitude of the Ball, and the ho- 
rizontal Diſtance correſponding thereto will likewiſe be 
found : For let AF, in the preceding Figure, be taken 


i (the given Value of w) and let the ſame be di- 


vided into three Parts by equi-diitant Ordinates (which 
Number will anſwer ſufficiently exact) then the ſucceſſive 
Values of w, for the Ordinates AP, Is, A and TF, 
being o, 2, 4 and 1, thoſe of Q will be o, o. 3 394, 0.713, 
and 1. 1478, and the Ordinates themſelves (or the cor- 


reſponding Values of —— >) = to 0.2318, 0.2751, 


o. 3463 and 0.495 3, reſpectively. From whence, by 
adding the two Extremes to three times the Sum of 
the two middle Terms, and dividing the whole by 8, 
we get 0.3239 for the Value of a mean Ordinate +: 
Which, as AF is here equal to Unity, is alſo the Mea- 
ſure of the required Area AFTP : Which, therefore, 
being multiply'd by 5333 (d) gives 1727 Feet, for the 


horizontal Diſtance made good in the whole Aſcent. In 


2 3 


» + Sce p. 117. of my Muthematica! Diferiattgns. | 
f 5 the 


2 
— 


in roßting Mediumt. 
the fame Way the Area AFm is found = 0.1828. 
Whence the greateft Height of the Ball appears to be 
(= 0.1828 X 5333) =975 Feet. 


By taking AC=r, and repeating the Operation (only 


changing r - 22 tor +22) the Area ACTP will 
come out = 0.1883, and ATC = 0.0875; which 
multiply'd by,5333 (as above) give 1004 F. and 467 
F. for 8 and the Diſtance deſcended, from 
the higheſt Point, when the Direction of the Ball makes 
an Angle with the Horizon equal to that in which it 


. 


was projected. 


% 


But, to have the Direction when the Ball ſtrikes the 


Ground, and the whole Amplitude of the Projection, 
we muſt find the Value of the Tangent AB, when the 
Area ABL is equal to (0.1828) the Area AFm (fo that 
the Deſcent, from the higheſt Point, may become equal 
to the whole Aſcent.) In order thereto, let 0.0875 
(ATC) be deducted from 0.1828 (AFm) and the Re- 
mainder 0.0953 will be = CTBL; this, divided by 
TC (0.1513) quotes 0.63 ; which would be the Value 


of CB, if all the Ordinates CT, SM, Sc. were equal: 


But, as it is obvious from the Nature of the Problem, 


and from the Law of the Ordinates already computed, 


that BL will be ſomething greater than CT, and con- 
ſequently CB leſs than 0.03——I therefore ſuppoſe the 
Value of CB may be about 0.56; and, accordingly, 
proceed to compute the Area of CBLT anſwering to this 
Number; by means of CT (0.1513) and BL (o 1852) 
and one intermediate Ordinate SM. (0.1715) and find 


CT+BL+4SM 
0 . 
to come out = 0.0955 : Which is ſo near the required 


Value 0.0953, that it will be altogether needleſs to te- 
peat the Operation. It is evident trom hence, that the 


it (from the Approximation 


X CB} 


Fangent (AB) of the Angle of Direction, when the 


Ball itrikes the Ground, is 1.50 anſwering to 5759: 207: 
From whence, CBE T being found = O 0752, the 
whole Area ABK will be had = 0.2935, and conſe- 
quently o. 2635 X5 33321405 F. = the Amplitude in 
Lic whole Deſcent. | 

3 Fur- 
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Furthermore, from the ſaid value of w and that of 
c (= 1993) given above, we get z (d X hyp, 


Log. 1 + _ ) = 1788 Feet, for the Arch deſcribed 
in the Deſcent; and alſo v 142 f F. which multi- 
ply'd by 1.8527, the Secant of 57“: 20', gives 264 F. 
for — 3 of the Ball, per Second, at the End of 
its Flight. | ; 

Now, by collecting the principal of the foregoing 


Concluſions, it appears, 
A 
PN 


E 


10. That the Velocity at the higheſt Point A of the 
3 will be at the Rate of 199 Feet, per Se- 
cond Which is to the Velocity at the higheſt Point 3 
of the Parabola (Eac) that would be deſcribed, were it 
not for the Reſiſtance, as 2 to 3, nearly. 
2% EA = 2025 and Ea g= 3030 
3% EF=172y and Ef=2640 
4% AF= 975 and af =1320 Feet. 
5. AC=1788 and ac=3030 
6. FC=1405 and fe =2640 
7%. Angle C=575*®: 20 and e (E) =. 
89, Velocity at C to that at E, as 264 

to 412, or as 2 to 3, nearly. 


A 


Theſe Proportions, between the Diſtances, in 
Air and in vacus, hold at an Elevation of 45%, when 
the Reſiſtance, at going off, is nearly equal to the Gra- 
vity, or Weight, of the Ball. If the Velocity be greater 
than that above ſpecified, or the Body, projected, bg 

either; 


1 


in reſiſting Mediums. 
either, leſs, or leſs denſe, the Curve will differ, fill, 


more from a Parabola. | | 

Hence it evidently appears, that the Effect of the 
Air's Reſiſtance upon very ſwift Motions, is too con- 
ſiderable to be intirely diſregarded in the Art of Gun- 
nery,—” Tis true the Method 2 above is, by 
much, too intricate for common Practice; but when 
the Law of the Reſiſtance to very ſwift Motions is once 
ſufficiently eftabliſhed (which, according to ſome late 
Experiments, ſeems to be in a Ratio greater than that 
of the Square of the Celerity) it will be no very difficult 
Matter to find out proper Approximations to correct 
the Proportions in common Uſe, | 


"IR 


—_ —— — 4 


SECTION IX. 


The Uſe of Fluxions in determini ng the Ate 
traction of Bodies under different Forms. 


PROM L 


374. C\uppoſong AC e to AB, and that æ 
1 


Corpuſcle at C is attracted towards every Point 
er Particle of the Line AB, by Forces in tbe reciprocal 
duplicate Ratio of the Diſtances ; to determine the Ratio 
5 the whole Force whereby the Corpuſcle is urged in the 

irection CA. 

Put AC=a, and B 
let AD (conſidered 
as variable by the 
Motion of D to- 
wards B) be de- 
noted by x : Then, 
the Force of a Par- 
ticle at D being as 


: | 
CD? (by Hypothe- . 


bis) its Efficacy in * 


r 


445 
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the propoſed Direction AC (will by the Reſolution of 


11 AC 


> 
welt Top CD CD*®. CD3 55 158 


— | 
fore —— is the Fluxion of the whole Force; 
. Fat nas eee; 


whoſe Fluent, which (iy 4rt. 35) b 


ps 

= Tax will, when AD=AB, be as the Force 

itſelf. ; ; 5 2. E. J. 
PRO B. II. 


375. Suppoſing BCDE to repreſent a circular Plane, 
and that a" Corpuſcle H, in the Axis thereof AH, is at- 


tracted by every Point or Particle of the Plane by Forces 


in the reciprocal duplicate Ratio of the Diſtances ; to find 


the whole Force by which the Corpuſcle is urged toward; 
the P lane * ; 


.D Let AH=a, and 

5 „ Hb=x; then A}? 
— B =x*—a*; which 
multiply'd by (p= 
3514159 c.) the 
Area of the Circle 
whoſe Radius is U- 


nity, gives pxx a 
for the Area of the 
Circle Acdbe : whoſe 
Fluxion is = 2px. 
But the Force of a 
ſingle Particle at “, 


| 3 . AH 4 

in the DireQion HA, is as ng? or 7 (fee the laſt 
Problem) therefore the Fluxion of the whole Force is 
| truly 


2» dot ermining tbe Attraction of Bodies. 447 


a | 
truly defined by aps X 5 or its Equal Ar, and the 


Force itſelf by the Fluent of ===; which (properly 


—— — 


1 3 
corrected) — + ＋ = 2þ N * = 25X 


AH 
— — h 5 — HB. N 7 4 : ; 
oO. 2 8.1 
376. In the preceding Problems, we have ſuppoſed 


the Attraction of each Particle, to be as the Square of 


the Diſtance inverſely ; that being the Law which is 
found to obtain in Nature : But if the Force, according 
to any other Law of Attraction, be required, the Pro- 
ceſs will be very little different. 

Thus, let the Attraction be as any Power (n) of the 
Diftance : Then (in the* laſt Prob.) the Force of a 


Particle at 5 (upon H) being as x", its Force in the 
Direction HA will be as —X x" or ax"* 3 which 


multiply'd by 2p (as before) gives 2pax"x : whereof 
2pax"Fl_ 2p 3 


the Fluent © = X 


+ n+ i 
AH X BH — AH * will be as the Force required. 


PRO B. III. 


377. To determine the Attraction of a Cine DHF at 
its Vertex; the Attraction of each Particle being as the 
Square of the Diſtance inverſely, 


Put the Axis EH ga, the Length of the Slant-Side 
HD (or HF) = 6b, and AH (conſidered as variable) 
Sr: Then (by im. Triangles) a (HE) © 5 (HF) 


22 * 
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We Uſe F Fruxions 
| 1 | 
* (HA): HB = >. But, by the laſt Problem, 


the Attraction of all the Particles in the Circle 
BC will be meaſured by 25 X x — N 


— 8 
- (becauſe HB = =) „ Which therefore being 
multiply'd by æ, and the Fluent taken, we thence have 


= for the Attraction of ACHB : And this, when 


"IM 
x=a, will be, 25 X 5 , the Force of the 


whole Cone DEHF : Which, if HK be made = HE, 
and KG perpendicular to HE, will likewiſe be truly de- 


fined by 2þXEG (becauſe HG = Da): 2 E. I. 


CoROLLARY. | | 
378. Seeing the Attraction of ACHB is, every 


ax 5—4 
where, as # — 2, or F—X x, it follows that the 


Forces of ſimilar Cones, at their Vertexes, are directly 
as their Altitudes. 
PROB. 


in determining the Attraction of Bodies. 449 


PROB. IV. 


379. To find the Force of a Cylinder CBRF, at any 
Point A in the produced Axis; the Law of Attraction being 
ill as in the preceding Problems. y 0 


Put BG (= CG = A. 
RH) = 6b; and let AS | 
(taken as variable) = x 


Therefore AT b*+x*, 


and 25 X 1 r 


| 
(by Prob. 2.) expreſſes the 
Force of all the Particles 
in the circular Surface I8 T. 


K . 


is the Fluxion of the 


Therefore 2þ * 1 = 


b* + x* 


required Force : Whoſe Fluent (25 X * —— * Tx) 
when x = AG, will be = 2p A; but when 
«= AH, it will be = 2p X AH—AF: Hence, by 
taking the former of theſe Values from the latter, we 
have 2þ X ABFBE—AF for the Meaſure of the true 


Force by which a Corpuſcle at A is urged towards the 
Cylinder be | | x 


8g ; PROB. 


450 De Uſe of Fruxrons 


PRO B. V. 


380. The Law of the Force being ſtill ſuppoſed the ſame ; 
to determine the Attraction of a Sphere QABGS, at any 
given Point H above its Surface. 


Let BS be perpendicular to HG, and let HB be 
drawn; alſo put the Radius AO=a, OH, AH (b—4) 
= c, Hun y, and HB=c+x; then Aue, Gn 


=2a—yÞ+c,- and conſequently Ne (= 
AnXGn = BN = BH* — H!) =c + aV'—4* ; From 


2 2 2 2 
which Equation we get y = _— — —_ 3 - Jon 


2bc+ 8 + x (becauſe a+c=b.) Whence alſo 2þX 


A N 
26 XC 7 * 25K c 


Which multiply'd by —_— =y gives p <_ w_— 
for the Fluxion of the Wie Force; whereof the Fluent 


= 


in determining the Attraction of Bodies. 451 


in be the Attraftion of the Segment 
ABS: Which therefore, when B coincides with G and 


3 | 
x is = 24a, becomes Eo for the Meaſure of the 
Attraction of the whole Sphere. 2E. J. 


Corotlarky I. 


ä 7 
381. Hence the Attraction 75 at the Surface 


of the Sphere, where 5 is = a, will be =, and 


therefore is directly as the Radius of the Sphere, 


CoRoLLARY LI. 


. ; 
382. Since 1 is known to expreſs the Content of 


Sphere whoſe Radius is a 5, it is evident that the At- An. 14, 


. o{ 4pa* 1 
traction of any Sphere is, univerſally, as its 


36 
Quantity of Matter directly, and the Square of the Di- 
ſtance from its Center inverſely ; and is, moreover, the 
very ſame as it would be, was all the Matter in the 
Sphere to be united in a Point at the Center. 


_ Cororriaxry III. 


83. If inſtead of a Corpuſcle, or a ſingle Particle 
of + ons at H, we ſuppoſe another Sphere, having its 
Center at H: Then, fince the two Spheres, at O and 
H, act upon each other with the very fame Forces, as 

if each Maſs was contracted into its Center, it follows 
that the abſolute Force, with which two ſpherical Bo- 
dies tend towards each other, is as the Product of their 


Maſſes directly, and the Square of the Diſtance of their 
| g 2 Centers 
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452 De 27 of FLux1ons 
Centers inverſely: And therefore, if the Maſſes are 
June will be barely as the Square of the Diſtance. 


* 


= es + 


384. To determine the ſame as in the laſt Problem, the 
Force of each Particle being as any Power (n) of the 
Diſtance, 


Let H B= = X, and let every her elſe remain as 


c ＋22 
above; then we ſhall have ) = 4 8 =4d + 


* 2 _ 
20 by putting 4. — — and conſequently y = ==. 


Now the Attraction of all the Particles in the circular 


Surface BS, is as 77 - X HN H. (6 


2 — — 
Ari. 376.) = 7&7 X * * Which, multi- 


n+x. 
ply'd by 5, gives 8 X x — y J for the Flux- 
ion of the required Force: Which, becauſe / is = 


PPE xx dxx * 
4 + 7 * 5 8 255. will likewiſe be expreſſed 


29 * 14. PU 
by "+1 X + . Whereof the 
da , ts +3. 


Fluent is —— = 


n+3Xb ASX | n+3. 
Which, when B coincides with A, or x=y==c, will be= 


25 . a. T3 415 Cl 
nFI XU n+; X26 nÞ3 
= B co- 


: But, when 


in determining the Attraction of Bodies. 
B coincides with G, or x = 22 . (=F) it will 
8 — 773 n+; n+3 
become = * 4 eee + al, e, . 
ab n+3Xb n+; X26* n+ 3 
Therefore the Difference of theſe two, which is = 
2pf"*3 1 LN 5e. 
n+5X2d 2 — 1 =; Xe _ 
n+3 XJS X 26* 3 


1+nX ab—ccX TINA N 203 


* 


n+1Xn+3 N n ＋S X * 


(becauſe F=a+b, and 24b=c* + 2ac) will be the 


AttraCtion of the whole Sphere. . . J. 


COROLLARY. 


385. Hence, the Attraction at )the Surface of 


29 
r * 


the Sphere (where c == o) will be 


— — 


n+ . ape%4 n+ 
4. X 20 — X : 4 Which, if » + 3 be 
n+1 .n+3 .u+5 | 5; 


Jef 
poſitive, will be = » wt X eo, but, otherwiſe, in- 
| n+3Xn+5 
finite. 
PRO B. VII. 


386. Suppoſing AD BA to be a Cuneus 4 uniformly 
denſe Matter, compriz'd by two equal and ftmilar eliptic 
Planes ADBEA and AdbeA, inclin'd to each other, at 
the common Vertex A, of either their firſt or ſecond Axes, 
in an indefinitely ſmall Angle Bb; To determine the At- 
traction thereof at the Point A, ſuppoſing the Force of 


each Particle of Matter to be as the Square of the Diſtance 
inverſely, LEE 
Gg3 Let 


453 


454 De Ufe f Froxion 
Let DE be any Ordinate to the Axis AB, and let 
AD be drawn; alſo put AB==a, BCA, CDN), and 
the Sine of the Angle BAb, formed by the two Planes 


(to the Radius 1) d; and let the Equation of either 
Curve be y* = r — x* — gr: Which will anſwer, 
to the Conjugate, or Tranſverſe Axis thereof, according 
as the Value of g is poſitive or negative. 

Now it will be, 1 (Radius) : d:: a—x (AC) : Ce 
Ad XA, the Thickneſs of the Cuneus at the Or- 
dinate (or Section) DE: Moreover, becauſe AD* = 
AC*-+CD?, we have AD r VD -g 

„„ © £©"H : | 
Whence, ICT iD prefling (by Art. 35 4.) the Attrac- 
tion of the Particles in the indefinitely narrow ReQangle 

ö b 2a , 1 — 
DEXCe, will be defined by donde 
27 | VID b+fr—x -A 
Which therefore, multiply'd by æ, will give the Fluxion 
af the Force to be found, But when fr — x*— gx* 
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becomes So, # will be = 145 SAB) Sa; there- 
fore, by ſubſtituting for J, our Fluxion will be tranſ- 


er e . 
formed to — nul Roe os Fu 


Vu 12 X ax —1+gXx* 

Wh ike Xa n 6 VIFeXY — 

VIY+i+Xxa—-* A a—x Te 

2d X Te 5 D* — » 
Ee \ by 


I — 5 BET Se. Wbereof the 
2. 40 2. 4. 0a® 


Fluent, — 2 will be F 2 * 


2 | ks. 3 - 5g 
3 5 177 V 


Which, bert 15 N ee 


Ry” — 3:56" & 
1 = "IIA c. will (by multiplying 


the two Serieſes together &c.) be reduced to 24df X 


3. ..  8g3 Se. 
3 3+5 3»+Z- 7 3*+5+7+-9 
2: Z. I. 

It may be obſerved, that the Fluent given above 
may be _ t out without an Infinite Series ( by Art, 
126. and 278.) But the Solution here exhibited is beſt 
adapted to what follows hereafter ; to which the Pro- 
polition itſelf is * as a Lemma. 


1 PRO B. 


. 
— 183 
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PRO B. VIII. 


387. To determine the Attraction at any Paint Q in the 
Surface of a given Spheroid OAPES. 


Let QRL be perpendicular to the Axis PS of the Sphe- 
roid, and QT perpendicular to the Tangent FF of the 
generating Ellipſis at Q, meeting PS in T: Moreover, 
let QaH5 be a Section of the Spheroid by a Plane per- 
ae to that of the Ellipſis APES, and thro' any 

oint r, in the Axis thereof, draw CBe and rL parallel 
to AE and PS: And make the Abſciſſa Qr=x, its cor- 


. reſponding Semi-Ordinate ra (og rb) =3, R = a, 


and RT B; alfo let the Sine (NG) of the Angle 
HQD {to the Radius NQ=1) = p, its Co- ſine CG 
9, and the Ratio of OA to OP?, as any given 


Quantity þ to Unity. Now, by reaſon of the ſimilar 


Triangles QL and QNG, we have L (BR) = px, 
and Q gr, and therefore Br (RL) =qx —a: 
Alſo, from the Nature of the Ellipſis, AO“: PO? 


b 
(: 1) ::RT (5) : OR = +: Likewiſe AO* : PO? 
(b:1) 


1 


in determining the Attraction of Bodies. 457 
(5:1) :: QR“: OP- OR“; and PO“: AO (1:h) 
2 OP* — OB* : BC. bX OF: = E =b x © 
OP'—OR+RD =hxO7FZORORIREB RE 
=QR*+hx—2ORxRB—RB*; becauſe (by the former 


| Proportion) QR*==hx OP*—OR*; Whence, by the Pro- 
| perty of the Circle, Cacb, we get y* (BC*—Br*)=QR*— 


| B. — X 20RXRB FRE! =a—7—d* = 


ir + fr / x r, XS: 
Which Equation, by making 15h, becomes y*== 
ag — bpX2x— . BN - DN -. 
Bþ*x* (becauſe * =1== QN* : Which being only 
of two Dimenſions, the Curve Qa2Hb, whereto it be- 
longs, is an Ellipſis. 

The Equation of the Curve QaHb being now ob- 
tained, let its Axis QH be ſuppoſed to revolve about Q, 
as a Center (the Plane of the Curve being always perpen- 

gicular to that of the Ellipſis APES) and let the Fluxion 
of the Arch MN (exprefling the Angle deſcribed from 
the time the ſaid Axis begins its Motion at the Poſition 


ALD) be denoted by A: Then, it is evident from 
the preceding Problem, that, 2ag — 2bp X 2A X © 


"aBp* 2.4. 6B*p+ ; 
. + L we. will be the Fluxion 
3 Z3+5 - int wa | 
of the Attraction of the correſponding Part DH of 
the Solid, upon a Corpuſcle at Q, conſidered as acting 
in the Direction HQ (which Expreffion is found, by, 


barely, writing 249 — 20, A, and Bp*, in the ſaid 
Problem, for f, 4, and g reſpectively.) | 


Hence, 


2 BP* Tb FP. 

209 | 2b P NANA. ＋4 

* | Y 3 * 1 
and 72 PX — 24PX — Neck _— — + 

E. e. Which being added to thoſe of 


Art 142. 


The Uſe of Fiuxtons 

Hence, by the Reſolution of Forces, the Fluxion of 
the Attraction, in the Directions OR and Quo (per- 
pendicular to QR) will be truly exhibited by 24205 
x 247 N 2 . Og15. 1.2 Sc. and 

| *** 
eee ho | | 4Bp* , 2.4. 05*p% 
249 — 2 * 24 X 2 — 4 R 2 2. 

VC 


Let now another Plane Qþ be ſuppoſed to revolye 
about the Point Q, the contrary Way to the former, from 


D towards QF; and let (ng) the Sine of the 305 


RQ be denoted by P, and its Co-ſine (Qg) by 9: 
Then the Fluxion of the Attraction of the Part DQ4, 
in the foreſaid Directions QR and Qu (by writing —P 
inſtead of p and Q inſtead of g) will appear to be 


3 57 


the former Part, in the ſame Directions, and £ and 


- reſpectively ſubſtituted inſtead of 4 *, we have 


- 8 — — 
4 into X 93+ 9Þ ———x9/"j+2P*Þ We, 


3 
| 1 8 
+ % into 4X PP—pþ— FB. 
And 
G1 2.43 [ Z—ʃ4Ä 
44 into —Xpþ—PÞ — 2 * * =P Ge. 
3 5 2. 48 545 bb 
4b into Xx —- — c X OY — Se. 
4 into; 7 T D 7 5 + C] c 


for 
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for the Fluxion of the Attraction of both Parts together 
in the foreſaid Directions: Whereof the Fluents, when 
N coincides with F, and u with 57, will be the Attrac- 
tion of the whole Spheroid in thoſe Directions. But 
now, in order to determine theſe Fluents with as little 
Trouble as poſſible, let m be aſſumed to denote any 
whole poſitive Number; then the Fluent of 877 , or 

| FE 4 

„er * — — 22221 

rer will be univerſally = — N 


— 


* — 


„r e 
2M — 2 * 172 7 (m) 


: 1.3.5. . 21—1 h TM O 
+ ee e * the Arch (MN) whoſe Sine 


| pas þ 8 
is p, And that of , er (in thes ar, 266. 
"x 1 


ſame Manner) „ pg, 22 x * 3 
2M 2m—2 


is P. But when N coincides with F, and n with 7, 1 
the Sines p and P, of the Arches MF and My, be- $3 
coming equal, and (the Co-fine) 2 = — (Co- ſine) 9, 1 

2m : 5 | -j 
it is evident that the Sum of the Fluents of E and 1 
pn B 8 „ 
LR will, in that Caſe, be truly exhibited by Li 
13:5: MFA I 5 
eee eee Z 
M/, or its Equal = 7 — 77 — N FM /; be- 3 


. 
"Is 


i. 
. 8 4 


PP 
. NE: ny 
— . F > — — 
— "us —— as — — 


® Art, 297. 


| ſaid General Term: Which, if » be expounded by 


The Uſe of FLUX1ON8 


| cauſe, then all the reſt of the Terms (by reaſon of the 


equal Quantities P, p and Q, —4q) deſtroy one another. 
After the ſame Manner the Sum of the Fluents of 


gp 5⁵ and AP, in the foreſaid Circumſtance, will 


appear to be = ah Ind eee ee oe x FM“. 
TOA 2. 4. 6. 8. . 2m+2 
Now, to apply this to the Matter in hand, let the 
Exponent of B, in any Term of either of the above 
found Fluxions be, univerſally, expreſſed by n; then 
the numeral Coefficient (annexed to B) will be defined 


12 jo DATE. ear tha , and the variable Quantities 
1. 3. 5... 21 3 
multiplied thereby, in the firſt Line of the former 


Fluxion, will be 95 56 + P : Therefore 


. . 2 © „ 3 1 w Y 2 1 
2:4:0... 2n+2 X B* * 2 P P is a Ge- 
1. 3. 5 2143 | | 

neral Term, (from | whence, if =» be expounded by 1, 
2, 3 &c. ſucceſſively, that whole Line will be pro- 


duced.) But, 'the Fluent of 9 5 + AB, in the 


Circumſtance above ſpecified, (putting m=n and FMf 


1.3.57 . 21 —1I 


= 4, appears to be = = X #: 
9 | 2.4.0.8... 2n+2 
Which, therefore, multiply'd by — 1. 6 — ne T2 
; LISLE 
NK gives © 3 FeTore 2 —Iy,2+4:.6...2nÞ+2 
2. 4. 6. 8. 2142 3.5 . 23 
KD ES. — s for the true Fluent of the 
zu -I X22 ＋3 


o, 


in determining the Attraction of Bodies. 


| k 
o, I, 2, 3 Cc. ſucceſſively, will become equal to 2, 


B. B*k B 
f 3 fore th 
rrp 79 W6 reſpeQively ; and therefore the 


Fluent of the whole Line 3 into the general 

eee, er 

Multiplicator 4a) is = 4 X — — — 4 — — 
; ”" MM 2 „ 

. 


— Sc. But now, for the Fluent of the ſecond 


: This, it is plain, will be = 40 into 7 x 


Ec. Which, in the 


foreſaid Circumſtance, when P = p, intirely vaniſhes. 
Therefore it appears, that the Attraction of the whole 
Spheroid, in the 2 QR, is truly expreſſed by 
4ak X 3 + 8 or its Equal 
JC OBS To Wa 
— 


After the ſame Manner the Fluent of the firſt Line, 
in the latter of our two Fluxions, will be found to 


vaniſh : And 2.4.0... _ 2n+2 * B 2 4 + 
1.3.5 . 273 


P 4- 2 P 
will be a General Term to the ſecond Line, 


Wheteof the Fluent (by expounding zm by 21 + 2) 


appears, from above, to be = rer X 
1 3.5.7. 214143 

B"k N 1. 3. 5. . . 241 B 
2.4.6 zuTz 23 


: Which, when 


n is 
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The Uſe of Em 
n is interpreted by o, 1, 2, 3 Cc. ſucceſſively, comey 


out equal to =, = _ &c, reſpectively: There- 


fore the Attraction of the Spheroid, in the Direction 


Qu, i enidied by —466X 4. , 
Ec. and PIR, That in the oppoſite Direction 

B* ' 88 
G, by 777 9 * 
B Ls B 
5 e 


E. We. X OR (becauſe 1B X OR = RT.) 


ey 


From which and the Force in the Direction QR 


5 


« bp 


WE? 4 


(found above) not only the Direction of the abſolute 


AttraQion, but that AttraQion itſelf will be known: 
For, let Rl be taken to QR, as the Force in the Di- 


rection Q to that in the irection QR ; and then, oF 


12888 


891. 


R 


by 
he 
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the Compoſition of Forces, QI will be the Direction of 


the Attraction, or the Line in which a Corpuſcle at Q 


tends to deſcend: And the Attraction itſelf, in that Di- 
rection, (being to that in QR, as QI to QR) will be 


which, fince 4 is conſtant, will allo be as. — 

kN 

B B* 

9 Ry aff 

. 8 

CoROLLARY. 

388. Since, by Conſtruction, RI: QR :: ITB 
| 

3 N = we. $M» of 

IS Re 9 1.3 3 ˙5 

FF 

Tx Sc. Xx RK, it follows that 8 

5.7 BX r RO: RI; 


Hence it appears that the Direction QI, of the 
abſolute Attraction, divides the Part of the Axis 
OT, intercepted by the Center and Normal, in a 
given Ratio: And that the Attraction itſelf * 

1 ne 


3 
conſequently, 1 Cc. IN | 


A 


— 4 
* 2 


Cx Re + 


oO ES 


— 
_— 


c Ya 
D . 


rr OT TS 4-27, 
82 
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| I B B* : 
fined dy anno wes e. XC QULI- 4 
| 2 5 17 7177 : * 
where as the ſaid Line of Direction QT. 


+ SCHOLIUM, 


389. Although the foregoing Concluſions are ex- 
hibited by Infinite Serieſes, yet the Sums of thoſe Se- 
rieſes are explicable by means of the Arch of a Circle. 

5 3 
Thus, let the Series > — 5. ＋ 7 C (which i 


one of the two original ones above found) be put , 
and let B t; then by Subſtitution, and multiplying 


f #3 25 
the whole Equation by z3, we ſhall have 7 — 7 — 


17 88 12 45 ˖7 
arc; _ 2 — — — 
- Sc. = 38, and conſequently : : + ; 


Sc. =#— 128 : Where, the ſormer Part of the Equa- 
tion is known to expreſs the Arch of a Circle, whole 


® Art, 142. Tangent is t (B*) and Radius Unity “: Wherefore, 
putting that Arch = 4, we have A=t—15S, and con- f 


t—A B * 
ſequently $= — = - +> Ee. 


$$ > 1 
Moreover, ſince it appears that : 
2 B3 Rs 
3 .. | | 

* . 5 
8 B* . „ | 
ets ©: 7 125 9 1 Sec. i 
5 a : 
(where the Sum of ages + 7 Sc. is already ( 
— fone if 1 

found =*x3 * „ and where That 


of 


in determining the Attraction of Bodies. 
1 | 
of — 777 Sc. by the ſame Method wlll come 


an 47 2 
3 4 1 ) 2B 2375 


it is evident that —— — —— 
ga. „ 


2B +t—AX1+7m 
"SET 


"EE. 0 13-64 4X17 
es ee, SY Mrs 
3-5T 5.7 e. 5 275 ) 


| 
3 and conſequently 7.3 — 


= BEES : Which is the Value of the other 


Original OY. found above: From whence that of 
3 — 75 
ws" Yan 7 77 ar will alſo be had = 
XI 213 — 2A X =_ 
2t 
Hence, if 


CCC 
213 5 Jn 7 1 7 <) 11 
And 


it is evident that OT will ws 25 : "uk Vas Ra- 
Q of g to h; and that the Forces in the Directions 
OR, and Q, will be as gX Q, gXQR, and fx 
| AO * 
I TBNOR reſpectively: Where I+Bis = 557. 


OS Be 


«as PROB. 
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PROB. IX. 


390. To determine the Attraction at any Point D within 
a given Spheroid OAPES, 


. I 
— 


| 12 
Fay” 


42 


L 43 


Let Oapes be another Spheroid, concentric with, and 
ſimilar to, the given one; whoſe Surface DeM &c. 
pailes thro? the given Point D; alſo let FDF and HD 
be taken as two oppoſite, indefinitely ſlender, Cones 
(or Pyramids) conceived to be form'd by drawing innu- 
merable Lines HDF, DF Sc. through the common 
Vertex D) which Cones (or Pyramids) having the 
ſame Angle, may be conſidered as ſimilar ; and ſo their 
Forces, at D, will be as the Altitudes DF and DH*: 
And, therefore, the Exceſs of the former, above the 
latter, or the Force whereby a Corpuſcle at D, tends 
towards F, through the, contrary, Action of the two op- 
polite Cones, will be as DF—DH, or as DM; becauſe 
(ty the Property of the Ellipfis) MF is, in all Poſitions, 
equal to DH. 

Hence it appears that the Parts of Matter FMnf 
and HDb, without the Spheroid apes (acting equally, 
in contrary Directions) can have no Effect at D: 
And this, being every where the Caſe, the whole, effi- 
cacious, Force at D muſt therefore be 'that of the 
Spheroid Oapes. 

Hence, if the Ratio of Oa* to Op? (or of OA*® to OP?) 


be denoted by that of 1+B to 1, as in the laſt Problem, 
2 it 


— 


in determining the Attraction of Bodies. 


it follows, from thence, that the Attraction at D, in the 
Directions DM and DN (perpendicular to PS and AE; 


ſee the next Fig.) will be expounded by 2 + 2 


= V 
Sc. X DM, and 1T X 2 5:4 + B* __ 
3 5 7 9 


Sc. X DN reſpectively, or by their Equals g Xx DM 


and Fx 1+ B X DN : Where the Values of F and g 
are the ſame as given in the preceding Article. 


CoRoLLARY. 


391. Hence the Force wherewith a Corpuſcle, any 
where within a given Spheroid, is attracted, either, 
towards the Axis, or the Plane of its Equator, is di- 
realy as the Diſtance therefrom. 


FROS 


392. Suppeſing every Particle of Matter in a Spheroid 
to have a Tendency to recede, both, from the Axis PS, and 
from the Plane 4 the greateſt Circle, by Means of Forces 
that are as the Diſtances from the ſaid Axis, and Plane, 
reſpettively ; to find the Direction DI wherein a Corpuſcle, 
at any Point D, tends to move through the Acbion of the 
ſaid Forces and the Attraction conjun#tly ;, and likewiſ? the 
whole compound Force in that Direction. 


Let DM- and DN 
be perpendicular to 
PS and AE, and let 
the given Forces, in 
the Direction of thoſe 
Lines (independent of 
the Attraction) be ex- 
preſſed by mD M and 
DN reſpectively. 
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The Uſe of FLux10Ns 
Therefore, ſince (by the laſt Problem) the Force 
of Attraction in the ſaid Directions is defined by gXDM 


and FX 1 + B X DN, the whole reſulting Forces 


will be truly denoted by g—mX DM, and fX = = "EM 
Xx DN: Whence (by the Compoſition of Forces) it 


will be, g—m : fX 1+ B—n: DN (OM): MI; 


| whence the Point I is given : 


Alſo DM : DI g N DM (the Force in the 

Direction DM) : - , the Force in DI. Q. E. I. 
p ROB. XI. 

393. Every thing being ſuppoſed as in the preceding 


Problems, tis required to determine the Force of all the 


Particles in the Line (or Column) QDO tending to the 
Center O of the Sphercid. 


Let IH be perpendicular to QO produced ( ſee the 
laſt Fig.) then the abſolute Force, in the Direction Dl, 


being g—m X Dl, that in the Direction DH, whereby 
a Corpuſcle at D is urged towards the Center, will be 


g—mX DH. Let now OD (conſidered as variable) 


be denoted by x; then becauſe the Ratio of OM to MI 


is given (being every where as gm to fX 1+ B -x, 
by the Precedent) and the Triangles ODM and IOH are 
ſimilar, it follows that the Ratio of OD to OH will be 
given, or conſtant; and conſequently that of DH to 
OH, likewiſe : Let therefore this Ratio of DH to OH 
be expreſſed by that of 7 to s, and we ſhall have DH 


* 9 


— and conſequently (n X DH) the Force at D, 
© m—_— 15 | 
equal to g *: Which therefore being multi- 


ply'd 


va 1x 
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ply'd by æ&, and the Fluent taken, there comes out 
= =Y * == x DO x DH, for the whole 
F —_— 

Force of the Line or Column OD at the Center. 


2 E. I. 


CoRoLLARY. 


394. If. the given Forces m and 7 be ſuch that the 
Ratio of OM to MI, (which is found to be univerſally 


a 2—m to Xx 1+B—n) may become as 1: 1453 

(or as PO: aO*®) it is evident (from the Property of 

the Ellipſis) that the Line of Direction DI will be al- 

ways perpendicular to the Surface of the Spheroid Oapes. 

In which Caſe OD X DH is alſo (by the Nature of 
m 


the Ellipſis) = Oa* : And therefore the Force — 


X OD X DH) of OD is = 5 X Oa*: Which, 


when D coincides with Q, will become 1 AO:; 
and is, therefore, a conftant Quantity. 


Moreover, ſince in this Caſe, m: FX 1+B—n 
n 


:: 1: 1B (by Hypotheſis) we have m —ILs =. 


— f : Which Equation, if u be taken = o, gives 
2. 34 * Al., * Art. 389. 


mzg—f=—=— =p: == 


$3 <7 2t3 
But, if m be taken So, it will then give == —1 + 5 
— — 253 43 633 
Xp — f=—1 + BN. = + e. Where 
TEMP 7 $:2: +256 


I 


:i=B", and 4 = the Arch whoſe Tangent is t, and 
Hh 3 PROB. 


Radius Unity. 


2 — 


— — 23 OE ot OT an” DOI" "I aw SO — I II 
-, CD SOR Dre eee 22 = SB 
I a 5 a. »- «as 
% - — 


— = Foes; — Dr re 
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FRO, Xl, 

395. If an oblate Spheroid OAPES, whereof the 
Square of the Equatoreal Diameter AF, is to that of the 
Axis PS, in any given Ratio of 1 + B to 1, revolves 
about its Axis, in ſuch a Time, that the centrifugal Force, 
at the Equator A, is to the Attraction at the Surface of 


3 
a Sphere whoſe Radius is OA, in the Ratio of _— — 
B** 6B: I 2 
—+ 7.5 Sc. to 25 1 ſay, in that Caſe, every 
Particle of the Spheroid will be in Equilibrio ; ſo that, 
tho the Cohefren of the Parts was to ceaſe, the Figure itſelf 
would remain unchanged, | 


For, the Attraction of the Spheroid, at A, being de- 
1-8, 0 
3:3 57 


| A 
it is evident (by conceiving B = 0) that * will re- 


fined by 7 — Sc. X AO (Art. 387.) 


preſent the Attraction at the Surface of the Sphere 
whoſe Radius is AO : Whence (by Hypotheſis) the 


28 4 
centrifugal Force at A tti 33 
n ugal Force at A (putting m 35 5:7 


6B3 2 | 
ſequently 
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ſequently That, at any other Point D, by n DM (be- 
cauſe the centrifugal Forces of Bodies deſcribing unequal 
Circles, in equal Times, are known to be directly as 
the Radii *.) Hence, and from the Corollary to the laft * Art. 273. 
Problem, it appears that the Direction of Gravitation 
DI is always perpendicular to the Surface apes ; and 
that the Force of all the Particles in the Line (or Canal) 
OD or OQ, towards the Center O, will continue in- 
variable, take the Point Q in what Part of the Arch 
APE you will: From which laſt Conſideration, it fol- 
lows that the Force, or Preſſure of every Canal OO, 
at the Center O, (conſidering the Body in a fluid State) 
will be the ſame: Whence (by the Principles of Hy- 
droſtatics) a Corpuſcle at D has no Tendency to move, 
either Way, in the Line OQ- And therefore, as it 
bath no Tendency to move in the DireQion of the Sur- 
face Dpe (the Gravitation being perpendicular thereto) 
it is evident, from Mechanics, that no Motion at all 
can enſue, in any Direction. 2. ED. 


T 


Cool LARY I. 


6. 8; ; 2B -  48* -- 689 
- m — —_—_—_— 5 
r 
Gravitation (9 — Xx DI) at any Point D in the 


Spheroid will therefore be as 4 —= += Sc. 


3 
t — A | 
x DI Y Xx DI (ſee Art. 389.) 


Se. the 


CoRcoLLARY II. 


397. If the Time of Revolution be given p, and 
9 be put to denote the Lime wherein a (ſolid) Sphere, 
of the ſame Denſity with the Spheroid, muft revolve; . 
ſo that the centrifugal Force, at the Equator thereof, 
may be equal to the Gravity: Then, as this laſt Time 
is known to continue the ſame, whatever the Magnitude 
of that Sphere is f; and the centrifugal Forces, in equa! f Art 213. 
F Fr Hh 4 0 Cacles, 990 385 


The Uſe of FLux1oNs 


Circles, are alſo known to be inverſely as the Squares 
of the periodic Times it follows, that p*: g* :: ZAO 
(the Attraction, or centrifugal Force, reſpecting the 


—ůů—r— mens nee ——_—_— 


3-5 5 7 
4+ 667 Sc. X AO, the centrifugal Force of the 
7-9 


Sphere OA, revolving in the Time 3): . — #92 


85 Spheroid at A, revolving in the Time p- From which 


Art. 217. 


- 8 2B 45* 6B: fo — 
Proportion we get W505 5.7 1725 N. = 
3-7 . 304.) Whence, by Help of the 


27 
Trigonometrical-Canon, the Value of 7 (= B*) and, 
conſequently, the Ratio of the two principal Diameters, 
will be found; ſo that all the Parts of the Spheroid 
may remain in Equilibria. But, when = is ſmall, 
the Solution by an Infinite Series is preferable : For, then 
| 2B 2 2 
* — : 7 Se, 1 = 55) converging fuf- 
ficiently ſwift, we ſhall, by the Reverſion thereof, find 
59% , 25 X bg* 125 X 3790 ; 
B = 275 + PRI —— 55 Sc. In which 


the Series 


Caſe the Ratio of the Equatoreal Diameter to the Axis, 
if we take only the firſt Term of the Series, will be, as 


2 


1+: I, Ox as 1 +, nearly, 


2 


Which, if 7 = 289, or the centrifugal Force at 


the Equator be to the Gravity as 1 to 289 (that being 
the Proportion at the Equator of the Earth *) will 


come out as 231 to 230, 


Co- 
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CoroLLary III. 


398. Becauſe, — 2 T, the latter Part of 


our foregoing Equation will be equal to Nothing, both 
when t is Nothing and Infinite, it is evident that the 
Value thereof cannot, in any intermediate Circumſtance 
of t, exceed a certain aſſignable Quantity. 

Wherefore, to determine this Limit of the Value of 


2 


= (beyond which the Problem becomes impoſlible) 


LNA EN 


let the Fluxion o 
2t3 


„or its Double 


ar REDS be taken and put =o, and you will 


have — 9 + = X Ai + 3t+®XA4+&@t=0:; 


Which, becauſe A = —— * will be reduced to 97: ar, 144, 


I +! 


＋ 7. — H N XA=o0; where t is found 
= 2,5293, from whence the correſponding Values of 


* 1+*, and 5 come out = 2, 7198, and . 5805 


Sc. reſpectively. Hence it appears that it is impoſ- 
ſible for the Parts of the Spheroid, in a fluid State, to 
continue at Reſt among themſelves, when the Time of 


Revolution is ſo great that - exceeds 0,5805 &c. 


And that, «f all the Spheroids which can be aſſumed by 
a Fluid revolving about an Axis, That whoſe Equatoreal 
Diameter is to its Axis as 2,7198 to Unity, will per- 
form its Revolutions in the ſhorteſt Time. 

Thus, for Example, if a (folid) Sphere of the ſame 
common Denſity with the Earth was to revolye about 
its Axis in the Time of 844 Minutes, the — 

orce 


474 
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Force at the Equator thereof would, it is known, be 


| 8 
o Art, 217. equal to the Gravity“: Therefore, by taking 70 =) 


= 0,5805 Sc. the Time p will come out = 
M H M 


146 or 2 26. Which Time is the leaſt, poſſible, 


wherein a Fluid, of the ſame common Denſity with the 
Earth, can revolve, ſo as to preſerve its ſpheroidal Fi- 
gure. And this holds univerſally, let the Magnitude of 
the Body, or Fluid, be what it will. 


 CoroLLaky IV. | 


399. Hence alſo may be determined the Spheroid, 
which a ſpherical Body (of Ice or any other Matter) 
revolving in a given Time , will converge to, when 
reduced to a fluid State. 

For, ſince the Momenta of Rotation, in equal Spheres 
arid Spheroids, are to one another, in a Ratio com- 
pounded of the direct Ratio of their Equatoreal Dia- 
meters, and the inverſe Ratio of the Times of their 
Rotation, it follows, if 4 be put = the Diameter of 
the given Sphere, and E = the Equatoreal Diameter of 


d £E 
the required Sphefoid, that = 7 (becauſe the Quan- 


tity of Motion about the Axis is not affected by the 
Action of the Particles one upon another, while the 
Figure of the Fluid is changing.) Moreover, fince 
the Maſſes of the Sphere and Spheroid are alſo equal to 


| each other (by Hypotheſis) we have 43 (=AE?xPS) = 


E3 
T: From which two Equations, exterminating 


d, there ariſes p = 1 + f* 5 X 5, for the Time of Re- 
volution of the required Spheroid : Whence, by ſub- 


ſtituting this Value of p in the general Equation 5 


— Yy  v. WW 
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3j+EXA—J $i, a 
2 we ge 355 I +: X 
2.7 Az . from the Solution of which the 


Value of ?, and the Spheroid itſelf, will be given. 
But, vince the Value ct che latter Part of the Equa- 
tion can never axceed a certain aſhgnavie Quantity, the 
Matter propoſed can therefore be only paſible under 
certain Limitations: In order to determine theſ: Limi- 


tations, let the Fluxion of 1 T X 37% N= 3t 
| 2 


be taken and put = o, and it will be found that 


+ 248 +27 Xx A—15t? — 27t O: Whence t 
comes out = 7.5, and the correſponding Value of 


= | 
PR 0,927, Nearly. 


Hence the Parts of the Fluid cannot poſſibly come 
to an Equilibrium among themſelves, when the Time 


J is leſs than 8 „but will continue to recede from 
K 


the Axis, in Inſinitum. 


M 
If 4 be taken = $44 (as in the Example to the 
M H M 
preceding Corollary) 5s will be equal 91 1: 31. 
From which it appears, that, if the Earth (or a 
ſpherical Body cf tae ſame Dentity) was to revolve 
H M 

about its Axis in leſs than 1: 31; and, in the mean 
time, be reduced to a State of Fluidity, the Parts thereof 
towards the Equator would aſcend, and continue to re- 

cede from the Axis, in [nfinitum. 


CoRolLART V. 


400. Seeing the Values of f and A are given when 
the Spheroid is given, it follows that the Gravi- 
| tation 
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1— 4 . 


tation ( 7 * QI) at any Point in the Surface of 


a Spheroid, whereof the Parts are kept in Equilibrio, 

| by their Rotation about the Axis, will be accurately as 
a Perpendicular to the Surface at that Point, continued 
to the Axis of the Figure. Therefore the Gravitation 
at the Equator is to that at either of the Poles, as the 
Equatoreal Diameter to the Axis inverſly. 


„ Feen 


CoRoOLLARY FL. 


401. But, if the Spheroid differs but little from a 
Sphere, the Exceſs of QI above AO will (by the Pro- 
perty of the Ellipſis) be nearly as ORT. Whence it 
appears that the Increaſe of Gravitation, in going from 
the Equator to the Pole, is as the Square of the vine of 
Latitude, nearly. 


CoxoLLARY VII. 


402. Moreover, ſince the Ratio of the Equatoreal 
Diameter to the Axis is found, in this Caſe, to be that 


57 
47 


Axis will be to the Axis as 75: 
of the centrifugal Force at the Equator to the mean 
Force of Gravity. Whence, as the centrifugal Forces, 
in unequal Circles, are univerſally as the Radii directly, 
and the Squares of the periodic I imes inverſly, it fol- 
lows that the foreſaid Exceſs (in Figures nearly ſpherical) 
will be as the Radii directly, and as the Denlity and the 
Square of the Time of Rotation inverſly : From which 

. Proportions, the Ratios of the greateſt and leaſt Diameters 
of the Planets may be inferred from each other ; ſup- 
poling the Limes of their Rotation, about their Axes, 
to be known. 


＋ Art, 397- of I =_ 


to 1+, theExceſs of that Diameter above the 


2 


to Unity; that is, as — 


P R O- 
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p RO B. XIII. 


403. To ditermine the Figure which & Fluid will ac- 
quire when, beſides the mutual Gravitation of the Parts 
thereof, it is attracted by another Body, ſo remote, that 
all Lines drawn from it to the Surface of the Fluid, may 
be taken as Parallels. | | 

Let OAPES be the * N 4 
propoſed Fluid, and let M M NI 
MPS and MO be Right- WS 
lines, drawn from the re- | 
mote Body NH; whereof | | 
the former MPS paſſes 


thro' the Center of Gra- | P Ih : 


vity O : Moreover, let 


the Plane AE be perpen- Q. 
dicular to the Axis MOs; | 
and put Nga and OM NA 


(the Diſtance of the re- 
mote Body) d; alſo 
put the Semi-diameter of 
the Body (at M) Sr, 
and let its Denſity be to 
that of the Fluid APES, 
as any Quantity v to 
Unity. Then ſince, according to the foregoing Cal- 
culations, the Attraction at the Surface of a Sphere (of 
a given Denſity) is expreſſed by + of the Radius, it fol- 
lows that the Attraction of the Body M, at its Surface, 


ei | 
will be explicable by 3 And therefore, the Force 
varying according to the Square of the Diſtance in- 
verlly e, it will be, 4· (MR) : : , & 


3 5 the * Att. 332, , 


Attrafiica of Af at the Dilance MN: AW Fd? 
or 3 


Ur 
2 * 2 — — — >. 3 — 
(MQ ) «CF 3 3x4 -O its Attraction at the 
| | Diſtance 


N 
138 
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Diſtance MQ. Whence the Difference of theſe tw, 


©x3 vr: 


- = 2a = 
3 35 1 34 * +3 EE 
Sc.) will be as the Force whereby a Corpuſcle at 


endeavours to recede from the Plane AE: Which be- 


preſſed by. —— ; 92 - X a, or its Equal = 


cauſe (by Hypotheſis) d is very great in reſpect of a, 
will (by NT all the Terms after pe firſt) be ex- 


In the very ſame Manner, the Force whereby a 
Corpuſcle at 2, below the Plane * tends to recede 


therefrom, will be defined by Jr 2 Ng. 


Now, therefore, ſecing theſe Forces are, every where, 
as the Diſtances NQ, Ng, from the Plane AE, it appears 
(by Art. 393. and 394.) that the Figure OAPES will be 
a Spheroid ; whereof the Equation, for the Relation of 


29 
its two N Diameters (putting » = 37 is 1 


Fre t th ne 
3 5 3 

the Ratio of PS“ to AE* is denoted by that of 1 to 

1+B.) Hence, by reverting the Series, we have B= 

= 2250, Oe, and conſequently PS: AE : 


f FF 
71 2 28 BY F 


Which, by reſtoring the Value of u, becomes PS: AE 
5 or? 


LEE i get "oh 2: E. I. 


Co- 


2 wal © 2 


\ 
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- CoRoLLany. 


1 
404. Becauſe — expreſſes the Sine of the apparent 


Semi- diameter of the Body MN, to the Radius 1) ſeen at 
the Diſtance OM, it follows, if the ſaid Sine be de- 


noted by c, that PS: AE f:: 1: 1 L* and 


conſequently, by Diviſion, PS: PS — AE :: 1: —x c3, 


Hence it appears, that the Forces of the Planets, to 
produce 'Tides at the Earth's Surface, are to one an- 
other as their Denſities, and the Cubes of their apparent 
Diameters conjunctly. (For the Sines of ſmall Arcs are 


nearly as the Arcs themſelves. ) 


EXAMPLE. 


405. If c be taken = the Sine of 16- (expreſſing the 
mean Apparent Semi-diameter of the Moon) and v = 


= (the Ratio of her Denſity with reſpect to that of 


the Earth) our laſt Proportion will become PS: PS — 
AE :: 1: 0,000000315 : Whence, if PS be taken = 
42000000 Feet (the Meaſure of the Earth's Diameter) 


F 
PS — AE will come out = 13,23. 


* 


SECT. 


— 
— 


1 = = 
: a — — — — — 
4 — * ——— — — — * rr r 
— — — — K«Fꝙͥ—ä—A EN 4s IM, oP =—_— * — F RT: 
_ on mg IS 2 ar Sew Vw <a — 2 - —— - — 1 
0 —— — , 4 . n 8 3 2 — r 
7 <a FFA „ A A—Aaa . AA 7 AA ia eat * 
— : —— —— a * 1 
1 8 eee * ela . . 6 — PETE e MEH” 


| * — B — 
aa + ppl "and © x Sg pp" : 
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SECTION X. 


Of the Application of FLux10Ns to the Re- 
| ſolution of ſuch Kinds of Problems Dy 
MaxiMis ET MIVxIXIs, as depend upon 
a particular Curve, whoſe Nature ts to be 
determined. 


SHALL begin this Section with premiſing the 
following uſeful 


THEOREM. 
406. F the Relation of two flowing Quantities y and 
1 be required; ſo that, when the Fluent of y"u becomes 
* 3 


equal to a given 7 alue, that of — — may be a 
gum 


Maximum or a Minimum 1 fay, their Relation 
| Ee 
muſt be ſuch that OT — 1 every 


20 —I 
7 


where, the ſame, or equal to a conſtant Quantity. 


The Demonſtration hereof _— upon the ſub- 
ſequent | 


| LEMMA. 
407. If az +b2 = ©, wherein and g are inde- 


derminate, the Value of A X 57 - 7 4. B ö 
will be a Maximum or Minimum, when 2 * 


are equal to each 


other 


TT. 


depending upon a particular Curve. 
other. For, by taking the Fluxions of both Expreſ- 
ſions we have az 4- bg So, and 2nAaz N p 


+ 2nB88 X 8 = pp) = o: From whence, à and 
6 being exterminated, there reſults = * aa + pp? 


B38 —— 
2 ＋ X TN Z. D. 


Hence, if as + b8 + cy + 2 &c. = 2, (where 
4 By % © Ec, are indeterminate) it follows that A X 


IX pp" + BX HAD +CXm = ppl 

+DX 9 t pp'* Sc. will be a Maximum or Mi- 
Az ; 

nimum, when all the Quantities ＋ X as + , 

BE * 

XT „ 2 X Din Er. are equal 


to each other. For that Expreſſion is a Maximum (or 
Minimum) when it cannot be increaſed (or decreaſed) 
by altering the Values of the indeterminate Quantities 
involved therein ; but it may be increaſed (or decreaſed) 
by altering only two of them (as « and g) whilſt the 


Aa 
reſt remain unchanged ; unleſs — Xas + and 


u 85 + pp hae are equal to each other. (This is 


proved above.) Therefore, when AXaa =p" + B X 
2 DN TC XY pp, + &c. is a Maximum or 


44 —ñ——¾4 B 
Minimum, the Quantities ＋ X as = pp 2% wa 9 


? iy 


X p8 ppl cannot be unequal : And, by the very 


ſame Argument, no other two of the Quantities above 


ſpecified can be unequal. 
F * Ii If, 


481 
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If, in the Right-line PR, there be now aſſumed 
NN * 4 NN = , Sc. and upon theſe, as Baſes, 


Rectangles NK, NR be ſuppoſed, whoſe Altitudes NK, 


NK &«. are denoted by a, 6, e, d Ec. it is evident that aa 
+ STA &c. (=D ) will be expreſſed by the 
Sum of all the ſaid Rectangles, or the whole Polygon 


N.. 


Moreover, if, in the Wann PL (perpendicular 
to PR) there be taken MM, MM Ec. each _ to 


p, and, upon theſe equal Baſes, ReQangles Mv, NIV 
Lc. be conſtituted, whoſe Altitudes are denoted by 


4X =. e AM „ Ee. it is likewiſe 
| 7 72 

plain that the Value of AX aa + 2 4+ BNS + L 

| 1 3 
. NM ww. 

** — will be truly repreſented by the 


whole 


- 
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whole Polygon M. Which Polygon (as p is con- | 
fant) will be a Maximum or Minimum, when A X 


aa pp * + BX 83 + pp'* + Sc. is a Maximum of 
Minimum; that is, when all the Quantities 25 


— —. B3 x 8 „c. are equal to 
7 
each other (as has been proved above.) 


Let now, 4, B, C, D &c. be expounded by any 


Powers, (Mp, MP* , MP Sc.) of the reſpective 
Diſtances from a given Point P ; and let, at the ſame 
time, the correſponding Values of a, b, c, d &c. be 


interpreted by any other propoſed Powers MP”, MP*, 
MP" Ec. of the ſame given Diſtances : Then the 
Area of the Polygon N“ will be expreſſed by MF” x a 
+ MP" x 8+ MP" xy &c. ( On and that of the 
aa + my + Me- x 95 = pp 
8 1 
wr » Ep | ; : 
+ MP” x — + e. And the forefaid equal 


Polygon My, by MP” x 


Atm 


þ 
— BY. BED 

Quantities © x EL, X . 

p 


will become MP x 


| 1 
« X > as 75 1—1 


9 
NR 
* ” 3 „Ec. reſpectively. 


21—1 


f Now let the Number of the Rectangles be ſuppoſed 
indefinitely great, and their Breadths indefinitely ſmall, 
Ns Ii 2 fo 
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ſo that the Area of each of the two Polygons NJ and 
Mh may be taken for that of its circumſcribing Curve: 
Moreover, let u and y be put to repreſent the Diſtances 
of any two correſponding Ordinates EF and Gl from 
the given Point P; and let & be every where expreſſed 


by p (=MM=MM= Sc.) Then, « being a general 
Value for any of the Quantities a, f, y, 3 &c. (or NN, 


NN Sc.) it follows; Firſt, that the Fluxion of the 
Area of the Curve NEFK (the Ordinate being, every 


where, = * ) will be truly defined 8 yu; Second- 
ly, that the Fluxion of the Area MGTV (by ſubſti- 


tuting y, u and 5 inſtead of their Equals) will be 


LE SP z and, laſtly, that the Value of each 
, | 


a X as +pp\ 
0 


of the equal Quantities, MP" X 


8 


1 | 1—1 f 
„ e abore Fecibei, will 
"4" Þ 


be expreſſed by £ — I dener 


the Theorem is manifeſt, 


408. If R and & be aſſumed to denote any Functions 
of y (that is, any two Quantities expreſſed in Terms of 
y and given Coefficients ;) then, in order to have the 
_—— 


Fluent of 8 X a Maximum or Minimum, 


when that of Ru becomes equal to a given Value, it is 


; Su uu + 57 
requiſite that 72 X — — ſſhould be a conſtant 


Qyan- 


9 


211 


Quantity: This, alſo, is evident from the preceding 
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Demonſtration; and may be of Uſe when the above 
premiſed Theorem is not ſufficiently general. 


p R O B. I. 


409. To determine the Nature of the Curve ACE; fo 
that, the Length of the Arch AE being given, the Area 
ABE ſhall be a Maximum. 


Calling (as uſual) the Ab- E 
ſciſſa AD, &; the Ordinate C 
DC, y; and the Arch AC, | 
z, we have & = Vz*—5* ®; ® Art, 135. 
and therefore yz F = y X | 
= the Fluxion of 


the Area ADC, Now 
ſince, by the Queſtion, the A 1 B 


Fluent of y X zz — Mis to be a Maximum, when 
That of z becomes equal to a given Quantity (ACE) let 
theſe two Fluxions be, reſpectively, compared with 


. 
f 2 1—1 

7 
Theorem.) By which means, 1 +, r=1, , Art 406, 


1— 


and m S o; and conſequently 2 


and * (as given in the foregoing 


1 X uu — yy = 
5 

1 
= yz X zz—j) *: Which (according to the ſaid 
Theorem) ons Oy where, equal to a conſtant 
Quantity, we » by putting that Quantity = a, 


vo 8 Fo — =_ =_z » * . - 2 
CoA. ES A. ITY — $ : : : — 
> — > — K — — p<, — 1 2 23 r . — 3 — — 


— 8 
n 


272 


and ordering the Equation, get * =, and x 


. f 
2 £ 
— — 


AI 9 = — and, conſequently, (by 
Ii 3 taking 


ä K eine 6 w/e ano I er en 


1 
" 
4 
4 
bf 
i 
1 
} 
q 
1 
1 


= I * 
. L . > 
OO —ä——— ¶ — 
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taking the Fluent) x = a— Wa* =-, or 2ax—xxy 

=* ; which is the common Equation of a Circle. 

; 2, E. I. 
COROLLARY. 


410. It follows from hence, that the greateſt Area 
that can poſſibly be contain'd by a Right-line (AE) 
joining two given Points, and any Curve-line ACE of 


a given Length, terminating in the ſame Points, will 
be when the ſaid Curve-line is an Arch of a Circle. 


PROB. II. 


411. The Length of the Arch AE (ſee the preceding 
Figure) being given, to determine the Nature of th: 
Curve, ſo that the Solid generated by the Rotation there. 
of nay be a Maximum, | 
Art. 145, Since the Fluent of y* X FA ( = 5*x#) 
is required to be a Maximmm, when that of æ has a 


given Value ACE, every thing will remain as in the 
laſt Problem; only, r muſt here be = 2: And there- 


fore (by the Theorem) we have y*z X zz—yy 22 : 2. 
ay 


Whence z = = 3 and conſequently & (= 


VI) = = Which Values, if 4* be 


put Sa (in order to have the Powers homologous) 


5 b*y OW 
| "_ become 2 = = 2 5 and x = —_ 
Whence z and x will be known. 2. E. I. 

| PROB. III. 


- 412, The Superficies generated by the Arch of a Curve, 
7n its Rotation, about its Axis, being given; to determine 


the Curve, ſo that the Solid, itjelf, may be a Maximum. 


7 Art, 145, Becauſe the Fluent of * * = * is to be 2 
Maximum, when that of yz becomes equal to a = 
nan 


0 abpending upon a particular Curve. 487 
Quanticy ; let the 9 here exhibited be therefore 


| — ab * (given in the 
Theorem.) By means whereof (r being = =2, 1 =, 


1 , and m=1) we have yz X 557 „ a 


conſtant Quantity .;) which is the very Equation found e An. 40b, | 
in Prob. 1. belonging to a Circle. 

If the Solid be ſuppoſed given, and the Superficies a 
Minimum, we ſhall come . the very ſame Concluſion: 


For, y*x and y X N (which are 8 
y 8 9 2 


| _ Fluxions) being compared with) 4 and 
we have m=2, #=#, r=, ad 1 ; and there- 
| 0 
fore =—=>= equal to a conſtant Quantity: Which 
TVET" 
being denoted by — (fo that the Terms may be ho- 


mologous) there comes out fi 5 FF ＋ 53 whence 
2ax -* 2 (as before.) | 


PRO B. IV. 


413. To determine the Curve HFB, from whoſe Re- 
volution a Solid BR. ſpall be generated; which, moving 
forward, in a Medium, in the Direction of its p DA, 
will be leſs reſiſted than 59 other Solid of the ſame given 
Length DA and Baſe BC 


Tf AE=s, EF=y, Fp=zx c. it is evident, from 
the Principles of Mechanics, that the reſiſting Force of 
| a Particle of the Medium at F (being as the Square of 
| the Sine of the Angle of Inclination 5 7) will be truly 


repreſented by 77 77 7 (155 7 Moreover, ſince 
Ii 4 the 
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+ Art, 406, Compared with 


B ' the whole Number of Par- 
2 ticles acting upon FHKG 
P is proportional to the 


= Area of the Circle FG, 
or as *; the Fluxion 


D 1 © 5 
* I 
25 


G give * + wy for the 


C | Fluxion of the Reſiſtance 


upon FHE G. 
Now, fince it is required (by the Queſtion) to have 
: . >. 721 
the Fluent of 2 (or 22 + ) 2 
_— 7 


Maximum, when That of & becomes equal to a given 
Quantity (AD), let theſe two Fluxions be therefore 


y X uu N 


«Zi 


and y"%, +. Whence 


r being = I, 2 , 2 =—1, and mn o) we get 


Art. 406. 7 K xx + 311 + 


— = = (a conſtant Quantity ) ; and 
5 


conſequently πτ = a XK ; Whereof the Flu- 
ent will be found, by Art. 264. That the Curve does not 
meet its Axis in the extreme Point A, but has an Or- 
dinate AH at that Point (as repreſented in the Figure) is 


evident from the foregoing Equation. For Y 


(Fe being, always, greater than ix (pg * Fp), 
y muſt therefore be greater than a, in the ſame Propor- 

tion; and ſo, can never be equal to Nothing. 
Now, as it is demonſtrable that the Angle AHF muſt 
be 2 of a Right-Angle, AH (the leaſt Value of y) will 
therefore be = 4a (ſince & and y are, in this Circum- 
ſtance, 


E IA hereof (25) drawn into 


— 


22 > 


GR „ © 
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ſtance, equal to each other.) But, what a, itſelf, 
ought to be, muſt be determined from the given Values 
of AD and BD, and the Reſolution of the foreſaid 
Equation. | 


PROB. V. 


414. To determine the Solid of the leaſt Reſilance, ſap- 
poſing the Area of the generating Plane AH BD, and its 
greateſt Ordinate DB ta be given; (ſee the preceding 
Figure.) > | 

Since (by the laſt Article) the Fluxion of the Re- 

| © » . ) — 
ſiſtance is expreſſed by — 2 , and that of the 
| # 
Area AEFH by yz, it is plain (from the premiſed Theo- 


4 3 - "+ Yoon 
— — is a conſtant Quantity. Art. 406. 
y | 


222 3 
Whence, e, or its Equal ELER, bein 
pr AAR” "abs 
every where the ſame, the Angle pFq muſt alſo be in- 
variable ; and conſequently HFB a Right-line. There- 
fore the Solid of the leaſt Reſiſtance is (in this Caſe) 
either a whole Cone, or the Fruſtrum of a, greater, 
Cone. But it is eaſy to ſhew, that, when the Area of 
the generating Plane AB is given ſo ſmall, that the 
Angle B may be taken equal to the Half of a Right- 
angle; I ſay, it is demonſtrable, in this Caſe, that the 
Fruſtrum ſo ariſing will be leſs reſiſted than a whole 
Cone, or any other Fruſtrum, whereof the Baſeand the 
Area of the generating Plane are the fame. | 
In like manner the Solid of leaſt Refi/tance, when its 1 
Bulk and greateſt Diameter are given, may be deter- f 
mined: The Equation of the generating Curve being f 
X 
— = —, or azy* =y X ax : | 


: 
Whereof the Solution is given in Art. 264. 


rem *) that 


PROB. { 
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PRO B. VL 


415. To determine the Line, along which a Boay, by 
its own Gravity, will, deſcend, from one goon Paint A 
to another B, in the Joorteff Time poſſible, 


A 3-0 D 
| | 


| 


E 4 


Q 


B V 


Let AN be parallel, and BC pendicular, to the 
Horizon, interſecting each other in C; and let QP be 
any Ordinate to the Curve parallel to BC: Then (calling 
AP, x; PQ, y &c. ) the Celerity at Q will be expreſſed 


by 55 3 alſo the Fluxion of the Time of Deſcent thro 
A a0. AQ will be truly defined by F e, or its Equal y"* 
| 2 
X xx—+ 5. Here, 6 che Fluent of 7 ie 
I 


K Ly is to be a Minimum, when that of & arrives to 
7 Art, 405. to a given Value (AC). Whence, by the Theorem f, 


7 ** Eras oe; muſt be = a conſtant Quantity: 
Which w have * Terms N let be denoted 


by a (or = Then 3 Foy K ; 


Whence z =——=— 82 N * 0 
45 4 . 2 


I parallel to CD) be *+ 
called y, and the Velo- 
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ak 4 wy 


— 


: 3 and conſequently 22222 V a—y. 
a=” 

Therefore, when y = a, 2 is = 24; which two cor- 
reſponding Values tet be denoted by DV and AV ; and 
let QE, parallel to AD, meet DV in E; then VE 
(VD — ED) being = a —y, and VQ_ (AV — AQ) 


= 245 Wa=— wy, it follows that 

VD (a): VE (a—y):: VA* (4a): V (40Xa—y) 
Which is one of the moſt rematkable Properties of the 
ycloid; the Curve which, therefore, anſwers the Con- 


ditions of the Problem. 
If the Celerity be ſuppoſed as any Function (S) of 


the Quantity 5, the Problem will be reſolved in the 


ſame manner : The Equation of the Curve being 
— 4 ü 

ROB. VIL 

| 416. To find the Nature of the Curve AQE, along 


| which a heavy Body muſt deſcend from an hirizontal Line 


RC to @ vertical Line CD, 1 that the Area CAE may 
be given, and the Time of the Deſcent a Minimum. 


If the Ordinate PQ R 4A P C 


city at Qbe denoted by 
*; it is evident that 
the Fluent of X 


= (=> +) 


mult be a Afinimim 


when that of yx amounts to a given Value. 
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Therefore (by the Theorem already mention'd fo 
1 
often) we have . τ n ν z and 


1. | 
4 F g 5 4 
ting + inſtead of u, becomes & = on. Whence 
x will be known. But, if the Celerity was to be every 
where uniform, then (n being = o) we ſhould have 


a= — —; and therefore x = a 2 : 


Vi —y 
Which anſwers to a Circle. 


LEMMA. 
417. If, upon a Tangent EP, from any Point C in 


the Circumference of a Circle FEC, a Perpendicular 
CP be let fall, the Chord (CE) joining that Point and 
the Point of Contact, will be a Mean-Proportional be- 


tween the ſaid Perpendicular CP and the Diameter CF 


of the Circle, 


For, the Angles P and 
CEF being both Right ; 
and alſo CEP = F, the 
Triangles CPE and CEF 
are ſimilar : And there- 
fore CP: CE :: CE: CF. 

2. E. D. 


418. In the mixt-lin'd Triangle ACB, the Lengths of 
all the Sides (whereof CA and CB are Right-lines) are 
ſuppoſed given; 'tis required to find the Nature of the 
Curve-fide AEB, ſo that the Area may be a ei : 

| "Py 


depending upon a particular Curve, 


Put the Arch AE =z, Þ 
and the Ordinate CE = yz „B 
then, the Fluxion of the Area ? 


ACE being V =, 


the Fluent of y X zz — 7 5 


generated in the Time where- 
in y, from CA, increaſes to 
CB, muſt be a Maximum 
Therefore, by the Theorem *, 


we have yz X EZ — +] 


= 8*, or —=—====, . But, if CP. be fup- 
Ah Vizz—yy 3 p 
poſed perpendicular to the Tangent EP, then will 


— 


I | CE „ x 
2 (Art. 35.) = Gp = p; and conſe- 


a 
quently — = 3 cr, CP : CE (5) : CE (y) : 4. 


Which Proportion, by the Lemma, anſwers to a Circle; 
whereof the Quantity à is the Diameter. | 

Now, that AEB muſt be an Arch of a Circle is alſo 
evident from Prob. 1. but, that the ſame Arch, con- 
tinu'd out, will paſs thro' the Angle C, does not appear 
from thence. This is known from above; and is re- 
quiſite in finding the particular Circle anſwering to any 
propoſed Data. 


PROB It 
419. To find the Path AEB which a Body muſt de- 


ſeribe in moving uniformly from one given Point A 10 
another B; ſo that, being every where acted on by a Force, 
or Virtue, which varies according to the Inverſe-Duplicate- 
Ratio of the Diſtances from a given Center C, the whole 
Action upon the Body ſhall be a Minimum. 


Putting 
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i Putting AE = &, 
V. R CE, de (indefinite- 


ly ſmall) =y *, Ee=s, 
D : and Ed (VA —j)) 
N 3 


for the Meaſure of the 
Force which acts upon 
the Body in deſcribing 
the Particle Ee (r: 
Moreover, if from the 
Center C, with any gi- 
ven Radius (r) an Arch K Ts of a Circle be deſcribed, 
interſecting CE in T, we ſhall have Tt (the Meaſure 


of the Angle ECe) 27. Therefore, fince the 


L . 
Fluent of X ww +) is required to be a Mi. 
nimum, and the cotemporary Fluent of 1 (between 
CA and CB) a given Quantity ; it follows, from the 
Theorem premiſed at the Beginning of the Section, 


__— 
that * Ti XaÞ+ygl * muſt be equal to a con- 


Rant Quantity (=) and conſequently == 


(= = 


tion found in the preceding Problem. Therefore, if thro 
the three given Points A, B, and C, the Circumference 
of a Circle be deſcribed, the Arch thereof terminated 


— 8 
= =: Which is the very Equa- 


by A and B will be the Path of the Body. Q. E. I. 


CoROLLARY. 


420, If FR be a Tangent to the Circle, at the Ex- 
tremity of the Diameter CF, and CA and CE be = 
| : duc 


DD 394 > & 


a a. te. wu. 


depending upon a particular Curve. 

duced to meet it in R and Q, it follows that the whole 
Action upon the Body, in deſcribing the Arch AE, 
will be proportional to the correſponding Part RQ of 
the ſaid Tangent. For, if Ce be, alſo, produced to 
meet FR in g, and EF be drawn, it is plain that the 
Triangles CEF and CFQ, as alſo CE? and C4Q, are 
ſimilar : Whence it will be, CE (): CF (a) : CF (a) 


| aa 5 aa 
:CQ (or Cp) = V 3 and CE O) : Ee (4): Cy (=) 
a a i ä 
Gem 7 Which (a being Ne is as (5 
the Force that acts upon the Body in deſcribing Ee (2) · 
And, as this every where holds, the whole Action in 
deſcribing AE muſt therefore be proportional to RQ. 
Which Force (it is eaſy to prove) will be to that ex- 


erted on the Body in moving thro' the Chord AE, as 
the Chord to the Arch. 


2 R O B. X. 
421. To determine the Path in which a Body may move 


from one given Point A to another B, in the ſhorteſt Time 


poſſible 5 ſuppoſing the Velocity to be, every where, propor- 
tional to any Power (yt) of the Diſtance from a given 
Center C. (See the laſt Figure.) 


Here every thing will remain as in the preceding 
Problem; only 1 muſt be wrote inftead of 3. 


Therefore we have FIT"? X u.X uu + Nt =2 


conſtant Quantity: Which Quantity (to have the Terms 


h 

homologous) let be denoted by 75 then, by Reduction, 

8 |. (E 5 

of Nu fre L/ EK 7 
by? 


And conſequently GWF'=z * Hence, if p=0o, or the 


1 Ve- 
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Velocity be conſtant ; then CP being every where = 5, 
the Body muſt, in this Caſe, deſcribe a Right-line, 


But, if p =, then CP being = de Curve will 


be a logarithmic Spiral, whoſe Center is C“: Except 
in that particular Caſe, where CA = CB, when it de- 
generates to a Circle. x 


Laſtly, if p=2, the Curve will be a Circle (by the 
preceding Lemma) whoſe Diameter is J, and whole 


Periphery paſſes through the given Point C. 


After the ſame manner, the Value of CP (upon 
which the Nature of the Curve depends) may be de- 
termined, when the Velocity is expounded by any given 
Function (S) of the Diſtance (y) from the Center of 


TArt. 407. Force: And (by writing 8 in the reom of * Cc.) 


1 Art. 221. 
and 206. 


| bS 
will come out CP = 73 where 6 and c repreſent con- 


fant Quantities. | 
When the Velocity is That which the Body may ac- 
quire, in deſcending thro' BE, by a centripetal Force 


expreſſed by 57, then the Value of 8 (the Meaſure of 


11 


that Velocity) being interpreted by Vaff ff: 
(where CB) we therefore have CP os - we odd 


for the Equation of the Curve of the ſwifteſt Deſcent, 
according to this laſt Hypotheſis of a centripetal Force 
varying as any Power p of the Diſtance. 

422. Beſides the Problems already reſolved in this 
Section, there are others of the ſame Nature which are 
confined to more particular Reſtrictions, and require a 
different Method of Solution, 


Thus, 


depending upon a particular Curve. 


Thus, if 2, R and S be ſuppoſed to denote any 
given Powers, or Functions, of the Ordinate (y) of 
a Curve AN M, and the A F M 
Nature of the Curve be — 
required, ſo that, when 
the Fluent of 2x be- 
comes equal to a given 
Quantity, the Fluent 
of Rx may alſo be- N 
come equal to another D 
given Quantity, and That of Sz, a Maximum or Mi- 
nimum : Then, becauſe there is, in this Caſe, a ſecond 
Equation, or new Condition, beyond what is to be met 
with in any of the foregoing Problems, the Method of So- 
lution hitherto explained, will, therefore, be inſufficient, 
But, by a Proceſs ſimilar to that whereby the ſaid Method 
was demonſtrated (aſſuming, here, three Expreſſions, and 
three indeterminate Quantities, inftead of two *) a ge- 
neral Anſwer to this Problem (under all its Reſtridtions) 


will be obtained: And is exhibited by the Equation, Art. 407, 


= pþR 98 
„ 
Quantities. 


423. Though it ſeems unneceſſary to put down the 
Invention of this Equation, after what has been hinted 


above, yet it may not be improper to obſerve, by way 
of Corollary, that, if © =1, R=1, and S, the 


; wherein p and 44 denote conſtant 


: 2 
Equation will then become p = 9" ; expreſſing 


the Nature of the Curve, when, the whole Abſciſſa (AM) 
and correſponding Arch (AN) being both given Quantities, 


the Fluent of * is a Maximum or Minimum, according 


as the Value of u is poſitive or negative: In both which 
Caſes, it is very eaſy to perceive, that the Curve muſt 


4 
be concave to AM, ard that the Value of , or its 


X K Equal 
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Equal pg, muſt, therefore, decreaſe as y increaſes ; 


whence we may infer that the Sign of gy" muſt be ne- 


gative in the former Caſe, and poſitive in the latter. 


Ex. Let the Curve ABDE, be the Catenaria ; 
form'd by a ſlender Chain, or perfealy flexible Cord, 


a io £ E 


ſuſpended by its two Extremes in the horizontal Line 
AE: Then, ſince its Center of Gravity muſt be the 
loweſt poſſible, the Fluent of yz, when AC g AE, muſt 
therefore be a Maximum + : Whence (7 being here ) 


our - Equation = =þ + g* } becomes 7 
— QY. 

But, in order to reduce it to a more convenient 
Form, let the Diſtance (DF) of the loweſt Point of the 
Curve from the horizontal-Line AE be put = 6; then, 
when y (BC) becomes = b, + will be = E; and 
therefore the Equation, in that Circumſtance, is 1 =p 
— 75 whence p = I + 96, and conſequently 5 = 
1 ＋ 4 - = X : Which, by putting 


6 — y (DH) =« and @ = is reduced to — = 1 


4 
+ 7 From whence a*z* (= a+ Xx#*) =a +5 


XI; and conſequently BD Va + 55. 


For another Example (wherein the Exponent u will 


be negative) let the required Curve be That along 
8 which 


| depending upon a particular Curve. 
which a Body may deſcend, by its own Gravity, 
from one given Point A to another B, in leſs Time 


than thro* any other Line of the ſame Length. In 


which Caſe, the Fluent of zy 2 being a Minimum, 
when x and z become equal to given Quantities, our E- 
quation (by writing — 2 for ) will here become 
_ P +g©<© : From whence exterminating x, or 


z, by means of the Equation & +j* = , the Fluent 
may alſo be determined. 


SECTION XI. 
The Reſolution of Problems of various Kinds. 


| PROB. I. 
424. NY hyperbolical Logarithm (y) being given, 
"tis propoſed to find the natural Number an- 
ſwering thereto, | 


If the Number ſought be denoted by 1+, we ſhall 
| | * 
(by Art. 126.) have y = * ory ＋ - Soo. 


Let Ay + By* + Cy* &c. x; then Ay + 2B 
+ 30% Oc. , and our Equation will become 
1+ 4+ Dy + 9% Gln, 

— Ay — 2zÞy — 300 —4Dyy Ge. 

Whence, by comparing the homologous Terms, we 
F 

get 4 1, B STN nr, 7 Q's 

C 8 

. Sc. Therefore 177 ＋ ＋ +7555 


4 2-34 
. iel 
2 „ 2 $+ 4 : 


ber ſought, 


Kk 2 PROB. 
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PROB. II. 


125. The Radius AO and any Arch AB of a Circle 
ABD being given; to find the Sine BC, and Co-fine OC 
of that Arch. | 


Let AO (BO) r, AB=z, AC x, BC=z, 


6G 5 


Bb = , Bu x, and bn y : Becauſe of the ſimilar 
Triangles OBC and Bub, it will be 
. OB (r) : BC (y) :: Bb (2) : Bu (*) 

And OB (r): OC (r-) :: Bb (=) : bn (y) 

From which we have 
8 

And ry = rz — xz, 
Let x = Az + Bz* + Cz3 + Dz* + Ez5 He. 
And y = az + bz* + 23 + dz+ + ez; Cc. 
Then, by Subſtitution and Tranſpoſition, our two 
Equations will become = 


* ＋ azz + bz*z ＋ cz + dz*2 SC WW. Il 
—r Ag—2zr Bzz—3rCz*z—a4r D2*z—grEz*x Oc, [ 0 
And 


raz+ 2rbzz+3rez*zÞ-4rdz2*= + grezts Y. : 5 


—rz+ Azz4-Bz*z+Cz*z+ DAA &c, 

From which, by equating the homologous Terms, we get 

Aro, a=2rB, b=grl, b=4rD, d=5rE &c. 
4 B C 


T here- 


ak\? 


of various Kinds, 
| B 
Therefore 2rB = 1, 37C = — 7 4rD = — 57. 


C 
gr = 7 &c. and conſequently B= = C=0, 


Whence, alſo 5 (= 3rC) So, c (=4rD) = — 


I 
2. 3r* Se. Ee. 
Hence it is evident that y (= az ＋ bz* ＋ ez3 c.) 
— 23 2⁷ 
221 


"2:3 no 3: 40510 2-3-413-0-7 


+ Tc. And that x (=Az+ Bz*+Cz3 Sc.) — 55 — 
24 EO wy | | 
TO Deer 
pP R OB. III. 


426. To find the Value of x, when x* is Minimum. 


The Logarithm of & is = x XI. x; whoſe Fluxion 
* XI. x + x being S o, we have I: x =—1, But 
(by Prob, 1.) the Number whole hyp. Log. is y will 


. „% i binds Wh Thin 
FFC * 
writing — 1 inſtead of ), we have x =1 — 1 + 


8 


4 The Subſtance of this Solution (being the moſt neat and 
artful I have ſeen to that uſeful Problem) I had, from a Letter 
fren'd Needler ; which was put into my Hands by a 
Friend, who receiv'd it from the late Dr. Halley, to au 


t Wis WIRE, K 
K 3 
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1 1 1 1 


Sc. = , 367878 


p RO B. IV. 


427. To divide a given Number (a) 1 that the con- 
tinual Product of all its Parts may be a Maximum. 


It is evident ( from Art. 23.) that all the Parts muſt 
be equal: If, therefore, any one of them be denoted 


by a, their Number will be , and we ſhall have 


** @ Maximum; And therefore its Logarithm 


. * a Maximum alſo: And its Fluxion — 5X L. 


® Art. 22. ww 2 =o *; Whence H-L. x=1, and conſequently 
and 126, x | 
1 


1 1 
+ Art. 424. K = 14 „ 


Sc. Therefore the next inferior, or ſuperior, Num- 
ber to 2, 1828 c. that will exactly meaſure the 
given Number a, is the required Value of each Part: 


1 iS 
: 2 . 71828 Cc. WY 
nearly, the Number of Parts, in this Caſe, will be 4, 


Sc. = 2.71823 


Thus, let a= 10 ; then becauſe 


and the Value of each = - . 


. 
428. To divide a given Angle AOB into two Parts 
AOC and BOC, ſo that the Product of any given Powers, 


AP" X BC, of their Sines AP and BQ may be 4 
Maximum. Let 
e 


of various Kinds. 
the Arch AB in F; likewiſe let FE and AL be perpen- 


and BQ=y. Then, becauſe &)“ is to be a Maximum, 
we have * N ͤ * E XN 1==0 ; and con- 


ſequently ny# = — may, 
Moreover, fince the Fluxion 
rx 


of the Arch AC is = —===— 
is RP 

and that of BC = —=Z 
i ae i 
( Art. 142.) we alſo have 


FF 


ry 
= 
y _— 
or = — 
Vr—y AA 


, ; ay | 
fo E N — — — 
rmer Equation, c. gives = 


; which multiply'd by the 


my 


U 
72 — x* 


or n X N. denen = mx : Whence, becauſe 0 


2 — 


(, : QB (y) :: OP ( == : PD = 


— we have aXPD (=mx) =mXAP; 
Vri—y 

and therefore PD: AP :: m: n; whence (by Com- 
poſition and Diviſion) AD : DF :: m.: m—n But 
(by fim. Triang.) AD: DF :: AL: FE; conſequently 
mu: n- n:: AL: FE; that is, as the Sum of the 
Indices of the two propoſed Powers is to their Dif- 


ference, ſo the Sine of the whole given Angle to the 


Sine of the Difference of its two, required, Parts. 
This Proportion is given in Words, at length, becauſe 
it will be found of frequent Uſe in the Solution of me- 


chanical Problems. TL 
KE 4 PROB. 


Let AP, produced, cut the Radius OB in D, and 
dicular to OB, and join O, F: Putting AO=r, AP=x 
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P R O B. VI. 
429. To ſhew that the leafl Triangle that can be de- 


ſcribed about, and the greateſt Parallelogram in, a given 


Curve ABC, concave to its Axis, will be when the Sub- 
tangent FT is equal to the Baſe BF of the Parallelogram, 


ar half the Baſe BT of the Triangle. 


bY” as e 


EE OR UE 
It appears from Art. 25. and is demonſtrable by 
common Geometry, that the greateſt Parallelogram that 


can be inſcrib'd in the Triangle BTR (ſuppoſing the 
Poſition of TR to remain the ſame) will be that whoſe 


Sotx 


Baſe BF is half the Baſe BT of the Triangle: There- 


fore, as a greater Figure cannot poſſibly be inſcribed in 
the Curve BAC than in the Triangle BTR circum- 
ſcribing it, the greateſt Parallelogram that can be in- 
ſcribed, either, in the Triangle or the Curve, mult be 
That above ſpecified. | | 

But now, to make it alſo appear that the Triangle 
BTR is a Minimum when FT BT; let Brr be any 
other circumſcribing Triangle, and let the two Tan- 
gents TER and ter interſe&t each other in P. Then, 
ER being S ET, it is plain that RP is leſs than PT, 


and Pr (leſs than PR leſs than PT) leſs than Pf. Therc- 


fore, the Sides PR and Pr of the Triangle RPr being 
leſs than the Sides, PT and Pr of the Triangle T'Pr, 
and the oppoſite Angles RPr and "T'P? equal to each 
other, it follows that the Triangle Rr is lels than "I'Pt; 
and conſequently, by adding the Trapezium B Pr to 
both, it appears that BTR is leſs than Bir. 

Cc. 


77 various Kinds. 5 cog 


CoROLLARY. 


430. Hence the greateſt inſcribed Parallelogram is 
half the leaſt circumſcribing Triangle. 

In the ſame Way it may be proved, that the greateſt 
inſcrib'd Cylinder, and the leaſt circumſcribing Cone, 
in, and about, the Solid generated by Revolution of a given 
Curve, will be when the Sub-tangent is equal to twice 
the Altitude of the Cylinder, or 5 of the Altitude of 
the Cone : And that the two Figures will be to each 
other in the Ratio of 4 to . 


—— —— Pg * 4 
=> 
PEAKS.» 7 ot — 0 — 
—— - © 
23 5 — 7 — 


—— 
3 


p RO B. VII 


431. Three Points A, B, C being given, to find the 
Poſition of a fourth Point P, ſo that, if Lines be dratun 
from thence to the three former, the Sum of the Products 
aXAP, BX BP, and cXCP (where a, b and c denote 
given Numbers) ſnall be a Minimum. 


LY 

: * 
1 
| 
f 4 
9 
ih 
15 
pw, 

"bf 

i 1 

" 1 
1 1 
. 
; 


C 51 3 
CO = 
8 
L— 
I 
F 
1 = 


If CP and BP beproduced to E and F, it will appear 
from Art. 35. and 36. that the Sine of BPE muſt be to 
that of APE, as à to 6; and the Sine of CPF (BPE) 
to that of APF, as a toc. Therefore, the Sines of 
the three Angles BPE, APE, and APF (which Angles, 

taken ail together, make two Right-ones) being in the 
given Ratio of a, b and c, it to:lows, that, if a Tri- 
angle RST be conſtructed, whoſe Sides RS, ST and 

"RT are in the ſaid Ratio of a, b and ec, the Anvles 
T, R and S oppolite thereto, will be reſpectively equal 


to 
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to the fore-mention'd Angles BPE, APE and APF. 
From whence, all the Angles at the Point P being gi- 
ven, the Poſition of that Point is given by common 
Geometry. | 

But it is obſervable, that, when one of the three 


given Quantities a, ö, c (ſuppoſe a) is equal to, or 


greater than, the Sum of the other two, a Triangle 
cannot then be formed whoſe Sides are proportional to 
the ſaid Quantities : In that Caſe the Point P will fall 
in the Point (A) correſponding to the greateſt Quan- 
tity (a). For, it is plain that X Ag is leſs than þx BP 
+ þXAP; and that cXAC is leſs than c Xx CP X AP; 
whence, by adding the Leſs to the Leſs, and the Greater 
to the Greater, it alſo appears that bXAB+cXAC muſt 


be leſs than bÞXBP+c<XCP +b+cXAP leſs than 
bXBP +cXCP + aXAP; becauſe @ (by Hypotheſis) 
is equal to, or greater than, Ic. 


PROB. VIII. 


432. To determine in what Latitude a Right-line per- 
pendicular to the Surface of the Earth, and Another 
drawn, from the ſame Point, to the Center, make the 
greateſt Angle, poſſible, with each other; the Ratio of the 


Axis and the Equatoreal Diameter being ſuppoſed given. 


+ Let AE repreſent the Equa- 
| toreal Diameter, and SP the 
R 20 Axis of the Earth (taken as 
an oblate Spheroid) alſo let 
RO and RM repreſent the 
two Lines ſpecified in the 
Problem, whereof let the latter 
3 to ARS) meet 

P in M; and let RB be per- 
pendicular to SP. - | 


It is evident, from the Property of the Ellipſis, that 
SP*: AE*:: BO: BM. And (by Trigonometry) BO 
: BM :: Tang. BRO : Tang. BRM ; whence, by Equa- 

; litys 


of various Kinds, * $07 
lity, SP* : AE“ :: Tang. BRO : Tang. BRM ; there- 
fore, by Compoſition and Diviſion, AE*+SP* : AE* 
—SP* :: Tang. BRM Tang. BRO : Tang, BRM— 


Tang. BRO. But, the Sum of the Tangents of any two 
Angles is to their Difference, 1 the Sine of the Sum of 
thoſe Angles to the Sine of their Difference * ; whence it 


follows that AE* + SPL: AE*—SP* : Sine. BRM + + 


BRO : Sine. BRM —BRO (ORM). 


Now, ſince the Ratio of the two firſt Terms is 
conſtant, or in every Part of the Ellipſis the ſame, it is 
obvious that the Angle ORM, or its Sine, will be the 


_ greateſt poſlible, when its Antecedent (the Sine of 
BRM+BRO) is the greateſt poſſible, that is when 
BRM-+BRO = a Right-Angle and its Sine = Radius. , 
Therefore, in the propoſed Cireumſtance, when ORM 
is a Maximum, our laſt Proportion will become AE*+ 
SP* : AE*—SP* :: Radius: Sine of ORM : And half 


the Angle, ſo found, added 45%, will give (BRM) the 
Complement of the required Latitude; becauſe BRM 
' + BRO (or 2BRM—ORM) being = go*, it is evi- 


dent that 2BRM=g0+ORM, and Samay BRM 
= 45* Tf ORM. 


PROB. IX. 


433. Of all the Semi-cubical Parabolas, to determine 


that, whereof, the Length of the Carve being given, the 
Area ſhall be a Maximum. 


The general Equation is ax* =y* : Moreover, the 
$ . 
Area is univerſally = 2, „ and the Length of the Curve 
| 5 #4 


_ — —= (fee Art. 137.) Let che laſt of theſe 
2745 : 


be put = c, and, by ordering the Equation, you will 
| pet. 


— 


* Vid. p. 35. of my eee 


voð 
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— a X Te | 8a)? — 4a 
get ym 9 


Wt 

: Whence, * (and 

| 5a* 

conſequently =) being a Maximum, it is evident that 
4 | | 


1 _ HP 2 — 
— 2 . its Equal a X Tc 


„ or 1 
25 


— 445 muſt likewiſe be a Maximum: Which, put into 
8 2 +321 : 


Fluxions and reduced, gives a 


Whence æ and y will alſo be found. 


p RO B. X. 


434. To determine the Ratio of the Periphery of any given 
Ellipſis to that of its circumſcribing Circle, 


Call the Semi-tranſverſe Axis CB, a; the Semi- con- 
jugate CE, c; any Ordinate DR, y; and its Diſtance 


G 

EN 

N 
= C03» 


CD from the Center, x. Then (by the Nature of the 
Curve) y being = Vea er, we have y = 


— XxX 


55 5 and conſequently 2 (v x*+y ) —— 


Va . — Xa” 


—: Which, by making 4 


aaa — xx 


of various Kinds, 


vill be reduced to £ = . Wo = 
2085 | V aa — xx 


RE ae 7 4 2 5 6a® Ge. 
(by throwing the Numerator into a Series) whereof the 
ole F luent, when becomes = a, will be z (ERB) 


M Saas 


2.2 2.2. 4:4. 3+2+4-4. 0:0 


* 


2. 3.2. | 
T7440 Sc. (by Art. 286.) where 4 


denotes the Length of the Arch GB, or of the Pe- 
riphery of the circumſcribing Circle, 
Hence i it follows that the Periphery of the Ellipfs is 


4 
to that of its circumſcribing Circle, as 1 — — — 


- 
EEE OE 
Rn $4 3 
4 _ 


ip to Uni: Where A, B, 0. D Ec. denote the 
preceding Terms, under their — Signs. 


Se. or 28 1 — 


NY 1 
x 


PRO B. {AE 


. To determine the Difference between the Length 
of = Arch of a Semi-hyperbala infinitely produced, and 
its Aſy peace, 


Call the Semi tranſverſe Axis (AC) 2; the Semi- 
conjugate (or its Equal AE) 6; the Diſtance (CF) of 
any Ordinate from the Center, x; the Ordinate itſelf, 
yz and the Arch, correſponding, 2 Then, from the 

Ne x*—a* 


Nature of the Curve we have y = — — j whence 


3 
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* 


— gs een oy 
* * — $4 > — * 
— . — 2 n E dT n rr 
. ̃ ̃ ˙— — A = WP" ER. "Jer" = * 
— "a > PL LL * < rer * >z 2 _ = * % — w — - 
—_ Cre SI Lee — 3 — 


234 — — * 
5 — — 
— — — Ty 
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CN 1 


hs 


* = TEE PE — and conſequently (V et = 


x* 


S - 
aa 


| : Which, making d* = 77s 
V xx— aa 8 4 ＋ 


CA* a 
(= TE) and u = — will be transformed to z = 


D 
— . * - 2 3 whereof the upper Surd, ex- 
=" 
dun“ den 


panded, is 1. — , &c. And therefore = = 


— d d*u*u 


1 3 
| ps UN I—ul * Gaz=T 


345 u*y 3. 5 41 


n V . Ne 


— 
4 1 — — 
Fluent of the firſt Term hereof, I into i 
xXx 
(= - Ve=7 = =) is univerſally expreſſed by 


VS — BF X CE. 
— — „or its Equal — Ef —: Which, if BN 


be parallel to the Aſymptote EC, will (becauſe 13 


— 


| NF various Kinds. 
CE :: BF: BN) be alſo truly repreſented by BN : And 


this Line BN, when x or z becomes infinite, will co- 


incide with the Aſymptote. Therefore the Fluent 


of the remaining Terms is the Difference ſought : 


Which Fluent, when « = 1, or y=o (putting A for 


4 of the Periphery of the Circle whoſe Radius is Unity) 


8 3 „ 
will be = AH X —+ 8 + RIP e ch 
3.5 + 547 J-3.5:5+-7:-70 
2 4460: 0.8 Ly 2.2-4-4-0-0.8: 8-20 _. 
(by Art. 286.) but o when u=0o (or y is infinite). 
Therefore the Exceſs of the Aſymptote above the Curve 
is truly exhibited by the preceding Series. 2. E. I. 
If a be taken = 1, and boo, then d will become 
=1: And therefore, the Curve in this Caſe falling 


. . i * 1 
into its Axis AG, we have AX — + 2 


n e — 3:3:5:5_  &c. =CA, 
„ 1 . 4. % 1% „ % 4> 4+. 0-0 B | 


or Unity. Whence it appears that the Sum of the Se- 
3 I 383 a : 

E T TTT Tir 
of + of the Periphery of the Circle whoſe Radius is 


Unity. And, from the Problem preceding the laſt, it 
will likewiſe appear, that the Sum of the Series 1 — 


1 3 3-J+5+ 


$f, 3o2-$54 33d Cd 


Sc. will be 


denoted by the ſame Quantity; and conſequently that 


theſe two Serieſes are equal to each other. From the 
Addition and Subtraction of which and their Mul- 
tiples, various other Serieſes may be produced, whoſe 
Sums are explicable by means of the Periphery of a 
Circle. 


PR OB. 
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PROB. XI. 
436. To determine the Nature of the Curve CDH, 


which will intenſect any Number of ſimilar and concentric 


Ellipſcs AMB, amb &c. at Right- Angles. 


Let the Tangent 
DT, which is a 
Normal to the El- 
lipſis AMB, meet 
the Axis AB in T; 
and, ſuppoſing AC, 
CM, aC, Cm Cc. 


H 


= ACEA 3B to be the principal 


Semi- diameters of 
their reſpective Ellipſes, let the given Ratio of AC* to 
CM (or of aC* to Cm Sc.) be that of 1 to n Put- 
ting CE = x, ED Y, Dp (Ee) x, and 4þ=y. 

It is a known Property of the Ellipſis that AC“: 
CM :: CE: ET; therefore ET = nx : Moreover ET 
(nx) : Dp (r) :: ED (y) : pd (y) by ſimilar Triangles) 


8 & oy 


whence — ==, or — = SI whereof the Fluent 


® Art 126, 


3 x 
is L:ix—L:ia=nL:y—nL:a* (where a denotes 
any conſtant Quantity at Pleaſure.) Hence we alſo 
I FI” 
have L: = = nX L: 4 L: 2, and conſequently 


© 3 
Fat 


ROB, XIII. 


427. To find the Equation of a Curve ERD that will 
cut ary Number of Ellipſes, ar Hyperbolas, having the 
ſame Center O and Vertex A, at Kight- Angles, 


Let RT be a Tangent to any one of the propoſed 


Conic Sections ARF, at the Interſection R, meeting 
the 


the Axis AO in T; and put AO ma, OB=#, BRA, 
nr=#, Rnu= —5 Then (per Conics) BT ===, 
in the Flips, and = ——, in the Hyperbola : 


Whence, by reaſon of the ſimilar Triangles TBR, 
and Ryn, it will be "= (BT) :) (BR) 2 —3 


* 


(Ri) : 4 (mm) : Therefore — yy = 


* 


Q xx, and conſequently — 2 + d* =a* XL: Se 


; *. Where d denotes a conſtant Quantity, depending 
on the given Value of AE. | ; 


PROB. XIV, 


438. Let two Points n and m move, at the ſame tine, 
from two given Poſitions B and C, with equal Celerities, 
along two Right-lines BA and BC perpendicular to each 
other : *Tis propoſed to determine the Curve ASC, 10 
which a Right-line joining the ſaid Points ſhall, atways, 
be a Tang ent . | 


Let DS and ev be parallel to BA, and 875 perpen- 
dicular thereto : Putting BC=a, CD, SD=y, Sr 
=#, and rv=z. Therefore (by ſim. Triangles) 5: * 

p LI 2 


be egual to each other, that is, — 74 


The Reſolution of Problems 


1 == n. a- (8) : * 
IJ * 
Mint gin 


bn : Whence Cm (CD—Dm) = * — 5. and By (BY 


+ bn) = += ee . : Which two laſt Value be- 


cauſe the Velocities * the Bodies are equal; muſt alſo 


7 . 


Hence, by making x conſtant, and taking the Fluxion 
of the whole Equation, we get * ei — 


= xn. 
— / — =; or EZ, 2 ;from whichthere 


: Where, 


ariſes a4 j*=95*, and —= 
r 
the Fluent on both Sides being taken, we have 2 


=2Va Va x, and conſequently x=24\/ ay 
2 Jy; Which Equation 3 to the common Pa- 
rabola. 


Other- 


ö 


A 


of various Kinds. 
| Otherwiſe more univerſally, thus. | | 
439. Put Cm=v and Bao, and let theſe Quan- 
tities (inſtead of being equal) have any given Relation 
to each other. Then, ſince the abſolute Cclerity of m 
is expreſſed by &, its angular Celerity, in a Direction per- 


pendicular to Sm, by which the Line Sm tends to re- 

volve about the Point of Contact 8 as a Center, will 
Bree Sine of Enn 

be truly defined by -i X (Art. 35.) 


In the ſame manner the angular Ce! erity of u, about 


Hin. B 
the Point 8, will be defined by ——4— — — X ww, Now, 


as theſe Celerities muſt be to each other as the Di- 
ſtances Sm and Sn from the Center S8 (or directly as 
the Radii) we have Sm: Sn (:: DS: bn) : Sin. Bmn & 
: Sin. Bum Xx wv; whence, becauſe Sin. Bmn © Sin, 
Bum :: Bn (w) : Bm (a—v) we alſo have DS: bs :: 
WXv!: a— X w.: Therefore, by Compoſition, DS. « 
. 70 :: 10: wo + a—v Xw, and conſe- 
b 


: Whence bn (w — 


800 = ——= ——3 and BD — 
/ 


_ We whence the C 
10 A= Nc e urve itſelf 


will be given, 


If v and w be taken equal to each other (as above) 


2 


then SD {y) will become = = and BD = < 2 


a ; 


FIT a 


S4 — 200 GATE in which laſt, if for w its Equal 


LI 2 


315 


516 


The Reſolution of Problems 


m be ſubſtituted, we ſhall have BD = a 2 


== and conſequently 72 (= 7 = | 


. +; and conſequently CD (a BD) = 2Way—y, 


the very ſame as before. 
P R OB. XV. 


440. Suppoſing a Body T to proceed, uniformly, along 
a Right-line BC, and another Body S, in purſuit of the 
ſame, always direftly towards it, with a Celerity which 
is to that of T, in any given Ratio, of 1 ton; tis pro- 
poſed to find the Equation of the Curve ASD deſcribed by 
the latter. 


Let the Tangent AB, which makes Right-Angles 
with BC, be put a, BR=x, RS=y, and AS=z : 


A 


ORR BAS =" 3 
B R 8 


Then the Subtangent RT being = — we have BT 


=x + . Moreover, ſince the Diſtances BT and 


AS gone over in the ſame time, are as the Celerities u 


and 1, we alſo have BT (=nX AS) S ⁰ 


= : Whence, in Fluxions (making 5 conſtant) * 


22 


Mir 
The 


of various Kinds, 
The Fluent of which (by Art. 126.) is — 2 X Log. y 


= Log. ++ V5: : But when y==a, & is = 0, 


J 
and then the Equation becomes — n X Log. a o; 
therefore the Fluent, duly corrected, is nx Log. a— n 


Xx Log. y = log <X . or Log. 7 = 


Log. 2 V+ — Whence it is evident that 
| 7 * 

4 V a” - . 
+ 1 * +a*; 
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from which, by ſquaring both Sides, 24 is found = 


2 — YI , whoſe Fluent is un == CD + 
* 4 _ 
LBS ih But when y=a, x is = ©, and then 

n+1 5 , 

a a 2na 
O = — = TaFl „ therefore the 
— 1 + 
Fluent corrected is 2x = — 22. + 32 
; I—N n+ 1 

2na : 

x | . E. J 


Otherwiſe (without ſecond Fluxiont.) 


441. Put ST P and RT = ©. Then fince the 
abſolute Velocity of the Body & is denoted by Unity, 
that with which the Ordinate SR is carry'd towards the 


Body T will be denoted by X 1 or S (by rt. 35.) 


which ſubtracted from the Velocity of 7, leaves n — 


8 for the relative Celerity with which T recedes from 
Ll 3 R: 


* — — > = - 
re EDI ISIS 
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R: After the ſame Manner, if from Þ Xn" theCelerity 


of T in the Direction ST produced, there be taken (1) 
the Celerity of S in the ſame Direction, the Remainder, 


7 — 1, will be the Celerity with which T recedes 
from &. Therefore, the F luxions of Quantities being as 


the Celerities of their Increaſe, we have n— 7 = 


p —1:9:P; and conſequently u P APN. 


But, ſince the Quantities P and & are concerned exactly 
alike, the Equation thus derived will, in all probability, 


become more ſimple, by ſubſtituting for their Sum and 


Difference: Let therefore P + , and P Ov, 
or, which is the ſame, let P = , and © = — 4 


Then, by Subſtitution, we ſhall have —— y 


S—o0 mn+mw—s+ ov i+xg 

—= : * Which con- 
tracted, &c. becomes I i , or Tax 
3 * ' 
- =1—n X > whoſe Fluent (correQted) is 1+z 


Xx Log. 5 ='1—nXLog. v+ 2 XN Log. a, or Log. 3 


Log. & vy. Whence *. , and 


conſequently ir. N bft. = a: Bur (=ITTET 


X START =RS*) =)* ; therefore * ye g2te 


X — 
111 5 

Arta — 4 97, and v = —.— 3 whence s (= £) 
OS V 


a 
: Pl (: =_ } a” 1 — | 
— N ST — — 


3 


? of various Kinds, 


4 af 1 -) 
1 But RS (): RT . 


=— ON os 23 
2: * ͤ whence 2x = — —, and 21 = — 

. a 
84 OE . 2na © 


T very ſame as before. 


CoROLLARY. 


442. If the Velocity of & be greater than that of T 
(or n be leſs than Unity) the two Bodies will concur 
when the latter has moved over a Diſtance expreſſed by 


- a 
1-—7 


xanga T mm when y becomes = o, 2x is barely = 


2 Bot if he van of © be le dan that of 


I—x** 


T, it is plain that S can never come up with T: But its 


5 
2— 112 
neareſt Approach will be when y = +1 "Xa: For, 
| 5 of 78 
face ST is ine fly = = — +, let the Flux» 
2y 2a” 


ion of this Expreſſion be taken and put equal to No- 
thing; and y will be found as above exhibited. 


If the Celerities of & and 7, inſtead of being uni- 


form, vary according to a given Law; then, denoting 


the former by 4 and * latter * B, the Equation of 


Bj 
the Curve will be = — 5: And if the 


- VP 5 ** 
Fluent of — 7 be 5 by a Logarithm, as L. N; 


FS, the Fluent of 


a. 3 | 
L14 we 


_ 


being L. 1 * "On 126. 
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we ſhall have N =2F _ z which, order d, 


gives = 2 Whence x will be found. 


PROB. XVI. 


443. To determine the Fruſtum CDEF of à Trian- 
gular-Priſm, of a given Baſe CF and Altitude BA; 
which, moving in a Medium, in the Direction of its 


Length BA, ſhall be reſiſted the leaſt poſſible. 


Draw CH parallel ta BA meet- 
ing ED, produced, in H: More- 
over, let HP, PQ and PR be per- 
pendicular to CD, CH and DH 
reſpectively. | 
Since the Number of reſiſting 
Particles acting upon DC is as 
DH, and the Force of each as 
DR* 3 
B=) the Square oſ the Sine of 


the Angle of Incidence DPR, 
the whole Reſiſtance ſuſtained by DC vill therefore be 


DHX DR. | 
expreſſed by 5. , or DR, which is equal to it (by 


the Similarity of the Triangles DHP and DPR) Whence 
the Reſiſtance upon ADC is truly expreſſed by AR (AD 
+ DR) and is a Minimum when its Defect (PQ) be- 
low the given Quantity AH (or BC) is a Maximum: 
But PQ.is a Maximum when CQ and HQ are equal; 
becauſe, the Angle CPH being Right, a Semi-circle de- 
ſcribed upon CH will always paſs thro? the Point P; 
and it is well known that the greateſt Ordinate in a 
Semi-circle is T hat which divides the Diameter into two 
equal Parts. | | 
Hence the Angle DCH, when the Reſiſtance upon 
ADC is a Minimum, will be juſt the Half of a Right- 
Angle, provided BC be given greater than BA; ott er- 
| Wiſe, 


\ 


e various Kinds. 
wiſe, the whole Priſm CAF will be leſs reſiſted than 
any Fruſtum CDEF of a greater Priſm. 


PROB. XVII. 


444- To determine the Angle RRE which a Plane EBF 


_— make with the Wind blowing in a given Direction 
RB, /o that the Plane itſelf may be urged in another given 
Direction BA with the greateſt Force poſſible, 


It is known, from the A 1 
Reſolution of Forces, that „ 

the Force whereby the Plane 2 
EF is urged in the given ” : 
Direction BA, by a Par- E 0 


ticle of Air, acting in the : : RY 
Direction RB, is directly as : H : 
the Rectangle of the Sines Ros. Ho; Hz 
of the Angles (ABE, RBE) 


which the two given Directions make with the Plane: 
Therefore, ſince the Number of Particles acting on EF 
is as the Sine of RBE, it follows that the whole Force, 
or Effect, of the Wind, in the Direction BA, will be 
as S. ABE X Sgu. S. RBE ; which being a Maximum, 
we have (by Prob. 5.) 3: 1:: Sine of the whole given 


Angle RBA: Sine of RBE—ABE. Whence the Angles 
RBE and ABE are both given. 2. Z. J. 
CoROLLARY, 


445. If the Angle RBA be a Right one (which is 
the Caſe with regard to the Sails of a Windmill) then 
the Sine of RBE— AEB being =} =1,333 &c. we 
ſhall have RBE—AEB=129*®: 2&; and conſequently 


RBE (= ) 


= 54" 44 


PROB. XVIII. 

446. If two Bodies A and B, joined by a String, be 
urged in oppoſite Directions, towards P and Q, by any 
given Forces F and f, uniformly continu' d; tis propoſed to 
find the Tenſion of the String, or the Force whereby -the 
Bodies endeauuur to ricede from each other, 

I Since 


$21 


5 - * — — 
— PET TIES, — — : — 
. SW £2 CRT Fr 5 —— — = — 
2 — — —9 —— — — => — —¾: 3 
"5 I. 5 > : PID 
AFA CCI 6 
a _— _— IO 


a —_—— — 3 „ uw = 1 —— <2. Is 
- —— TO I. 1 r 
— — At — — — — — — 
- — — ED r 22 — — — 0 
— = — 2 
> En ——_ = = > 
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Since / is the abſolute Force by which the two 
Bodies are, conſtantly, urged towards P, the whole 
Motion, generated in Both, in any Time 7, will there- 


fore be expreſſed by ENT: Whence, becauſe both 
Bodies (by reaſon of the String) acquire the ſame Ve- 
locity, the Motion generated in 4, alone, will be 


FEB 5 * Eve, or n Part of the Mole defined by 


7 But ihe Siotcn if tpi & nt hank 


retarded by the String (or B) would have been F 
XT; thereſore the fs of Motion, by the Action 


„ 


upon the String, is PX T— TS x Fm x 7. 


A + FB 
== X T: Which, divided by the Time T 


A+ FB 
( wherein that Loſs or Effect is produced) 3 75 7 


for the Tenſion of the Thread, or the Force ſnfficient to 
caufe the laid Loſs of Motion, | | 


The ſame otherwiſe. 


447. Becauſe the Force F, was it to act alone, would 
communicate, by means of the String, the ſame Ve- 
locity to B as to 4, the Part therefore of the Force F 


employ'd upon B, by which the String is ſtrech'd, will 


B BF 
be AFB XF, or ALB . And, from the very ſame 
Argument, if the Force F was to act alone, the Tenſion 


A 
of the Thread would be 5 FD : Therefore, when both 
the 


of various Rind.. 
fA+BF 


the Fojces act together, the Tenſion will be ALE * 


For it is very plain that, their acting both at the ſame 
time, no way influences their reſpective Effects on the 
Thread. i. if i 


_ Corortary. 


448. If the Forces Fand / be reſpeRively expounded 
by the Maſles, or Weights, of the Bodies A and B; the 


243 
Tenſion of the Thread will then become EB? 


Whence it appears that the Tenſion of a Thread ſliding 
over a Pin or Pulley, by means of two unequal Wei 10 
A and B, ſuſpended at the Ends 7 is equ 


AB. 
** I + The Double whereof, or 5 7 1 is the Weight 


which the Pin or Pulley ſuſtains, while the Bodies are 
in Motion; becauſe the Thread hangs double, or on 
both Sides the Pulley. 

If ſeveral Bodies 4, B, C, D &c. communicating by 
means of a String or Wire AF „be urged towards a 
Point, P, in the PireQtion of the String or Wire, by 
any given Forces p, q, r, 5 &c. reſpectively, the Sw 

of the Part AB will be 


— £XB+C+D &c. — AX q+r+: Se., 
IATEBTCHTD c. 
of the Part BC 
— DNC Se. IT BN. . 


ann Sc. 


oe > "572 TIL TT ITA S 
| A+ b+C+D c. 


. 
8 FE All 


* 
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| All which eaſily follows from above; and will an- 
ſwer alſo in thoſe Caſes where ſome of the Forees are 
ſuppoſed to act in the contrary Direction, if every ſuch 
Force be conſidered as a negative Quantity. 


PRO B. XIX. 


; 449. Let it be required to raiſe a given Weight N, to 

i 8 a given Height BC, along an inclin'd Plane AC, by means 
N of another given Weight M, connected to the former by a 
flexible Rope NrM, moving over a Pulley at C; to find 

the Tenſion of the Rope ; alſo the Inclination and Length 


of the Plane, fo that the Time of the whole Aſcent may be 
A leaft poſſible, 4 / 4 
E It is well known that 
the Force by which N 
tends to deſcend along 
the Plane AC, or acts 
in oppoſition to A (ſup- 
poſing BC=a, and AC 


M—aN 
or is the efficacious Force, by which the 


Bodies are accelerated : But it is likewiſe demonſtrable 

that the Time of deſcribing any Line by means of a Ve- 

locity uniformly accelerated, is in the ſubduplicate Ratio 

V Art, 20s, Of the Length thereof, directly, and the ſubduplicate 
MF Ratio of the acceleratihg Force, inverſely *:: Whence 
it follows that the Time of deſcribing AC will be 


repreſented by = S Whoſe Fluxion ( or 


that of its Square) being made equal to Nothing, x will 


| 2aN 
be found = "FF » or NM: 2N:: a: x Hence the 


Time 


. of various Kinds, 


Time of the Aſcent will be the leaſt poſſible, when the 

Sine of the Plane's Inclination is to the Radius, as the 

Power (M) is to twice the Weight (N) to be raiſed. 
The Tenfion of the Rope will be determined from 


the laſt Problem, (by writing N for 4, = for F, N 


_ MN 42 
= HEN os 
; 2. E. J. 


for B, and M for /) and comes out 


PRO B. XX. 


4 


450. Let AC repreſent a Piece of Timber, moveable 


about @ Center C, making any Angle ACG with the 
Plane of the Horizon CG ; to determine the Poſition of a 
Prep or Supporter OS, of a given Length, which ball 
ſuſtain it with the greateſt Facility, in any given Poſi- 
tion; and alſo what Inclination AC will have to the He- 
r1zon when the leaſt Force that can ſuſtain it, is greater 
than the leaſt Force in any other Poſition. | 


Let R be the Center of Gra- H. 
vity of the Beam AC, and let 
Ru, Rm and CD be perpendi- E 
cular to AC, CG and OS re- 
ſpectively: Putting SO=a, CR 
=r, Cm=x, and the Weight 
of the Beam = w. | | 

Then, by the Principlis of C <M 1 G 
Mechanics, we ſhall have, firſt, | 


as Rm: Rn, or as, :* 11 w: (=) the Force, 
which acting at R, in the Direction Ry, is ſufficient to 
ſuſtain the Beam AC; ſecondly, as CO: CR (7) 1 — 


| xt 
(the Quantity laſt found) : TO » the Force able to 


ſupport it, at O, in a perpendicular Direction; and, 
laſtly, 


$26 
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laſtly, as CD : CO :: TO © TH? the Force, or Weight, 


actually ſuſtained by the given Prop SO. Which Force 
will therefore be the leaſt poſſible when the Perpendi- 
cular CD is the greateſt poſſible, let the Angle of -In- 
clination GCA be what it will: But of all Triangles, 
having the ſame Baſe (OS) and vertical Angle (SCO) 
the Iſoſceles one is known to have the greateſt Perpen- 
dicular : Therefore the 'I riangle CSO will be Iſoſceles, 


and the Angles S and O equal to each other, when the 


Weight ſuſtain'd by the Prop OS is a Minimum. 
But, now, to give a Solution to the latter Part of 
the Problem, or to find (ſuppoſing the Angles, S and 


O to be equal) when Tz X w is a Maximum, let CD 


produced meet MR in F; and then, becauſe of the na- 


lar Triangles CDS and CF, we ſhall have CD : * 


(Cm) :: SD (Za) : M, or H=TT 1 and conſe- 


quently 65 X w= = X w But, ſince CF biſects 
| 2 
the Angle CR, we alſo have, r+x (CR CM): x 


(Cm) :: Vr -K (Rm) : Fm = — — * 


rx 


MF 
+ Je Whence the Force Ta X w, acting 
TTX | 


upon the Supporter, is likewiſe truly expreſſed by 


= / — : Whereof the Fluxion being taken and 
S | 


r+x 


put equal to Nothing &c, we get x = . 

- 2 
Therefore CR : Cm (:: 1: Yi : Radius: Co- 
ſine of RCG=51®: 50% the Inclination required. 


— 


PRO B. 


F various Kinds, 
- _PROB. XXI. 


451, To determine the Poſition of a Beam CD, move- 
able about one End C. as a Center, and ſuſtained at the 
other End D by a given Weight Q, appended to a Cord 
D paſſing over a Pulley at a given Point A, 


Yn x HB Let G be the 


Center of Gra- 


e 46s +4 


* „ 


7 alſo let DF 5 GK 
aud CH be per- 

| pendicular to the 
Plane of the Ho- 
rizon, and CL 


D and AH parallel 
to the ſame: Put- 


Dy, and the Weight of the Beam =w, Then AF 
=a—y, DFT, and AD (VAF*+DF*) = 
vVa'— 2a) TDT =; which (becauſe y*+ 
* c:) will alſo be = V. T + Þ2bz—2ay = 
Fu. —2ay (by putting f*=4*Þ+4*+*) whoſe 
Fluxion, 2 —— , W by 2, is the 


Momentum of the Weight Q, ſuppoſing the Beam to 
to be in Motion. Moreover, becauſe DC: DL:: CG . 


| dx £251.» WP 
GI, we have GI = —_ whoſe Fluxion, , multi- 


ply'd by ww, is the Momentum of the Beam itſelf in a 
vertical Direction. 

| Wherefore making theſe Momenta equal to each other 
(according to the Principles of Mechanics) we get 
bx — ay dx | 

— = X, and conſ tl 

A 52 * > bx—2ay 2, c 7 | equentiy 
bz — ay X c = dwx V, + 2bx — 2ay But, ſince 


FEY: 


. Vity of the Beam; 


ting All, CH-, CD, CG=4, DL=s, CL 
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** e, we have 2y + 2xx =o, of —y = 


. And therefore (by Subſtitution) 4+ + = X <2 
= dwz\/f* + 2bx — 2ay, or byÞ ax X Q dyw X 
FF 2bx — 2ay : From whence, and the foregoing 
Equation x*+y*==c*, both x and y may be determined. 
De ſome otherwiſe. 705 
452. It is evident, from Mechanics, that the Force 


| which, acting in the Direction DF, would ſuſtain the 


End D, is to the whole Weight w, as CG to CD; 
CD 83 
and therefore is = 78 X w-: | It is likewiſe known 


that two Forces acting in the different Directions DF 
and DA, ſo as to have the ſame Effect in ſuſtaining 
DC, or cauſing It to move about the Point C, muſt be 
to each other, inverſely, as the Sines of the Angles of 
Incidence FDC and ADC. Therefore we have S. FDC 
CD | 

: 8. ADC::Q: X from which given Ratio of 
the Sines, the Angles themſelves will be found, by an 
algebraic Proceſs independent of Fluxions, | 


_ ConroLLary. 


453. If the Poſition of CD be ſuppoſed given, and 
the Tenſion of AD (or the Weight ©) be required: 
Then, from the foregoing Proportion, we ſhall have Q 


S. FDC CG , 
TAG X TH X %. Which will alfo expreſs the 


Tenſion of AD when the End C is ſuſtained by a Cord 
BC inſtead of a Pin at C: Whence it follows that the 
Tenſions of two Cords AD and BC, ſuſtaining a Beam 
or Rod CP, at its Extremes D and C, are expreſſed by 


S. FDC CG S. HCD DG 


FADE * TX and FTTH & . N and 


there- 


of various Rindt. 
e CG DG 
therefore are to each other as At to Toh or 


as S. BCD x CG to S. ADC x CG reſpectively; be- 
cauſe the Sine of FDC and that of its Supplement HCD 
are equal to each other. - | 


PFRLO-K 32. 


454. To determine the Poſition of a Beam DC, ſuſ- 
pended at its Extremes by two Cords AD and BC of given 
Lengths, from two given Points A and B in the ſame 
hartzontal Line AB. er 


| Let G be the Center of Gravity of the Beam, and 
let DF and CH be perpendicular to AB. | 


HB 


P 


It appears, from the Corol. to the laſt Problem, that 


5 CG 
the Tenſion of AD is to that of BC, as Fe 0 


DG 


BOD 3 whence (by the Reſolution of Forces) the 


Force of AD, in a DireQion parallel to the Horizon, 
is to the Force of BC, in the oppoſite DireCtion, as 
CG S. ADF DG S. BCH ; 
TIC "Ri 2 FD Rot 
Forces, that the Beam may remain in Equilibrio, muſt 

Mm con- 
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The Reſolution of Problems 
conſequently be equal to each other; and therefore 
S. BCD S. BCH DG 0 
Se F X CG: But now, to determine 
the Angles themſelves, from this Equation and the-given 
Lengths of AB, BC &c. let AD and BC be produced 
to meet each other in P, and let PQ, perpendicular to 
AB, be drawn; putting AB a, AD =, BC=c, 
DC gd, DG F, CG=g, AP=x and BP=y. 

Then, becauſe AB: AP BP :: AP—BP : AQ-BQ_ 
AP*—BP* AP* Bp⸗ 
= e we have AQ = AB + 2AB © 
AB* + AP* —BP* 
= 2. F and conſequently the Co-ſine of 
AB*+AP*—BP* 
| 2AB X APP 
Whence, from the ſame Argument, it is evident that 
the Co-ſine of B (= Sine BCH) will be expreſſed by 
AB+BP*—AP> _ AP*+BP*—AB* 


PD*--PC?—DC? 
and alſo by IE; which two laſt Quan- 


A (= Sine ADF) to the Radius 1= 


tities being equal to each other, we have PD X PC x 
AP*-BP*—aB?=APXBPXPD*FPC*—DGx; that 
is x—bXy —c X = K -= -d. 
Moreover, ſince PC: PD:: S. ADC (or PDC): S. BCD 


PD S. BCD S. BCH 
(or PCD) we _ have PCESADCE NF X 
8 | 


TG (by the firſt Equation) 3 whence CG Xx PD x 


S. ADF =DG X PCXS. BCH; that is CG x PD x 


AB*4AP*—BP* | AB*+ BP*—AP* 
4 ABKAD-- of DGXPCX 


ABN BPB 27 
CG 


of various Kinds. | 
CGxPDXBPXABFAP BP =DGXPCXAPX 


831 


AB*+BP*—AP?, which, in algebraic Terms, is gyX - 


4 = TN ⁰ Y Y == fx X y—cXa*+Þ y*—x*, From 
whence and the preceding Equation the Values of x and 
y will be known. | 


PROB. XXII. 


455. Suppoſing a Beam CD, meveable about one End 
C, as a Center, to be ſuſtained at the other End D by 
means of a given Weight P, hanging at a Rope paſſing 
over a Pulley at a given Point A, vertical to C; tis pro- 
poſed to find the Curve APK along which the Weight muſt 
aſcend, or deſcend, ſo as to be, every where, a juſt Coun- 

terpoiſe to the Beam. ; 


From the Center C, 
with the Radius CD, 
let a Semi-circle HDR 
be deſcribed, and let 
DB and PF be perpen- 
dicular to the vertical 
Line AHCR ; alſo let 
CD=e, CA=5,AH 
Se, AF=x, PF==y, 


3 


HB x, and the Length 
4 of the Rope DAP = mn; 
3 likewiſe let HQ (h) be 


the given Value of x 
(AF) when D coincides with H. 

Becauſe the Weight and- the Beam are always in 
Equilibrio, by Hypotheſis, their Momenta, and con- 
ſequently their Velocities, in a vertical Direction, muſt 
be every where in a conſtant Ratio; and therefore 
the Diſtance QF (h—x) aſcended by the Weight P. 
will be, to the Diſtance HB deſcended by the End 
of the Beam D likewiſe in a conſtant Ratio: Let 
this Ratio be that of b to any given Quantity d, 
that is, let þ—x:2::b:d, and we ſhall have d&þ — 
dx==bz : Moreover, we have AD* (CD*+A*—2AC 
X BC) =a*+b*— 2bXa—z = b—a "+ 26z ==c*+2b% 
= 0 24h + 2dx: Whence AP (m—AD) =m— 

Mm 2 
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Ve, and therefore, y* (AP'”—AF?) = 


m—/ . —205.-＋ 2. 2. Z. J. 

After the ſame manner a Curve may be found, along 
which a Weight deſcending, ſhall be every where in 
Equilibrio with another Weight aſcending tchro' the Arch 
of a given Curve. 


PRO B. XXIV. 


4356. To fond the Equation of a Curve ABH, aling 

which a given Weight P, ſuſpended by a String PED 
paſſing over a Pulley E, muſt deſcend, fa that the Tenſion 
of the String may vary according to any given Law. 


E Let EC be perpendicular, and 
. CP parallel, to the Plane of the 
Horizon; alſo let AE ga, AC==x, 
CB y, EP=v»v, and let the Ten- 
ſio the String (or the Force 
acting at the End D) be denoted 
by any variable, or conſtant, Quan- 
tity 9, 

Therefore, becauſe the Celerity 
'of the Weight P, in a vertical Di- 
rection, is to its Celerity, in the 
Direction EP produced, (or the 
Celerity of the other End D) as 
x to &, it is evident that the Weight 
itſelf muſt be to the tending Force Q, inverſely in that 
Ratio, and conſequently Pæ = x. 8 
Furthermore, becauſe EC ga x and BCI BE 


EC?, we have 5α u —aÞ+a*: From which Equa- 
tions, when the Relation of P and ©, is given, the 
Curve itfelf will alſo be known. 5 | 
Thus, for Example, let the Ratio of P to Q, be 
conſtant, or that of m to n, then mx being =#nv, we 
have (by taking the Fluent) mx + na = nv; whence 


V = a+— and therefore) (=a*+ _ + — 


mY e Kinds, 


M 2ax | 


Which is the emen * an Hyperbola. 
Again, far a ſecond Example, let the tending F orce 


A be to the Weight P, as DE? to AC” XAT, Or as 


=: 22 (ſuppoling NED and c =any * 
bv * -and 
n — m m 


c 


LD 


— 4 — 20-4 = 


Line AF) Therefore, ſince . 


EN 


5 P (= 23) Pa, we have = N 


£ 


— 7e 
— 5 whence b — v) 


mfr” 
Le 
e I 


and v (EP) = — 


Tr EE IE Fa "hs . From which 
̃ 2 rom me 
the Relation of x and y, or the Value of BC, is alſo 
known. 

But if o, and n =1, ( vhich will be the Cafe 
when the Force acting at D is equal to that by which a 
Beam or Rod is made to move about a Center, as in 
the laſt Froblem) v will then become, barely, = 5 — 


| 5a a * „ and therefore y* ( -r) 


— —— — ee : Therefore 


ABH is, in this Caſe, a Line of the fourth Order. 
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PROB. XXV, 


457. Suppoſong a Ray of Light ABCD to be refrafied 
at the Surface of a given Sphere MQND, and after- 
wards reflected any given Number (n) of Times, within 
the Sphere; to determine the Diſtance ru the Incident Ray 
AB from the Axis MN, fo — the Arch MBCDE, in- 

tercepted by the given Point M and the nay Ray at 
E, may be a Minimum. 


Let the Radius 

% Q OB = 1, —— 

8 | | 7 of Incidence BR 
A\ 4 2 x, and the Sine of 
: mM 0 Refraction OP =y, 
: f and let the given 
K E X.. Ratio of the two 
M\ O laſt be that of þ to g. 

. Since all the An- 
gles of Incidence 
and Reflexion BCO 
OCD, CDO c. 
are equal, the Arcs 


BC, CD and DE muſt alſo be equal; and conſequently 
MBCDE = MB n+1X BC=MB+ 2n+ 2XBQ: 


Art. 22. Whoſe Fluxion is to be equal to Nothing. Now 
the Fluxion of the Arch MB, whoſe Sine is x and 


+; and that of 


F art. 142. Radius Unity, will be = —= 
ty, = SE 


the Arch BQ, whoſe Co-ſine (OP) is y, = 


Hence we have . —+2 N 
iL eee — * 


ſince x:: p 9, yis=E and 3 =E; and we 


—y 


WY 


o: But, 


7 7 
| * — 


have —— ——= =0; whence (putting 
12 | 


m= 


of various Kinds. 535 


ff 7 „5 
"= 27-2) x i found = — „ From 
m*—1 


which it is obſervable, that, when mg is leſs than p, or 
2n+2 leſs than - the Arch MBCD continually in- 


creaſes with BM; and therefore is the leaſt poſſible, 
when B coincides with M. r 


P RO B. XXVI. 


458. If tus Rays of Light PR and Pr, from a given © 
Point P, making an indefinitely ſmall Angle with each 
other, be reflected at a given Curve Surface ARB; tis 
propoſed to determine the Concourſe, or Focus, Q of the 


reflected Rays RQ and Q. 


Let RO, perpendi- 
cular to the Curve, be 
the Radius of a Circle 
having the ſame Cur- 
vature with ARB at 
R ; make PH and QM 
perpendicular to RO, 
join Q, O; and put R | 
Dr, PR=y, RH=v, A\ P 
and RQ = z. 


Then, becauſe the Angle of Reflection ORO is equal 
to the Angle of Incidence ORP, the Triangles ROM 
and RPH will be fimilar, and therefore y: v:: &: RM 


= >=: Whence O (RO* + RC- RON) 


- 2792 
N — + = GEM y . 


But, ſince this Quantity OQ? continues the ſame 
(by Hypotheſis) whether we regard one Ray or the 
other (that is, whether y ſtands for PR or Pr) its 
Fluxion muſt therefore be equal to Nothing; that 
Mm 4 is, 
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27 NL 2rvzy— 2rVzy 
y* 

CSS 5 
a But (07. 35. =I; therefore r 


So: Whence 


. . th 48, x3 EZ; 
| 2 (by 73.9 73 


a 2 E. I. 


Example 1. Let ARB be an Arch of the Logarithmi 
Spiral : Whoſe Equation is av =by +: And then, © 


being = Soy we ſhall have z (—=—) =: 


Therefore in this Caſe the Incident and Reflected Rays 

are equal to each other. | 
Ex. 2, Let ARB be ſuppoſed to degenerate into a 

Right-line : In which Caſe v being conſtant, its Fluxion 


ͤ is o; and therefore z ( = =) Y Which 


being negative, indicates that the Rays do not converge 
after Reflection, but, on the contrary, diverge from a 
Point on the contrary Side of ARB, at the Diſtance . 
Which is very eaſy to demonſtrate by common Geo- 
metry. 

PRO B. XXVII. 


459. Let two Rays of Light PR and Pr, from à given 
Paint P, be refracted at a given Curve Surface ARB; 10 
determine the Focus Q of the reſracted Rays RQand r. 


Let the Lines RO, RH c. be drawn, and denoted 
as in the preceding Problem: Moreover, let the Sine of 
Incidence PRH (to the Radius 1) be repreſented by 5, 
and let it be to the Sine of Refraction ORQ, in the 


given Ratio of 1 to . | 


3 | Then 


of various Kinds. 


Then (by Trigonometry) 1: ns (Sine QRM) :: 2 (RQ) 
: QM; and therefore RM N. — 37525 


* I. From whence, ſollowin, the Steps 
of the preceding Problem, we alſo get O — 


4 eee or i = , = N= 
＋ Nu, = o. But (ty Art. 352 * 2 — 1; there- 


fore — 25 V 1 — ns? + r5 X 1 —#s* Tur oO: 
Moreover (by 7 Tie.) 1 (Radius): 5 (Sine of PRH) :: 


7 20 2. * whence we have y = 
52 — Y ord. 


* 
3 which Values, of 5* and 55, being ſub- 


2. 


ſtituted in the foregoing Equation, it becomes — 5 


Jer rx 


2 2 A - 2 2% 3 
7 = O, — 1m 44 U + ry; * 


15 un X * + rad y—yuv=0; or (putting 


7 


ANN u — + wy + 


1 2 1—7x*5*; and its Fluxion 222-272 * | 
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The Reſolution of Problems | 
j — wave = o. But (by 4rt. 73.) r= E, 
therefore — zywy + w*yy + nzv*) — nyzvv=0, and 


w*yy 
—————— 2. J. 
wy ＋ nvy X v — nv'y 
From this Solution, that of the preceding Problem 
is eaſily derived: Alſo from hence the Cauſtic (or the 
Curve which is the Locus of all the Points Q thus 
found) will like wiſe be given, 


conſequently x = 


PROB. XXVII. 


460. To the Time of the Vibration 0 a Pendulum 
70 n 


N. Let AB denote the Pen- 
| dulum in a vertical Poſition ; 

' and from any Point D in the 
given. Arch CBH, wherein 
the Vibrations are perform'd, 
draw Df paraliel to CH; and 
let AB=e, BE=c, =, 
and BDE: By the Nature 
of the Circle we have z = 


ax 
—*: Whence the 


V 24x — XX 
Fluxion of the Time, being 


Z ax 
38 ill be defined b 9 
TREO Ver fowl 1 . 
: . — 
Ng ND ax 0 T Xx : x 
T Nu ag Ca—xx 24 
| Wa 22 i 27D 


Ea X x * 3x R 3. 7 


„ 7 2 0 2 2. 4. 43 12.45.85 


3 5:78 - &c, Whereof the Fluent, 


when 


of various Kinds, 539 
when x==c, (or . Pe is, 6711 42. and 286.) 


NAY Wan * c EY 3. 36 — 
I a ET Toon er 
3-3-5 -50 IJ-3-5-5-7-70 
2.2.4.4.6.6 . 241 2:24 4-0-6482 + 
&c. Which therefore is propertional to the Time of 


half one Vibration; where p flands for the Semi-Peri- 
phery of the Circle whoſe Radius is Unity. ee 


Corollary I. ID 

461. Since the Time of the perpendicular Deſcent 
of a Body through any given Right-line z, computed 
according to the ſame Method, is as the Fluent of 


— or i, it follows that the Time of fall 
1 a im 
— 4 5 e Ol falling 
along the Diameter BF (2a), or the Chord CB +, will Art. eos. 
be truly defined by 22a : Which therefore is to the 


Time of the Deſcent thro' the Arch CDB, as 7 to 1 


c ; 3 6 
+ 3 eee = e. From whence, 


as the Time of falling thro' the Diameter BF, is abſo- 
lutely given, by Art. 202. the true Time of Vibration 
will alſo be known. 
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: CoRoLLary II. 

462. If the Arch in which the Pendulum vibrates be 

very ſmall, the above Proportion will become, nearly, 

as 4 to p: From which it appears, that the Time of 

Deſcent thro' any very ſmall Arch CB is to that along 

the Chord CB, as the Periphery of any Circle is to four 
times its Diameter. | 


Corollary III. 


463. Hence, we have a Method for determining how 
far a Body freely deſcends in a given Time; by * 
0 


$49 


9 Art 201. 


The Reſolution of Problems 


the Time of Vibration, of a given Pendulum : For, if 


BN be aſſumed for the Space thro” which a Body would 


. deſcend during the Time of one whole Vibration, in 


the very fmall Arch CBH ; then, the Diſtances dex 


ſcended being as the Squares of the“ Times we have, 


from the laft Corollary, as 4* :* : BF (24): BN, 
or 1: T ˙¹: a: BN; that is, as the Square of the Dia- 
meter of a Circle is to half the Square of its Periphery, 
ſo is the Length of the- Pendulum, to the Diſtance a 
Body will freely deſcend, from Reft, in the Time of 
one Oſcillation. Thus, for inſtance (beeauſe it is ſound 
from Experiment that a Pendulum 39, 2 Inches long 
vibrates Seconds) it will be as 1: 4,934 (=zp*) :: 39, 2 
2 193 Inches, the Diſtance which a heavy Body will 
fall in the firſt Second of Time, 77 ra 


_ Corollary IV. | 
464. Moreover, from the foregoing Series, the Time 


which a Pendulum, vibrating in an exceeding ſmall 


Arch, will loſe when made to vibrate in a greater Arch 
of the fame Circle may alſo be deduced : | 
For let T be put to denote the Number of Seconds 
in 24 Hours (or any other given Time) then the Num- 


ber of Vibrations, performed in that Time will be as 


* | | 
D 
| 2.2.24 2. 2. 4. 2% Ce. 
fote, in an exceeding ſmall Arch (where c may be taken 
as Nothiſig) will be expreſſed by T. And ſo the Time 
(t:) or Number of Vibrations loſt will be 7 — 


* 7 : . 
— . = 7: 
3 at * 1 2 —— 4 | 
© , - 


bh 

Now, if the Number of Deprees deſcribed on each 

Side of the Perpendicular be repreſented by D, __ 
| Arc 


oy op wy” land ings Te By 


of various Kinds. | 
Arch itſelf, on each Side, will be = 3.14259 Cc. Xa 
D 
795 which, if the Value of D be not more than 


about 15 or 20 Degrees, will be nearly equal to its 
Chord, repreſented by Zac (= BF XE.) From 


1 


110 3 : 3 D 2 : 
which Equation we get — = os? This Value, ſub- 


— 


— 


a 5 | 2 D* "I "7D: 2 
ſtituted hows gives fg x 8846560 + r Se. 


= TX s nearly: Which, when 7 is interpreted 


by 86400 Seconds (or one whole Day) becomes x 
D, nearly: And ſo many are the Seconds which will be 
loft per Diem in the Arch D. From whence we gather, 
that if the Pendulum meaſures true Time in any ſmall 
Arch, whoſe Degrees on each Side the Perpendicular 


are denoted by 4, the Number of Seconds loſt per Diem 
in another Arch whoſe Degrees are B, will be nearly 


repreſented by * F I.: Thus, if a Pendulum 


meaſures true Time, in an Arch of 3 Degrees, it will 
loſe 104 Seconds a Day in an Arch of 4 Degrees, and 
24 in an Arch of 5 Degrees. ; 


PROB. XXIX. 


465. To determine the Meridional Parts anſwering to 
any propoſed Latitude, according to Wright's Projection, 
apply'd to the true ſpheraidal Figure of the Earth. 


Let DAR be the 
Axis, AB the Se- 
mi. equatoreal Dia- 
meter, and DBR a 
Meridian, of the 
Earth ; alſo let bn 
be an Ordinate to 
the Ellipſis DBR; 
putting AD(=AR) 


. 
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21, BA, Ab==x, bn=y, Bn==z, and the Meri- 
dional Diſtance (in Parts of the Semi-Axis AD) u. 
Then, by the Nature of the Ellipſis, we have y=4 


I—x* ; therefi ; = ws 
vi-; _ x 
1— x 


42 oF +=: Which, by putting þ* = d- 


—T, will be reduced ws = EVITE” —. Whence, 
vi— | 
by the Nature of the Projection, it will be as ön 


WF) :4BW ) 


VI1=xx 
: - z which is the Fluxion of the Quantity 


required : But we are now to get the ſame thing ex- 
preſſed in Terms of the Latitude of the Place : In 
order * putting the Sine of that Latitude t, we 


have, by Trigonometry, as & ( 1 1 8 
vi— x“ 


(S = : Radius (1) :5s; and conſequently 
SW 1+b*xXx* dx; from which Equation x is found= 
8 a*s 
2 3 
S act 
FR LF OT SO On . 
EZ Tc ORs ) and, 
laſtly, VI + 6*x* ( 22 2 : Which 
— bh; 


ſeveral Values being ſubſtituted in that of 4, found above, 


427 4 
it will become 1 — — — 
* * 2 þ*5* 
4 — þ*5* ds 
r — — =” — which 5 


4A X1—55, 3 


of various Kinds; * 
into two Parts, for the more readily finding the Fluent, 


| 45 "x => e 
gives a — r Whereof the Fluent 


being taken, we have 


2 302585 Sc. Xx HAN Log. 1. 


— 2. 302585 Cc. Xx IX Log. 7 


But, as 3, 14159 Cc. X 2d (the Meaſure of the whole 
Periphery of the Earth at the Equator, in Parts of the 
Semi-Axis AD) is to 21600 (the Meaſure of the ſame 
Periphery in Geographical Miles) ſo is the forefaid Va- 
hue of 1 to | a a 

1+s 


3958 X Log. 8 


30585 445 the correſponding Value 
s » 
r Jy py 


of u, in Geographical Miles, or the Meridional Parts 


required, 
CorRoOLLARY. 


466. If the Earth be conſidered as differing but little 
from a Sphere, d will be nearly =1, and conſequently 


(V 4.—1) the Value of 6, very ſmall: Therefore, in 
| 85 
this Caſe, the latter Part of our Fluent fo 2 X 


d + b\ _ | 
Log. =) will become nearly = 3440b*s (becauſe 
d CU 2bs I , 
Log. FF, = 2.3025 Tt But if the Earth 


be taken as a perfe& Sphere, this laſt Expreſſion will 
vaniſh, and ſo the Value of u will become barely =3958 


— — —_—— 


».LB 


+ There is a Make in p. 43. and 44. of my Diſſertations 
{by forgetting to divide by the Modulus 2.3025 &c.) which 
may from bence be redtify'd. 
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XlLog. E. Which Loguithm, it is eaſy to prove, 


s 
expreſſes twice the artificial Tangent of half the given 
Latitude increaſed by 45 Degrees (Radius being Unity.) 
Wherefore, if the .Meridional Parts anſwering to any 
given Latitude, thus found (from a Table of logarithmic 
Tangents) when the Earth is eonſidered as a perfect 
Sphere, be denoted by M, it follows that the Meridional 
Parts anſwering to the ſame Latitude, when the Earth 
is taken as a Spheroid, will be nearly equal to M— 
440b*s Which, becauſe OP“ (1): OA® (143?) :: 


* Art. 357. 230: 231 ®, will (by ſubſtituting the Value of ö hence 


ariſing) be reduced to M30. Whence the follow- 
ing Rule. : | 


M 

As Radius, to the Sine of the given Latitude, ſo is 30 
to a Fourth-Progortional ; which ſubtracted from the Me- 
ridional Parts when the Earth is taken as a Sphere (found 
as above) gives the Meridional Parts anſwering to the 


fame Latitude, when it is conſidered as an oblate Spherotd, 
Thus, for Example, let the given Latitude be 50? : 

Then, firſt, for the Meridional Parts in the Sphere; 
we muſt, according to the foregoing Preſcript, take the 
Logarithmic Tangent of 25% 45, or 70% Which, 
by the Table, is found o, 43893 Cc. This multi- 
ply'd by the conſtant Multiplicator 15 16 (2X 3958) 
produces 3475 for the Meridional Parts in the Sphere: 
Then by the Rule above, it will be as Radius to the 
Sine of 5 ũ ſo is 30 to 23; which ſubtracted from 
347 5, leaves 3452 for the Meridional Parts anſwering 
to 50 Latitude, in the Spheroid. 


| PRO B. XXX. 

467. To determine the Paths which Shadows of Ob- 
Jects deſcribe, upon the Plane of the Horizon, during the 
Sun's apparent diurnal Revolution. | 

Let CSODT be the Plane of the Horizon, and AV 
the perpendicular Height of the Object: Then, ſince 
the 5 intercepted by the higheſt Point V, would, 


in the Sun's diurnal Revolution, form a conical Sur- 
"IR | face 


1 0 
F various Kinds. 
face VDFEH about that Point as a Vertex; whoſe Axis 


PV produced paſſes thro' the Pole of the World; it is 


evident that the Path of the Shadow, being the Inter- 
ſection of the Plane of the Horizon with that Surface, 
| muſt be a Conic Section. 


Let its twe principal Diameters therefore (when an 
Ellipfis, that is, when the Sun never deſcends below the 


Horizon) be CD and ST; alſo let DPE and CG be 


perpendicular to VP the Axis of the Cone, and CQ 
perpendicular to DV : Putting the Sine of (QVC) twice 
the Sun's Declination VEP=f; the Sine of (DCV) his 
greater Meridional Altitude = g, and that of the leſſer 
(CDV S Then (by plane Trig.) g: 1 (AV) : 1 


(Radius): CV = 75 and h (Sine of CDV): = (Cv). 


545 


: f (Sine of DVC): DC = - „ 


dius) : - (CV) :: p (the Sine of the Comp. Decl. 


GVC) : GC = 7 : And in the very ſame Manner it 


will be found that DP = + : But GC x DP SOS- 


| : | | 25 k 

(vid. Art, 41.) whence we have ST (20S) =—=: 
Fn © one x, + = WM 

From which, and the Tranſverſe Axis (DC = 2 the 
Curve itſelf is given. 2. E. I. 

9 LEMMA 
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* 


= * and therefore 7 76 2 
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LEMMA. 


468. In any "irs Triangle, if Radius be ſuppoſed 
Unity, the Product of the Sines KA any two of the Sides 
drawn into the Co- ſine of the Angle they include, added to 
the Product of their Co: ſines, is equal to the Co-ſjne of the 
remaining Side. | | „ 

This is demonſtrated by the Writers upon Spherics, 


PROB. XXXI. 


469. The Elevation of the Pole and the Declination of 
the Sun being given, to find at what Time of the Day the 
Azimuth of the Sun increaſes the ſloweſt, 


P It is evident that the 
Time ſought will be when 
2 the Fluxion of the Hour 
Angle P, bears the greateſt 
Ratio poſſible to That 
of the Azimuth Z. 
Now the Fluxion of the 
Angle P is to that of Z, 
univerſally, as Rad. Xx S. 20 
& : S. PO X Co-. O (by Art. 
| 256. Caſe 2.) Conſequently 
S. PO X Co- ſ. O CO, 25 . 
LINZ er Fro 52 Minimum, in this 
Caſe, becauſe PO may be conſidered as conſtant. 
Let now the Sine of PO be put So, its Co- ſine d, 
the Co- ſine of PZ = 6, that of ZO , and that of 


Orgy; then, the Sine of 20 being = Vi-, we 
have (by the Lemma) þW 1—3x* X y+dx=b; whence 
C-. O y ) 


V 1—x* 


——= Which put into Fluxions, and re- 


duced, 


of Various Kinds. | $47 
eee Gre. , for the Sine of the 


d 


Sun's Altitude at the Time required : Whence the Time 
itſelf is given, 


duced, gives x = 


PROB. XXXII. 


470. To determine the Ratio of the Heat received from 
the Sun in different Latitudes, during the Time of one 
whole Day, or any Part thereof. 


Let p= the Sine of the Sun's, Polar-Diſtance PO (/e 
the laſt Fig.) 
d=its Co-fine, or the Sine of the Declination. 
b= the Sine of the Pole's Elevation, 
c its Co-ſine, or the Sine of PZ. 
z= the Angle (P) expreſſing the Time from Noon. 


x=its Sine, and W 1—x* = its Co-ſine. 
Then (by the foregoing Lemma) we ſhall have 


p VI = + bd = Co- ſine Z O = dine of the Sun's 


Altitude 
Now, it is known that the Number of Rays falling in 


any given Particle of Time, upon a given horizontal 
Plane, is as that Time and the Sine of the Sun's Alti- 
tude conjunctly: Therefore the Number of Rays falling 


(vid. Art. 142.) will 


X 
in the Time x, or 2 
be defined by pcx+b4dz +: Whoſe Fluent pcx+bdz ls 
therefore, as the Heat required. 

Where it may be obſerved, 

I. That when the Latitude and Declination are of 
different Kinds, or PO is greater than 90 Degrees, 
the Value of d is to be conſidered as a negative Quau- 
tity. 

| 15 That, if the Expreſſion for the Heat found above 
be divided by the Square of the Sun's Piſtance from the 
Earth, the Quotient will exhibit the Ratio of the Heat, 
allowing for the Excentricity of the Earth's Orbit. 


Nun 2 | Co- 
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Cororlarky I. 


; 471. If the Place propoſed be at the Equator, the 
Heat, received in half one diurnal Revolution, will be 
barely as p; becauſe b=o, c=1, and x=1. 


CoRoLLaARy II. | 
472. But if the Place be at the Pole, then the Heat 
will be as d X 3,14159 Sc. ſince, in this Caſe, c=0, 
b=1, and z (= Semi-Circle) =3,14159 &c. 
LIEMMA. 


473. The Number of Particles of Light, ejected by the 
Sun, upon the Earth, in a given Time, is proportional 


to the Angle deſcribed about his Center in that Time. 
For, let S repreſent the Center 


A Ol the Sun, AEB the Orbit of the 
Earth (or That of any other Plaſiet) 
and let E and i be two Points there- 


Since the Triangle ESr may be 
taken as rectilineal, its Area, if 
the Angle ESr be ſuppoſed given, 
or every where the ſame, will be 
as SEXSr, or SE*: And there- 

fore the Time of 8 Er 
(being always as that Area) is alſo explicable by SE“: 


But the Intenſity of the Light, or Heat, at the Diſtance of 


SE is as = : Therefore the Intenſity compounded 

with the Time (or the whole Number of Particles re- 
f 8 0 

ceived in that Time) will conſequently be as N SE* 


(=1) Which being every where the ſame, the Propo- 
ſition is manifeſt. 


P R O B. XXXIII. 
474. To determine the Ratio of the Heat received from 


the Sun at the Equator and either of the Poles, during 


the Time of one whale Year, or any Part thereof. A 


in as near as poſſible to each other: 


of various Kinds, 549 

If the Sine of the 
Sun's Declination be 
denoted by 4 and its D 
Co-ſine by p, the : 

Heat received at the 
Equator,and the ole, 
during half one di- 
urnal Revolution of 
the Sun, wiil be as 5 | 
and 4X 3,14159 Sc. A R 0 F B 
reſpectively (by the 

Corollaries to the preceding Problem.) 

Let the Sun's Longitude, conſidered as variable, be 
now denoted by z, and its Sine by s; and let F be put 
for the Sine of the Obliquity of the Ecliptic : Then 
(per Spherics) we ſhall have 4 =, and conſequently p 

SVN = V i—f*s* : Wherefore, ſeeing the 


Ratio of Heat in the two Places, for ene Half-Day, is 
that of Vl A to fs X 3,14 Sc. let each of theſe 


Terms be multiply'd by = () * expreſſing * Art. 142. 


— 


- a > 4 — r . ͤé ti ̃¾•b1l.. oa,. b — = * — 2-6; — 
— rr... —— — — —— p ——— 
— — — — yen eo . - 2 _ * — — — 
— = — —— ——— — = : — - — 2 
— — N — — Y Pn — > thy . ä — 8 — — — — —— — 
— - > — 2 * 


the Quantity of Heat falling upon the Earth in the 
Time of deſcribing z (ſee the foregoing Lemma) then 


will 


— — ͤ—— (—ñ— 


Rag 2.2 is 
the Produits SOS, and 3.144 x 
e — 3.147 A — 
be the Fluxions of the required Heat, anſwering to æ. 


But now to exhibit the Fluents hereof, let ACB be 
an Ellipſis whoſe greater Semi-Axis AO is = Unity, 
and its Excentricity F O=f ; and, ſuppoſing ADB to 
be a Circle deſcribed about the Ellipſis, let the Arch DH 
expreſs the Sun's Longitude from the EquinoQiial Point; 
whoſe Sine (OR) being t, its Co-fine RH will be = 


V1 — 5. | 

But, by the Property of the Ellipſis, OD (t) 

OC: (V1—f*) NMH (Vi-): RG = 

V M x W Whoſe Fluxion being 
az 
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— we have © | * + LE 6M 


= NASTY = the Fluxion of CG. Whence it 


/ LI — SS 


appears that the Fluent of . _ — is truly defined 


1 — 5s 
by CG, or CGXAO®, 
But the Fluent of the other given Fluxion, 3.14f X 


SE - | 2466 — 
* will be = 3.70 X1 Wi—s = ADB x 
FO Xx OU—RH. Therefore the two Fluents, when 
Hund G coincide with A, will be to each other as 
CA AO to ADB XFO: Whereof the Antecedent, 
multipiy'd by 4, will be as the Heat received at the 
Egquntor during one whole Year; and the Conſequent, 
miuitiply'd by 2, as the Heat at the Pole in the ſame 
Time \ becauſe the Sun ſhines at the Pole only two 
Quzrters of the Year,) Hence the required Ratio, of 
the Heat received at the Equator and Pole, in one 
whole Year, will be That of CA X AO to DAXFO; 


| * 3 . 0 
or, in Species, as 1— * 1 . gb BR ES. sf © 


2.2 2.3.44 2.2.4. 4. 6.0 


k ® Act, 434 * Ec. to 75 which, in Numbers, 18 as 959 to 396, Or 


as 17 to 7, nearly. 


P R O B. XXXIV. 


475 To find when that Part of the Equation of 


Time, "riſing from the Obliquity of the Ecliptic to the 
Eguiniftial, is a Maximum. | 


In tlie right angled ſpherical Triangle ABC let the 
Angle A be that made by the Ecliptic AC, and the 
Equinoctial AB; then the Problem will be, to find 


when 


of varicus Kinds, 
when the Difference be- 
tween the Baſe AB and 
the Hypothenuſe AC is 
the greateſt poſſible (the 
Angle A remaining inva- 
riable.) Now (% Art. A 
254.) we have Co-. BC B 
: Sin. C:: Fluxion of AC 
Fluxion of AB : Alſo (per Spberics) Sin. C: Co- ſ. A:: 


Co. .. A X Rad. © 
Rad.: Co- ſ. BC = 2 . Whence, by mul- 


tiplying the two firſt Terms of the former Proportion 
by theſe equal Quantities, reſpeCtively, we get this new 
Proportion, viz. Co-j. BCV: : Co-ſ. A x Radius :: ſo is 
the Fluxion of AC to That of AB. But, when AC— 
Ag is a Maximum, theſe Fluxions become equal; and 
conſequently Cg. BOY = Co-ſ. A Xx Rad. From 
which Equation BC, and from thence AC, will be 
known. * 


Toe ſame, without Fluxions. 


4576. It will be (per Spherics) Rad.: Co-ſ. A :: Tang. 
AC: Tang. AB; and therefore by Compoſition and 
Diviſion, Rad. + Ce-/. A: Rad. — Co-ſ. A :: Tang. 
AC + Tang. AB : Tang. AC — Tang. AB :: Sin. 
AC+AB: Sin. AC—AB, by the Theorem mention'd 
in Problem 8th: From which, by following the Steps 
there laid down, it appears that, Radius + Co-/. A: 
Radius — Co ſ. A:: Radius: Sine of AC—AB, when 
a Maximum : Whence (AC+AB being then = ga?) 
buth AC and BC will be given, Ps 
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Corollary. 


477. Since, Radius + Co-ſ. A: Radius — Co-ſ. A 
:: Co- tang. A : Tang, FA *:: Radius: Tang, TA“; 


[EEE 


* Vid. p. 70. aid 71. of my Triz>naratry. 
Na 4 There- 
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therefore Nadir“: Tang. 3 A\* :: Radius: Sine of 
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AC— AB, Or, Radius: Tang, A:: Tang. f A: the 
Sine of the greateſt Equation : Which, ſuppoſing the 
Angle A to be 23 295 comes out 29: 28: 34: an- 


ſwering, in * to 9 Minutes: 54 Seconds. 


RO. XXXV. 


EY; Th determine when the abſolute Equation of Time, 
ariſing from the Inequality of the Sun's apparent Mo- 
tion, and the Obliquity of the Eeliptic, conjunttly, is a 
Maximum. 


Let ABPD be the 
Ellipſis in which the 
Earth revolves about 
the Sun, in the Focus 
8; let F be the other 
Focus, and T the 
Place of the Earth in 
its Orbit at the Time 
required. Moreover, 
about 8, as a Center, 
let a Circle GEKI be 
deſcribed, whoſe Dia- 
meter GK is a Mean 
Proportional between 
the two Axes AP and 
BD of the Ellipſis; ſo 
K that the Area thereof 

may be equal to That 
of the Ellipfis : And, ſuppoſing Sm to be indefinitely 


EA 


near to S „ let Edu be a Sector of the ſaid Circle, equal 
to the Area T'Sm. 


Then, the Time in which the Earth moves thro' 
the Arch In being to the Time of one intire Revo- 
lution, as the Area TS, or ESn, is to the whole El- 
lipſis, or the equal Circle GEKF ; and theſe Areas 
ESn, and GEKI being in the Ratio of the Arch En 
to the whole Periphery GEEKI ; it is evident that Ez, 

Or 


of various Kinds. 


or the Angle ES», will expreſs the Increaſe of the Mean 
Longitude, in the foreſaid Time of deſcribing the Arch Tm: 
And that this Angle or Increaſe, by reaſon of the Equa- 
lity of the Areas ES and TSm, will be to the Angle 
TSm, expreſſing the correſponding Increaſe of the True 
Longitude, as 8 T= to SE*, Therefore, if the former 


SE* 
be denoted by A, the latter will be repreſented by 8 


X MH. But now to get a proper Expreſſion for the 
Value of this Increaſe of the True Longitude, in Al- 
gebraic Terms; let FT be drawn, and alſo TH, per- 
pendicular to AP: Putting AC (CP) g, CB=b, 
CS (SCF) S c, ST=z, and the Co-ſine of (TSP) 
the Earth's Diſtance from its Peribelion (to the Radius 
1) =x: Then FT being (= AP—ST) = 2a—z 
(by the Property of the Ellipſis) and SH=xz (by Trig.) 


we have FI TUT X FI—ST (2aX24—2z) =FS 
X 2CH ( 2c 2 X PZ) by a known Property of Tri- 
angles: From which Equation z (ST) is found = 


8 2 . 
ITT = 9 : And this Value, with that of ES? 
(= ab) being ſubſtituted in the Increaſe of the True Lon- 


X * 
tude, found above, we thence get : 7 — XxX 1 


for the Meaſure of that Increaſe ; where A denotes 
the Increment of the Mean Motion correſponding. 
This being obtained, let = (in the an- 
nexed Figure) repreſent the Southern Semi- Circle of 
the Ecliptic, Þ the Place of the Perihelion, f the 
Tropic of Capricorn, © the apparent Place of the Sun 
in the Ecliptic, ard Q© his Declination, at the Time 
required: Then it appears, ( from Art. 475.) that the 
Increaſe of the True Longitude O, in an indefinitely - 
ſmall Particle of Time, will be to That of the Right- 
Aſcenſion , in the ſame Time, as the Square of the 
Coſine of Q© is to a Rectangle under the Radius and 
the Co-ſine of the Angle : Therefore, the former, 
2 being 
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— cel 75 — X 14, the latter is truly 


a X ac) 


53 Co- 2 ©( A* 2 
Which, in the required Circumſtance, when the pro- 
poſed Equation (or the Difference between the Sun's 


— 
n 


D WP - 


being expreſſed by 


repreſented by 


Mean Motion and Right Aſcenſin) is a Maximum, muſt 


conſequently be equal to (N) the correſponding In- 


creaſe of Mean Motion and therefore . Bu 5 — 
DN 
e . = : 

But, to obtain the Value of the latter Part of this 
Equation, alſo, in Algebraic Terms, let the Sine and 


Co- ſine of (P) the Diſtance of the Perihelion from 


Y, be denoted by m and n reſpeQtively ; then, the 
Co ſine of PO being (as above) exprefſed by x, and 


its Sine by "4 I —xx, we ſhall thence get nx + 


NV — xx=Co-fine of © Vf = Sine of © (by the 


Elem. of Trig.) But (putting the Sine of the Angle 
p and its Co-line =q) we have (per Spherics) 


Radius (1) : Sine = © (nx+m Vi xx) ::p : pnx 
pm VV: —xx = Sine of Qg; from whence CCC 


=1—pnx + pm N 1 — aa: Which Value, with 
That of the Co-tine of the Angle , being ſub- 


A— 
—_— 


— 
ſtituted above, we, at length, get aXata _ 


— 


F various Kinds. 
1 —pnx T Vi — = 


7 
Value of x may be determined. 

The foregoing Equation, it may be obſerved, gives 
the Time of the Maximum which precedes the Winter 
Solſtice; but if the Maximum ſollowing that Solſtice be 
ſought ; *tis but changing the Sign of m, and then you 


2 2 
will have — 7 = = ——— : — . 


anſwering in this Caſe. And from the negative Roots 
of this, and the preceding, Equation, the Times of the 
other Maxima after, and before, the Summer Solſtice will 


alſo be obtained. L.#. 2 


; from which Equation the 


CoROLLARY. 


479. It is evident that the Equation of the Earth's 
Orbit (or that Part of the Equation of Time ariſing 
from the Inequality of the Sun's apparent Motion) will 
be a Maximum, when the Center of the Earth is in the 
Interſection I of the Ellipſis and the Circle; where the 


Mean Motion and True Longitude increaſe with the ſame 
Celerity. 


p ROB. XXXVI. 


480. To determine the Law of the Denſity of a Me- 
dium and the Curve deſcribed therein, by Means of an 
uni form Gravity, jo that the Prejectile may, every where, 


move with the ſame Velscaty. 
It appears, from Art. 367. that 2 is a general 
f * 
Expreſſion for the Celerit y in the Direction of the Or- 


Ordinate PBR; whence 7 * 1 2 „ or its Equal, 


* 


—, muſt be the true Meaſure of the abſolute Ce- 
/# 


lerity 


555 


g56 _ The Reſolution of Problems 
lerity, in the Direction BN: Which being a conſtant 
Quantity (by Hypotheſis) its Square muſt alſo be con- 


A 


BUR 


4 


© 
| 
* N 
at 1 
; ; H e e 
E 1 2 | | 


ER 2 
ſtant, and fo, we have — =a; and conſequently #x 


＋ (==z) Sa. 

But, in order to the Solution of the Equation thus 
given, make u: 1: : 4 5, or x=uy; then #=uz, and, 0 
by Subſtitution, 25 ＋ν =avy: Hence, 5 being = 


au 3 auu 7 | 
N and & = 4 we get y=aX Arch, whoſe 
e Art. 142. Tangent is u ® (and Secant * I+uu) ; and x AN 5 
+ Art, 126. Hyp. Log. 1 + uu = a X Hyp. Log. VI + ws +, a 
| © 8 ti 
Therefore, as the Hyp. Log. of Vi+uwis= dl 4 
the Common Logarithm of VI + wu will be = fl 
| | A: 
— and conſequently y=ax Arch, whoſe th 
| u 
Radius is Unity, and Log. Secant 04342048 Be. 7 0 
| | = | 
Moreover, with reſpect to the Denfity of the Medium; an 
if the abſolute Force of Gravity, in the Direction QB ov 


R be 


of various Kinds, 
be denoted by Unity, its Efficacy in the Direction BN, 
whereby the Body is accelerated, will be expreſſed by 


u 


— or its Equal : Which, as the Velocity 


VI + uu 


is ſuppoſed to remain every where the ſame, muſt alſo 


expreſs the Force of the Reſiſtance, in the oppoſite Di- 
rection, or the true Meaſure of the required Denſity. 
This, therefore, if M be put for the abſolute Number 
whoſe Hyperbolical Logarithm is Unity, may be had in 


© na 
Terms of x, and will be 1 — 44}* 5 Becauſe 
Xx 


Hyp. Log. MV (= =) being=Hyp.Log.W i-þuu, 


* 2x 1 
we have ITI ; whence u —1, and 
— 


— 22 
K 


= - 2.8.1 8 


PRO B. XXXVII. 


481. Let a Line, or an inflexible Rod OP (conſider'd 
without regard to Thickneſs) be ſuppoſed to revalve 
about one of its Extremes O, as a Center, with a My- 
tion regulated according to any given Law; whilt a 
Ring, or Ball, carry'd about with it, and tending to the 
Center O with any given Force, is ſuffer'd to move or 
ſlide, freely along the ſaid Line or Rod: *Tis propoſed to 
determine the Velocity of the Ring, and its Preſſure upon 
the Rod, in any propoſed Poſition, together with the Na- 
ture F the Curve ADL deſcribed by means of that com- 
pound Mation, 


Let ODP be any Poſition of the revolving Line, 
and D the correſponding Poſition of the Body: More- 
over, ſuppoſing ACK to be the Circumference of a 

Circle 
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Circle deſcribed from the Center O, thro? the given 


Point A, let the Meaſure of the angular Celerity of 
that Line, in the ſaid Circumference ACK, be repre- 


| IL 
ſented by u; alſo let v denote ee Fay the Ring 


at D in the Direction DP; and w the true Meaſure of the 
centripetal Force: Call OA, a; OD, x; and AC, 
z; and let the given Values of 2 and v, at A, be de- 
noted by b and c reſpectivelßy. Then it will be, as @: 


. ux o . | 
& 2: 1: (= the paracentric Velocity of the Body, at 


D; whoſe Square, divided by the Diſtance OD, gives 
+ Art, 211, 3 


2 


2 for the true Meaſure of the Centrifugal Force + 
a 


ariſing from the Revolution of the Rod: From which 

the centripetal Force w being deducted, the Remainder, 
z , 

= -u, is the true Force whereby the Velocity in the 


Line OP is accelerated. Therefore (by Art. 218.) we 
55 u*xx 


Fo XU 0 4 
have vv = 75 N42 5 


Moreover, becauſe the Fluxion of the Time is ex- 


preſſed either by 5 or by 25 theſe two Values muſt, 


| there» 


4 


of various Kinds, | 559 
therefore, be equal to each other, and 7-nſequently 


v = =. From which, and the preceding Equation 


(when z and w are exhibited in Terms of x or ) the 
Ow Relation of v, x and z will alſo become known— 

ut now, in order to determine the Action of the Rod 
upon the Ring; let Od be indefinitely near to OD, 
inter ſecting ADL and ACK ind and e; and put Od= 


x+x, Then, becauſe a Body, acted on by no other 
Force beſides That tending to the Center, about which 

it revolves, deſcribes Areas proportional to the Times *, Art. 224. 
and the angular Celerity of a Ray revolving with the 

Body, is, in that Caſe, as the Square of the Diſtance 

of the Body from the Center, inverſely (vid. Art. 478.) 

it follows, that, if the Rod was to ceaſe to act upon the 

Ring, at the Poſition ODP, the angular Celerity at c, 


2 


would then be _— Xu, inſtead of uu. | There- 


x + x 
4 9 
fore the Exceſs of «+ above : X., which is 
x + J g 
4 Ul 
2Uux Zux⸗ 


c. is the Increaſe of the aid an- 


J 
— 4 — — 


* x? 


galar Celerity, at the Diſtance OC, arifing from the 
Action of the Rod. Therefore it will be, as OC (a): OD 


0 i f 
(x) :: the ſaid Increaſe to = anno BEEN ec . 


the Alteration of the Ring's paracentric Velocity, ariſing 


U 
from the ſame Cauſe. Which, divided by (£) 


1 


Time wherein I is produced, gives — + —> — 


as 
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TO | | | 

— Sc. for the Meaſure of the Force, by which 1 

is produced. From whence, by ſubſtituting 7 in the 


4 


Room of —, and neglecting all the Terms aſter the two 


* 
Art. 134. firſt (in order to have the limiting Ratio 8 we get 
XVu 21 2uUV 


5 + 5 5 ne it will be, as — — += 10 


| bb | 
n or „ to Unity, ſo is the Action of 


the Rod upon the Ring, to the (given) Centrifugal 
Force at A (or the Force that would retain a Body in the 
Circle * with the Velocity 5.) 2 E. J. 


Conor Lan: ; © 


482. If the angular Motion be uniform, the Equations 
3 
found above, will become vv = 2 — Wx, and vV= 


25 
2 From the latter of which, by taking the Fluxion, 


we have v = —; whence (by Subſtitution) - = 
Z Pepe 

b*xx Woo wz? 

—— — wx, and conſequently & — r = 5 


from the Solution of which, the Relation of x and 2 
8 f ä 2 | 
will be given. And then, the Value of v (>) being 
alſo known, pop — upon the Rod, which in this Caſe 


2b*x 
is barely = =] will be given likewiſe, 


being 
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| bb 
being to (2 the centrifugal Force in the Circle 
ACK, as - to Unity. | 
ö CoxoILAR N II. 5 
483. Bat if the Angular Celerity be proportional io 
any Power (*) of the Diſtance, and the Centripetal 
Force w be, alſo, ſuppoſed to vary according to ſome 


Power (*)] of the ſame Diſtance : Then, putting þ to 
denote the Centripetal, and q the Centrifugal, Force, at 
the given Point A, the Value of w will, here, be ex- 
wht © 0 
pounded by 2. and That of by * And there- 
fore, the paracenfric Velocity of the Ring at D being = 
* „«,f on 0 bb b*gnu7s 
4* * bX 3 1 (= | 27 it will be as 7 7 rasta 
* +x | | 
7 2 X gz the Centrifugal Force at D*. Hence 5 Art. 211; 


am 1 2 | 
«„ * 8 2 5 
v = 7 3 whereof the (corrected) Fluent 
2mt2 pant 
is 250 2 oe es he 
— dee amd-2Xa "8 ANTI 2m 


+ £5 : From whence v is found = 


n+ 1 SR Hes 
F =. a 8 22 
«— I Tt n+i 72 T1. f . 
and z | = = => — = 
bas 


2nt2 +14 


off 585, a> 1 8 2þx" 1 
7X TI T ITI ATI. a n+1.0 
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Moreover, by ſubſtituting for u, and its Fluxion, we 


b 
of the Rod upon the Ring: Which, thereſore, when 


m is expounded by — 2, will intirely vaniſh : And, 
in that Caſe, = will become = 


& Du 210 —— 3 | : 
get — + = expreſling the Action 


a*bx 8 ] 
2 z 
„ . 2þa. 2p 
ef bm MS Tr + 9, 


expreſſing the Nature of the Trajectory deſcribed by 
means of a Centripetal Force, varying according to any 
Power (x*) of the Diſtance. But this Equation will 
be render'd ſomewhat more commodious, by ſubſtituting 
the Values of b and c : For, if OQ (perpendicular to 
the Tangent at A) be denoted by 3, it will be, Y: 


V = (AQ) :: b (the Celerity in the Direction AC) 


E Art. 35. to OLE EE the Celerity in the Direction AH *. 


h 
5 85 2 
+ Att, 211. Therefore, b being WV ag f, we have c* / —ag 


; a 2 
and X — — e 5 173 28 
aa ” x 
" hh n+I.q n I. 44 © 


Which Equation is the ſame, in effect, with that given 
in Art. 242. by a different Method. 


CoRoLLARY III. 


484. If the Angular Celerity be ſuppoſed uniform, and 
the Ring to have no other Motion along the Rod than 
what it acquires from its Centrifugal Force z then c, m and 
p being all of them equal to Nothing, æ will here be- 


bx a 


1 
come, barely bb: And 
x 2 — à4* 
/ 9. += Sane, 


there- 


of various Kinds, 
therefore z=a x Hyp. Log. © 2 Var 2. Hence 


if the Number whoſe Hyp. Log. is - be denoted by 


N, we ſhall have © + V. —.— 2 N: From which 
4 


* is found = a X = + Y whence + is, alſo, had = 


7 
N N 
fore, it will be (iy Corel. x.) as Unity is to — 77 » 


ſo is the Angular Velocity (5) in the Arch ACK. to the 
Velocity with which the Body recedes from the Center 
of Motion: And ſo, likewiſe, is the Centrifugal Force 
in that Arch to half the Preſſure upon the Rod By 


taking z = the whole Periphery, or = =2X3.145 


&c. N will come out = 535.5, and x= 267.7 X a: 
From whence it appears that the Diſtance of the Ring 
from the Center at the End of one intire Revolutign 
will be almoſt 268 times as great as at firſt, 


Corollary IV. 


485. If a Body be ſuppoſed to deſcend from the Point O, 
(ſee the next Fig.) by the Force of its own Gravity, along 
an inclin'd Plane OC P; whilſt the Plane itſelf moves uni- 
formly about that Point, from an horizontal Poſition OEH; 
then the Place, and the Preſſure of the Body upon the 
Plane, in any given Poſition-OCP, may, alſo, be derived 
from the Equations in Corollary 1. For let CB — 
dicular to OH) be put =y; and let the Ratio of the 
trifugal Force in the Circle ECK, to the Force of Gra- 
vity (given by Art. 217.) be as r to Unity: Then, as 


— 


| 35 
tue Meaſure of the former Force is expreſſed by —, 
| Oo 2 That 
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bb 
That of the latter muſt be repreſented by — ; and, 


conſequently, its Efficacy in the Direction PO, by 
b b CB 

2 3 * 600 Which Value being ſubſtituted 
for —w, in the aforeſaid Corollary, we have & — 


= = 5. ilet and; in coder es. e if ht 
Cs es t now, in order to olution of this 


Equation, put the Radius OC (a) = 1 (that the Ope- 

ration may be as ſimple as poſſible) alſo, inſtead of y, 
25 

— >; ; 

7 Sc. be ſubſti- 


tuted, and let x be aſſumed = 4z3 + Bz5 + Cz? + 
„ | 


Then, by proceeding as is taught in Art. 267. the 


3 
® Art, oh let its Equal z — 78 45 


Value of x mill no + —— 
ue OI X Wi come out into 2.3 2.3. 4.56.7 


+ &c. Whence 


= mn oh 925 
T 2.345. 0:7. 8.9. 10.11 
bs 
the Velocity 2 in the Plane, is, alſo, found 
2 2⁵ 


b | ? . 
F into es Wiich, Gerelors, 


to 


F various Kinds, 
to (5) the angular Velocity of the Plane, in the Arch 
Ui 2 . 
$3.0 > FTE 


the Centrifugal Force in the ſaid Arch being denoted by 
(the Force of Gravity being Unity) it will likewiſe be 


+ &c. to r. Moreover, 


a TG 
(by the above-mention'd Corel.) as 1: * — = 
26 10 | 
- - Sc. =the 


66 1 
n Dr TSRT. 


Force ſufficient to keep the Body upon the Plane. But 
the Force of Gravity in a Direction perpendicular to 
the Plane (the Weight of the Body being repreſented 


OB 2 * 24] 


by Unity) is oe 21 2 1.37 . From Art. 425. 


which deducting the Quantity laſt found, there reſts 1— 


32 2+ 32* | 
EFT IF 475-6 N for the true Preſ 
ſure of the Body upon the Plane. By putting of Which 
equal to Nothing, z* will be found = 0.67715 ; an- 
ſwering to an Angle (EOC) of 47*: : Which Angle 
is therefore the Inclination, when the Force of Gravity 
is no longer ſufficient to keep the Body upon the Plane. 
Though the Value of x, given above, is found by 
an Infinite Series, yet the Sum of that Series is eaſily 
exhibited by the Meaſures of Angles and Ratios. For, 
putting N to denote the Number whoſe hyperbolical 


Logarithm is 257 


N 4 
rern 

a „ * WE: 
. =y 

Half the Difference of which two Equations is z {+ 
Lad 25 + 27 8 5 
2.3 23.4.5 2.3.4.3•8.7 rare 3 


Oo 3 From 
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ae 23 Z5- i 15 
From which taking 2 2.3 2.3.4.5 2.3 4.5 6.7 


Sc. =y; and dividing the Remainder by 2r, there re- 


„ Lands þ gy" 3 
mt (+> 2:3 © 73.7.J˙6•7 0.) * 
N — — — y, for the true Value of x. Which, if 
2 2 . 

required, may be expreſſed independent of r ; by put- 
ting d for the Diſtance thro' which a Body, freely, de- 
ſcends in the firſt Second of Time, and taking ô to de- 
note the Velocity of the Plane, (per Second) in the 
Arch ECK : For then, the Ratio of the Centrifugal 
Force, in the ſaid Arch, to the Force of Gravity (or 


| bb bb 
That of er to 1) being as 7 (= 6) to 2d , 


35 4 
we ſhall have r = 2, and conſequently x = 57 X 


—_———. 


8 
5 
By Computations, not very unlike Thoſe above, the 
Motion of the Moon's Apogee, and the principal Equa- 
tions of the Lunar Orbit may be exhibited; by means 
of proper Approximations, derived from the general 
Equations in Art. 481. But this is a Conſideration 
that would require a Volume of itſelf, to treat it, from 
firſt Principles, with all the Attention and Perſpicuity 
ſuitable to the Importance of the Subject. I ſhall con- 
clude this Work with the following ſhort Table of 
Hyperbolical Logarithms, drawn up and communicated 


by my ingenious Friend Mr. John Turner: Whereof 


the Uſe, in finding Fluents, will ſufficiently appear from 
the foregoing Pages. In the ſaid Table we have given the 
Hyperbolical Logarithms of every whole Number and 
hundredth Part of an Unit, from 1 to 10 (which Form 
is beſt adapted to the Purpoſes above-mention'd) by 
Help whereof, and the following Obſervations, the Hy- 

a perbolical 


| 
| 
| 


of various Kinds. 


perbolical Logarithm of any Number, not exceedin 
ſeven Places of Figures, may be found with very lite 


Trouble. ö 
1. If the Number given be between 1 and 10 (ſo as 


td fall within the Limits of the Table.) 

Then take from it the next inferior Number in the 
Table, and divide the Remainder by the faid inferior 
Number increaſed by half. the Remainder ; and let the 
ron be added to the Logarithm of the ſaid inferior 

umber, the Sum will be the Logarithm ſought. 

Thus, let the Hyperbolical Logarithm of 3.45678 
be required ; then the Operation 
wilt ftand thus: 3.45339).005678(.0016442 :, Which 
added to 1.238 $742, the Log. of 3.45, gives 1. 2400184 
for the Logarithm ſought. . 


25. When the Number propoſed exceeds 10, 


Find the Logarithm thereof, ſuppoſing all the Fi- 


gures after the F irft to be Decimals ; then to the Lo- 
arithm, fo found, let 2.3025851, 4.6051702, or 
9077553 &c. be added, according as the whole Num- 
ber conſiſts of 2, 3, or 4 &c, Places: The Sum will 
be the Logarithm ſought. 5 
Thus, the Hyperbolical Logarithm of 345.678 will 
be found to be 5.8451886 : For That of 3.45678 being 
1. 2400184; the ſame, added to 4.605 170, gives the 


very Quantity above exhibited. The Reaſon of which, 


as well as of the Operation in the preceding Caſe, is evi- 
dent from the Nature and Conſtruction of Logarithms. 


/ 
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A Table of 


1906203 
1988508 
2070141 
2181113 
2231435 


— _ 


* 


2311117 


2390169 


. 2468600 
2546422 
2623642 
; «2700271 
2776317 

285 1789 


1823215 


2926696 


| N Logarithm 


1.3 
1.35 
1.30 


11.37 


1.38 


— — 


1.39 
140 


2926696 
300 1045 
3074846 
3148107 
3220834 
3293037 
3364722 


4317824 


4382549 
4446858 
4510756 
4574248 
43734 
4700036 
4762341 
4824261 
«4885800 


Logarithm 
5128236 
5187937 
5247285 
5306282 
5364933 
542324 
5481214 
5538851 
5896157 
5653138 


5709795 


1.88 631271 

1.89 .636 5763 
6418638 
6471032 
6523251 
6575 200 
6626879 
6678293 


1.90] 6729444 


678033 
6830068 


197 
1.98 
I 7 .6881346 
2.00 .6931472 
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1 5 ” * 


Logarithm | J N |Logarithm 


2.67] .9820784 
2.68 .9858167 
12-09] .9895411 
2.79] -9932517 
2.71] .9969486 _ 


2 39] ,8712933 2.721. 006318 
2.40 . 8754687 2.7301. 004301 5 
2.41] 8796267 [2.7411.6079579 
2.42] 8837675 2.75]. 0116008 
2.43] 8878912 2.76.0 152306 


— — ——— 2—üä 


2.010 . 6981347 
2.02] 7030974 
2.03 7080357 


- — — — i 


— 
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2.7711.0188473 
2.7811.0224509 
2.791. 02604 1.5 
2. 801.0296194 
2.8 101.0331844 


2.8241 0367368 
2.8 301.0402766 
2.841.043 8040 


2.8 81. 
2.96 : 
2.54 9321640 2.87 10543120 


2.55 9360933 2.8801. 0577902 
. 2. 891.0612564 


2.9001. 0647107 
2.9101. 068 15 30 


2. 921.0715836 
2.93 1.07 50024 
2.941. 0784095 


2.951. 0818051 
2.9651. 085 1892 
837247 5 2.971 .o885619 
: 8415671 2.98 1,0919233 
2.33] 8458682 2.99 1-0952733 
7 8 | 3,00 1-09861 23- 


2-34! 8501509 


— — — 
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A Table eff 


* 
N | Logarithm| N |Logarithm| N Logarithm 
3. 01t. 1019400 3.341. 2059707 3 671.3001916 
3-02[1.1052568| 3.35]1.2089603 3.68 1.3029127 
3.031. 108 5526 3.3601. 2119409 3.69 . 28455 
3.0401. 1118 575 3.3711.2149127 3.701. 3083328 
3.051. 1151415 13.3811.2178757 3.71 13110318 
3.06t. 1184149 e 3.72J1.3137236 
3.071. 12167750 13-4ct.22377544 3˙73ʃ1.3164082 
3.0881. 1249295 3-41 1.2267122 3-74 1. 31908 56 
3.0911. 1281710 3.4201. 2296405 3-75]"-3217558 
3.101. 1314021 3.431. 2325605 3.7011-3244159 
3-1i1.1346227] [3-44]1.23547144 [3.77]1-3270749 
3-12[1.1378330 3-4511.2383742 3.78]1.3297240 
3.1311. 1410330 3-40]1.241 2685] 3-7911-3323660 
3-14]1.1442227 3-47 1.2441545} by + "3359010 
151.1474024 481.2470322 .81]1. 2 
| We Les, 3 4703 337 91 
3. 16 f. 1505720 3.49fr. 249901) 3-821t-3402504 
3-1711.1537315 3-50[1.2527629 3-8311-342864 
3.181. 1568811 3.5 1.25 56160 3.8411. 3454723 
3. 19. 1600209 3.5 21.25 84609 3.8511.3480731 
3.2cſ1.163150 3.5 311. 2612978 3.86[1·3505671 
3.21. 1662709 3.541. 2641266 3.87 1.353254 
3.22 11693813 | 3.35 1. 2669475] J3.88 1 
3.231. 1724821 3-50[1.2097 os} 3.891. 358409 1 
32401755733] 357.2725655 [3.90[1.3609765 
3251.178649 3.581. 2753627 J3.91½1.3635373 
3.26[1.1817271 13-59]1.2781521 3.92[1.3660916 
3.-2711.1847899 3-001. 28093388 3-93 1.3086394 
3.28[1.1878434 3-6111.2837077 3-9411.3711807 
3 20/1. 1908875 |[3.6211.2864740] [3.9511.3737156 
3- 30]1.1939224 3.63]1.2892326 3-96|1.3762440 
3.3 1 r. 196948 1 3.641. 2919836 3 971.3787661 
3.321. 1999647 3.6511.2947271 3.98[1.3812818 
3.331. 2029722 3.66[1.2974631 3-9911.3837912 
3.3401. 20599707 3.67 1. 300191 4.00 1.3862943 


"— — 
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Hyperbolical Logarithms. 571 

N |Logarithm N |Logatithm| | N |Logarichm 
4.01[1.3887912 4-34|1-4078743 4-0711-5411590 
4.02[1-3912818 4-3511-4701758 4.68]1.5432981 
4-03]1-3937663 43601472472 4-0911.5454325 
4-04[1-3962440 4-3711-474703 4-7011.5475025 
4-05]1-3987168 4-38|1.4770487 4-7111-5490879 

4.06 1.401 1829 4.3912.4793292 4.7211-5518087 
4.071 4030429 4011-4816045] [4-73]1-5539252 
4-08}1 nn 9 "ue 1.4838746 4-7411-5560371 
4-09|1-4985449 4+4211.4861 396] [4-75]1-5581446 

4. 1001. 4109809 4.430.488 3095 4.70%. 560247 
4.1111.413423c 4-44|1t.4900543 4 7711.5623462 
4.12[1.4158531 4.45. 4929040 4.7801. 5644405 

4.130 4182774 4-4611-4951487] (470.5565304 

4.141. 4206957 4.47J1.4973883 4.801. 5686159 

4 . 53 4-48 $-4999230 4-81]1. -570697t 
4-16]1-425515 4.40 f. 301852 [4.82]1-5727739 
4.17. 4279160 4.501. 5085371 483.5748464 
4+18|1-4303112 4.5 10.500297 [4.8441:5709147 

4.191. 4327007 4.52. 5085119 4-85 1.5789787 
4-2011:4350845 4.5 31.5 10721 4.86. 58 10384 

4.21 1.4374020 5411.5 129269 4. 87Jt. 58 30939 
4-2211-4398351 55]1.5151272] (880.5851482 

4.2311. 4422020 5611.517322 4.80 5871923 
4-2411-4445032 4-5711-5195132] Þ4-90Þt-5892352 

4.2 501. 4409189 4-g11t.59912739 
4.261. 4492691 4-92]1.5933085 
4.27.45 1613 . -93]1-5953389 
4+28[1.45395 30 61 133039 941.5973653 
4.2911. 4552867 951.5993875 

4-30! 4586149 4-63]: 532550 4.96. 604057 | 
4-31[1-4609379 64 L. $347 7143] 97.634108 ö 
4-32]! 4032553 1.53 68672 +-9811.6054298 i 
4-3311-4655075 1.539015 4.9911-0074.358 
4.34. 4678743 oy 1. — 5: oo}1.6094379 


A Table of 


Logarithm 


I 1.631 1994 
1.0331544 
5.1 301.635 1056 
5140.637053 

. 6389907 


5. 161.6409365 
5171.642872 
5.18]1.644805 
5-19]1.646733 
5. 2001.648658 


— — 


5˙21 


1.650579 


F-22 [052497 
5-23]1.65 
5+24|1.65 32 


5-25 


1.058228 


35 5.261.601 31 


$-27]! 


.6620303 


5.281 Pris 
4 2911.665818 


L 6677068 


5.3 10f. 6695918 
5-3211-0714733 
5-3Y! 
5-3 1.675225 


6733512 


N |Logarithm| 


5.341.675 225 
5.3 51.677096 
5361.678963 
8.371. 680827 
5-381 682688; 


N [Logarithm 


5 4201. 6900958 


1.684545 
4 a ; 2 
5.43.69 19391 


2 l 735 1891 
8]1. = 9512 
I — 
1.740466 
* I 7422189 
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1,7155981 
1.7173950 
1.7191 887 


1.7119944| 
55 1.7137979 


621.7203316 


591.7209792 
601.7227666 
6101.724550 

03] 1.7281094 


& > 7 


6711.735189. 


5-7211.74 39687 
73]1-7457155 
7411-7474591 
7511-7491998 
76ſt 7509374 


— 


771.7526720 
781.7544036 
791.7561323 
80.1. 7578579 
$111.7595 ch 


5.82 I 7613002 
5-83[1.7630170 
5-8411.76047308 
5-8511. 1.76644 16 
5-80 80/1.7681496 


5.87 1.7698546 
5.885. 7715567 
$-8911.77 325 59 
5.90 17749523 


71! 


; 
5 
5 
So 
Jo 
Y 
5 
5 
5 
5 


5.91. 7766458 


5.921. 7783364 
5.931. 7800242 
5.941 7817091 
5-9511.7833912 


5-9611.7850704 


5.97]1.7867469 
5.98]1.7884205 
5.99}1.7900914. 
* 011.7917594 
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Hyperbolical Logarithms, 

N |Logarithm | N Logarithm N [Logarithm 
6.0 101.7934247 1.84687 87 6.67,1.8976198 
6.0211. 7950872 18484547 6.581.899 179 
6.031. 796747 1.8 500283 6.69 1. 9006138 
6.041. 7984040 1.85 15994 6.7001. 902 1075 
6.05 · 80005 82 1.853168 1. 9035989 
6.061. 80 17098 18547342 6.7 21. 9050881 
6.071. 8033586 1.856297 7311.906575 
6. og lt. 8050047 1.857859 2J[ 66.741. 9080600 
6. ogſi. 8066481 1. 8894181 6.751. 909542 5 
64.882887 1. 8609745 611.9110228 
6.11]1.8099267 1.8025285 771.9125011 
6.1241.8115621 1. 8640801 781.9139771 
6. 131.8131947 1. 8656293 791.9154509 
6. 1411.8 148247 1.572751 801.9169226 
6.15.8 16452 1. 8687205 6.81[1.9183921 
6. 1641. 8180767 491.8702625 821.9198594 
6. 171.8 19698 501.8718021 6.8311.921 3247 
6.18]1.8213182 6.5111.8733394 841.9227877 
6. 1911-8229351 5211.87 8743] 6.851. 9242486 
6.20. 8245493 6.5301. 87640 9 .86[1.9257074 
6.21 t.8261608 541.8779371 6.87 1.927164 
6.221. 8277699 55.879465 881.9286186 
6.23 18293763 56. 8809 891.9300710 
6.2401. 8309801 571.8825138 901.9315214 
6.25|1-8325814 58]1.8840347 911.9325595 
6.2601 8341801 591.8855533 -92]1.9344157 
6.271-8357763] 887059 931.9358598 
6.2801. 8373699 611.8885837 941.9373017 
6. 291. 838960 621. 890095 951.9387416 
6.30. 8405 49% 6-63 951.9401794 

6.310. 8421356 041.8931119 6.97 /t. 9416152 
T5 1.8437191 651. 89461688 _ [6.98[1.9430489 _ 
6.3 31. 845 3002 661. 89611 6.991. 9444805 
6.3411.8408787 .6711.8976198 7.00[1.94591i01 
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A Table of 

N [Logarithin N [Logarithm | N [Logarithm 
7.01[1.947337 7.34 7.6712.0373166 
7.02 19457032 7.35 7.68[2.0380195 
7.031. 9501866 7. 36 7.69]2.0399207 
7. 047. 95 16080 7-37 7.702. 412203 
7.05 9530275 7.38 7.71%. 425181 
7.0611.9544449] 730. 7.7202.0438143 
7-0711.955860 | JE. 7.7302: 045 1088 
7.0811.9572739 7-41]2. 7.7412.0404016 
7.091. 95868533 17:42: 7-75 2.6476928 
7.10[1.9600947 7.4312. 7.76|2 0489823 
— — 1 — — 8 —— — — 
7.11 19615022 | 744 2,0063708 7.771-.0502701 
7. 12. 962907 Þ7-45]2.0082140} 7.7802. 05 15 563 
7. 131.9643112 7-4012.0095553{ 7.79]2.05 28408 
7.1411.9657127] 7-47. 108949 7.80]2.0541237 
7.1511.96711235]} 7-45[2.0122327] 7.81]2.0554049 
7.16]: .g685c99 7.4|2-0135687] 7. 8242.056684 
7.171. 9699056 7.500. 149030 7.83]2.0579624. 
7.1811.9712993] 7.5 102.0162354 7. 840 z. 0592388 
7 191.9726911 7.5 202.0175661 7.85 28855838 

7. 2001. 97408 100 7. 5302.018895 7. 8602.061786 
7.211. 9754689 7.5402. 0202221 7.872. o6 305 80 
7.220 9708549 7.5 512.0215475 7. 882.0643278 
7.2311. 9782390 7.56ʃz 0228711 7. 892.0655961 
7. 2401.9795212 7.57. 0241929 7. 900 z. 668627 
7. 251.98 10014 7.5 8.02551 31 7-9112.0681277 
7.2611.982379 2.0208315 7-92]2.0093911 
_ 7.2711.9837562 2.0281482 7.93]2.07005 30 
7.2811.9851308| 2.0294031 7-94|2.07191 32 
7-2911.9865035 2.0307703 7:9512-0731719 
7-3011.9878743 2.0320878 7-96[2.0744290 
7.3111.9892432 7.64/2.033397 7-9712.07 56845 
7.3 21. 9906103 7.052. 034705 7-98 2.0709384 
7.3 3. 99197644 7.66% 0360119 7-99]z0781907 
7 3411.9933 387] 67 2.0373 166 8.00[2.0794415 


Hyperboli cal Logarithms, 


'N Logarithm 
8.0102. 08069 
8.02]2 0819384 
8.03 729672 


$.04]2.0844290 
8.03|2.085072 


8.06.2. 08691 35 


8.07[2.08815 34 
8.08[2.0893918 
8.09]2.0900287 
$.10]2.0918640 


811.5930987 


8. 122.9433 

8. 132.0955613 
8.1412.0907905 
8.1 $12-09801 82 


8.162. 099244 


N 1004 91 
8.1802. 1016923 
8. 190 z. 1029 140 
8.2002. 1041341 


8.2 102.1053529 


8.224. 1055 %% % % h 8 


8.2302. 1077861 
8. 2402. 
8.25 


— — 


3.262. 1114243 


8.2712. 11263430 


. 8.28[2.11 384.28 
8.29]2.115049 
8. 30]2.1162555 
8.310. 1124596 
8.3 202. 1186622 


8.3302·1198634 
8.342. 1210632 


”_ 


A_— — — 


2.1282317 


"A 2.129 214 


2.1300098 


2.1317967 


o]2.1270405 { 


612.1353491 


2.1341664 
2.1305304 


$12.1377104] 


2.132 9822 | 


_ 


$49]2.1388889] 


2.1400061 
2.1412419 


[2. 1564026 ; 
21575593 | 
2.1587147 
2. 1598687 


8.67 2.199868) 
8.6 2. 1621729 
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8 88 80 


N eg 


8. 
8. 
8.892. 1849270 


00 


8 
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1938856 


002. 1972245 


N |Logarithm / 


8.6802. 1610215 


575 
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IL Logarithm N N [Logatithm 
9. g.orſz. .1983350 2.234300 9. 9:67 2. 269028 2 
N05 2. 1994443 2.23 53763 9.6802. 2700618 
9.0302. 20055 23 2. 2364452 9.6902. 2710944 
9. 04ʃZz. 2010591 2.2375130 4 7042. 8 
9-05 05 Z. 2027647 2.2385 797 9.710. 2.2731502 2 
9.06 2.2038691 2.2396452 9.72 2. N 
9.07[2.2049722 2.240700 9.73 22753138 
9.0802. 2060741 2.2417729 9.74 z. 2762411 
9.09.2. 207 1748 2.24283 9.7512.2772073 
9. 102. 20827 2. 2438960 9.762. 2782924 
9.110. 2093727 2.24405 59 9.774. 2793165 
9. 1202. 2 104697 2.2460147 9.7812.2803 395 
9.1302. 2115656 2.470723 9.79z. 2813614 
9.140 z. 2126603 9.4712.2481288 9.802. 2823823 
9.152. 2137538 2 2491843] | 9.812. 2834022 
9. 1602. 2148461 2.2 502386 9.820 z. 2844211 
9.172. 2159372 22512917 9.830 z. 2854389 
9.1802. 2170272 2.25 23438 9 8412.2804556 
9. 19.2. 218 1 160 2.253394 9.8512.2874714 
9. 2002. 2192034 2.254444 9.862. 2884861 
9.2102. 2202898 2.255493 9-8712.2894998 
9.22|2-221375 2.25 9-88]2.2905124 
9.2312+-222459 2.2575877 g-89]2.2915241 
9.242. 2235418 2.286332 9:90Þ. 2925347 
9.2502. 2246235 2. 2596776 9.912.253 5443 
9.2602. 22 5704 2. 2607 209 9.9202. 2945 529 
9.272. 2267833 2.2617631 9 93 JZ. 295 5604 
9. 282.2278615 2.262804 9.9402. 2965670 
9.2902. 2289385 6202. 2638442 9.95]2-2975725 
9-30 3 22300144 9.630z. 264883 9 902. 2085770 
9.312. 2310890 9.9712. 2995806 
9.32 z. 2321626 9.982. 3005831 
9.33·2332350 9.99]2.3015846 
| 2 9:34 2 3 10. oo. 3025851 


— — 


